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SHIP  SHOCK 


TWO-DIMENSIONAL  SHOCK  BESPOKE  OF  A  MASS 
ON  ENERGY-ABSORBING  3K0C2  MOUNTS 

R.  E,  Fortuna,  Research  Assistant,  The  Pennsylvania  State  University 
University  Park,  FA  16602 

and 

V,  H,  Neubert,  Professor,  The  Pennsylvania  State  University 
University  Park,  PA  16802 


The  paper  presents  results  of  experimental  and  analytical  studies  of 
side-loaded,  annealed,  low  carton  steel  rings  used  as  shock  counts. 

In  a  previous  paper,  reference  [1],  experimental  static  load-deflection 
curves  were  presented  for  side-loaded  tubes  losded  in  three  directions, 
called  Ute  coapreaalon,  shear  and  roll  directions.  The  two-inch 
disaster  rings  were  driven  deep  into  the  plastic  raz^s,  with  defamation 
in  each  direction  up  to  70-80  per  ecu',  of  the  ring  disaster. 

Theoretical  solutions  In  the  plastic  range  exist  only  for  the  rings 
in  oaapresslon,  in  references  [ftjsri  /3j  ,  The  losd-dsfl-etlon 
curves  far  side-loaded  rings  or  tubes  were  coapared  with  those  for 
axislly-loadel  tubes,  aluainua  honeycomb,  and  a  double-reverse 
corrugated  Betel  In  [1],  An  advantage  of  the  side-loaded  tubes  is 
that  the  load-deflection  curves  are  alaost  flat  after  yielding  occuns. 
Axially-loaded  tubes  and  honsyccab  shew  an  initial  high  peak  and  a 
subsequent  sharp  drop-off  in  load,  associated  with  buokllng. 

Dynamic  test  results  for  the  side-leaded  rings  under  one-dimensional 
loading  in  coapreeslon  were  also  presented  in  reference  flj,  obtained 
in  a  drop-table  shock  each las.  Attenuation  of  tzansnitted  acceleration 
s  la  liar  to  that  achieved  with  Aeroflex  counts  was  achieved  with  only 
about  half  the  rattle  apace  required  because  of  the  permanent  defamation 
of  the  aide-leaded  rings.  The  purpose  of  the  present  work  ass  to 
obtain  experimental  data  and  carry  out  an  associated  analysis  for  the 
rings  under  combined  loading.  In  coapreeslon  (or  tension)  end  roll. 

The  study  was  supported  by  the  Office  of  Navel  Research  under 
Contract  No.  N0014-79-C-0149. 


INTRODUCTION 

In  a  previous  paper,  Neubert  flj,  discussed 
the  behavior  of  eoae  aetal  configurations 
which  could  be  used  sa  nonlinear,  energy- 
absorbing  shock  mounts.  The  configurations 
wars  aluainua  honeycomb  end  low  carbon  steel 
end-loaded  tubes,  side-loaded  tubee  std  s 
double-reverse-corrugated  aetal.  The  aide- 
loaded  tubes  appeared  to  have  two  advantages i 
(1)  they  could  be  uaed  as  three-dimensional 
■ousts  defaming  is  compression,  shear  and 
roll  and  (2)  in  these  three  directions,  the 
load-deflection  curves  were  mooth  with 
always  positive  slope  end  could  be  represented 
approximately  as  bilinear  curves,  with 
elastic  stiffness  k  and  plastic  stiffness  k  , 

•  p 

la  flj ,  analytical  and  experimental 
results  were  given  for  the  dynamic  response 
of  s  single-degree -of -freed os  system  on 
parallel  sad  series  arrangements  of  nonllnssr 
mounts. 


The  present  paper  represents  an  extension 
of  ref,  [lj.  Additional  data  is  included 
for  rings  and  U-shaped  mounts  in  compression, 
to  show  how  variations  in  k  and  k  say 
be  achieved  in  practice.  The  major  portion 
of  this  paper  deals  with  the  two-dimensional 
experimental  and  theoretical  response  of 
a  mass  on  side-loaded  rings  excited  in  a 
drop-table  shock  machine,  it  is  daaonatrated 
that  the  dynamic  behavior  osn  be  predicted 
wall  during  the  loading  phase  of  the 
response.  This  Material  is  susmarlaed  fros 
referenoe  f2j. 

EXPERIMENTAL  STATIC  BEHAVIOR  OF  SIDE- 
LOADED  RINGS 

Experimental  static  loed -deflection 
eurves  for  three  directions  for  side-loaded 
tubing  were  given  In  Fig,  21  of  Ref.  flj. 

The  rings  were  2*  dim.  x  1/2"  long  x  0.065* 
thick.  Four  tubes  wars  arranged  la  sountlng 
elamps  and  tested  In  the  olsmps,  as  they  alght 


ba  ttMd  In  a  practical  application.  Tha 
directions  of  loading  are  depicted  In 

n«.  l. 
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Fig.  2  -  Defamed  Ring 


Fig.  1  -  Response  direction*  for  aide- 
loaded  rings 

A  thearetioal  colutlon  far  the  behavior 
of  a  ring  In  ceapresaion  waa  preaented  by 
Kaang  [3]  end  DeRunts  and  Hodge  £4J  . 

The  zdg  la  loaded  between  two  plattana  aa  In 
Fig.  2a.  Initially  there  are  two  point  load* 
aa  ahown.  but  aa  the  ring  defame  Into  the 
character lotto  peanut  ehape,  there  are  four 
point  loada  ditch  nova  out  fire*  the  center 
line  of  the  ring,  aa  ahown  In  Fig.  2b,  A 
point  loading  nay  be  aalntalnad  by  applying  the 
load  through  aaall  steel  cylindrical  bear  Inga  aa 
In  Fig.  2c  and  2d.  This  affeota  the  plaatlc 
stiffness  k  .  To  deaonatrata  this  effect,, 
a  teat  waa  begun  with  a  ring  between  two  plattana 
aa  ahown  in  Fig.  3  and  defamed  about  1/2", 
when  the  loading  waa  teralnated  and  the  ring 
unloaded.  Then  the  cylindrical  bear  Inga  were 
inaarted  and  the  saae  ring  re-loaded.  Of 
prlnazy  Interest  is  the  fact  that  after  yielding 
the  elope  of  the  load  deflective  curve  vicing  the 
bearings  la  auoh  laaa  that  whan  tha  ring  was 
alaply  between  the  two  plattana  without  the 
bearing*.  When  Mounting  cl** pa  are  used,  the  load 
stays  at  tha  oantar-llna  and  tha  situation 
approaches  that  of  Fig,  2c,  Tha  ring  used  for 
Fig,  3  (not a  inset)  had  radius  R*l",  length 
>2",  thickness  tel/8"  and  IK*.  For  *»2", 
the  configuration  croae-aeotloo  la  circular. 

For  V  2",  and  the  or oe a- section  la  oval  or 

a  "double-O"  ehape.  Load-deflection  curves  are 


Fig.  3  -  load -deflection  curves  for  rings  end 
Double-U  nounta  In  c  Depression 


also  ahown  for  two  double-U  shaped  aounte,  aada 
of  low  oarbon  steal.  Tha  elastic  stlffhuw 
and  tha  plastic  stiffness  are  both  decreased 
by  Increasing  H»  Equations  for  predicting 


the  elastic  stiffness  and  field  load  of 
U-shaped  metal  mounts  were  given  by  Burn*  £5], 

Per  the  present  two-dimensional  teat* 
on  the  (hock  machine  the  rings  were  tilted 
at  s  30°  angle,  so  two  coordinate  systeas 
aero  used,  as  in  Fig.  4, 


Fig.  4 •  -  x  and  y  loading  direct  ions 


Fig.  4b  -  u  aad  v  loading  direct  Iona 

Fig.  4  -  Loading  directions  for  stiffness 
transformations 


The  x  aad  y  directions  (Fig.  4a)  correspond 
to  the  roll  ana  compression  directions, 
respectively,  while  the  u  aad  v  directions, 

Fig.  4b,  are  the  harlsontal  aad  vertical  direc¬ 
tions.  In  Fig.  5,  load-deflection  curves  are 
shown  for  the  roll  (x  direction)  aad  tension 
aad  compression  (y  direction).  As  expected, 
the  slopes  in.  the  elastic  range  for  tension 
or  compression  are  approximately  the  same. 

The  x-y  axes  arm  principle  directions  of 
1-adlng  for  the  ring,  such  that  in  the 
elastic  range,  the  fccoss  aad  deflections 
would  bo  related  by  a  diagonal  flexibility 
matrix. 


i  vr  Dtritc’  or.  ( : n  ) 

Fig.  5  -  Plot  of  relative  deformation  versus 
load  for  one  ring  in  three  directions 

The  load -deflection  curves  for  the  u  and  v 
directions  are  shown  in  Fig  6.  In  matrix 


KUtTIVX  OdICTlOH  (In.) 

Fig,  6  -  Plot  of  relative  deformation  versus 
load  in  the  u  aad  v  direction  for 
ooo  ring 


On  the  other  head,  the  u-v  axes  are  uot 
principle,  and  a  load  la  the  u  direction 
produces  deflections  in  both  the  u  and  v 
directions,  ao  the  flexibility  matrix  la  fulli 


terminology,  the  flexibilities  were  measured  in 
the  u  and  v  directions  rather  than  stiffnesses, 
aines  measurement  of  trus  stiffnesses  requires 
applying  constraints  against  motion.  For 
the  x-y  axes,  the  elastic  flexibility  satrix 
is  diagonal,  so  £„■  >s,«and  SZLr  k yy,  where 
the  k's  are  stiffnesses. 

The  theoretical  reps  .station  of  the  load- 
deflection  curves,  as  aht*.  la  Fig.  7,  was 


(2) 


•  V-  '  .  <  „  « 


m 


Fig.  7  -  Cenaraliaad  farca-ralativ*  deflection  plot 


taken  as  bllinaa r.  Thar*  arc  thraa  branchaa  at 
tb*  cam  in  tanslon  and  thraa  in  compression, 
daalgnatad  Ti,  T2,  T3,  Cl,  C2  and  C3 
respectively.  Th*  stiffbasaes  ara 

K  .  ■  alaatlo  atlffnaaa  at  branch**  Tl 

and  T3,  during  loading  and  unloading 

V*  plaatlo  atlffnaaa  la  branch  T2 
during  loading 

K  _  ■  alaatlo  atlffnaaa  in  branches  Cl  and 
*°  C3 

K _ ■  plaatlo  atlffnaaa  in  branch  C 2 

pe 

Th*  yield  defamation*  ara  y  ^  and  yc  and  th* 
naxlnun  daforaatlona  ara  and  y_MC  at 

which  point  unloading  begin*, 

Th*  valuoa  of  kvand  kp  uaad  in  th*  thaorat- 
loal  analyala  ara  given  in  Table  1.  Th* 
unloading  atlffnaaa  in  branchaa  T3  and  C3 
varies  with  th*  yma  achieved  before  unloading 
begins,  baoauaa  th*  shape  of  th*  defamed 
apaolaan  variaa  considerably  with  ynaH. 

Th*  analytical  unloading  atlffnaaa  was  taken 


THEORETICAL  APPROACH 

The  rtaoratioal  analysis  was  dona  using 
th*  coordinates  of  Pig.  8.  The  location  C  1s 
th*  oantar  of  aasa  of  th*  rigid  body  nountad 
on  th(,  rings,  which  la  turn  are  attached  to 
a  rigid  support,  Th*  aurfaca  of  tha  rigid 
support  ia  inclined  at  an  aagla  with  th* 
horisontal.  Th*  support  axparlanoea  a  proscribed 
notion  v,  in  tha  vortical  direction.  Th* 
absolute  coordinates  for  tha  point  <3  ara 
daalgnatad  as  xjy  and  th*  notions  of  tha 
attachaant  points  batwaan  th*  rings  and  tha  nans 
ara  Xj|y2  and  x^ty^.  Tha  ralativa  dlaplacananta 


TAELS  1  . 

Stiffaaaa  values  for  a  single  ring 
(L-1/2-,  B-1-,  t-.065") 


Tnsaloni 

Elastic  atlffnaaa 
Plaatlo  stiffness 
Unloading  stiffness 
field  defamation 


1967.0  lb/in 
357.0  lb/in 
17000.0  lb/ln 
0.075  In 


ConprsseLoni 

Elastic  atlffnaaa 
Plaatlo  stiffness 
Unloading  atlffnaaa 
.laid  defamation, 


2076.0  lb/in 
14,0  lb/ln 
28062  lb/ln 
0.0602  in 


Roll  | 

Elastic  atlffnaaa. 
Plaatlo  atiffhaaa 
Unloading  stiffness 
Yield  defamation 


■  270.67  lt/ln 

*  61.51  Win 

•  14588.0  lb/ln 

■  0.2  in 


across  th*  rings  ara  than. 


*lr  "  *1  ’  V1®* 
y2r  *  y2  ’  voCOB* 
*3r  "  x3  ’  Yo*lna* 
jr4r  *  y4  ”  V0** 


(3) 


Sines  tha  body  of  naaa  a  la  aaauaad  rigid, 
and  using  tha  d lateness  as  aarkad  on  tha  Are* 
body  dlagrmas,  tha  dlaplacananta  ara  related 
as  follows  using  a  mall  angle  approx  last  ion 

■  x  -  baled 
y2  •  y  +  saint 


Flg6  -  Displaosaeiit  ftemtgi 


Xj  •  *  -  dsinft  W 

7k  •  7  -  «slnft 

Squat  ions  (4)  ugr  now  be  oubetltutod  Into 
equations  (3)  to  «iim  th»  relative  dlsplaoe- 
aeats  across  the  ring*  la  tow*  of  x.  y,  9  sued. 

V 

Xjr  *  *  -  belift  -  ro*la« 

y-  ■  y  ♦  Mime  -  »«*•< 

*  o  (5) 

x^  •  x  -  <1*1  rift  -  T0*ia  i 
Jkrm  7  ~  °*M  "  To*°*  * 


•  1 

rl  *  f3  *  ***** 

ay  ■  F2  ♦  -  Voom«< 

w 

s’ 

p 

"  •  -v  ♦  V  ’  V  v 

L 

The  feroes  are  then  related 

to  the  relative 

dlsplaoenente  according  to  the  trench  at  the 

»*, 

load -deforest Ion  ourve  as  designated  la 

V*. 

Fig,  7,  A  typical  set  at  equations  for  the 

V 

n* 

o oppressive  loading  oral 

V 

U 

r2  "  keajrrvl 

on  Cl 

b 

*2  "  ^po^rel  *  ^kee  *  So^o 

,  •*  52  (?) 

f2  "  (k^  ‘  kpc)(yc  ‘  W>  +  «  03 

k*cyr*l 

Her*,  y  ,  *  y,  -  v  cm  .  There  «r*  siailar 
squat io hi  i or  r^,  and  F^. 

Tho  equations  war*  solved  using  tho  Fourth 
Order  3unge-Kutta  numerical  Integration  aeyhod. 

EXPStlHEHTAL  APPROACH 

Tho  experlaenbal  arrangement  Is  shorn  la 
Fig.  10.  Tho  mls*  a  consisted  of  tho  two  stool 
platen,  oaoh  l/2"x8x8.75“.  Four  rings,  aoch 
having  l*i*t  H“l"  sol  t*0.065*.  woro  usod  aad 
aountod  symmetrically  with  respect  to  C.  so 
tho  dimensions  war* 

a  ■  c  »  2“ 

(S) 

b»d  1.6“ 

Tho  value*  of  •<  used  woro  •‘■o*  sed«(*30* 
with  tho  support  far  *<“30* shown  In  Fig.  10. 

Tho  supporting  platos  aad  anglos  wars  rigidly 
woldod  togothor  aad  tho  $”xl2”x8“  stool  plato 
was  boltod  to  tho  top  of  an  DIP AC  Drop  Table 
Shock  Machine,  manufactured  by  Hootarwy 


Tho  UMrtla  fer  .-so  assumed  at  the  oeeter 
of  oaaa  at  Q  are  a hssm  la  Fig.  9  as  ax  .ay. 
aad  J5.  where  J  Is  tho  rotational  lnozt  la  at 
tho  mss.  For  tho  axporlaont.  the  values  Woro 
a  •  20  lh/g  aad  J  •  0.280  la.lb.aoe  .  Tho 
free  body  diagram  shoo*  tho  foioee  F, 
tronooi  ttod  to  the  aasa  froa  the  rings  aad  tho 
weight  V  at  tho  saso.  The  throe  dynoalo  equations 


Tho  j  ltinae  of  five  accelerometers,  at 
locations  A  jara  K.  ore  shown  on  Fig.  10. 

The  spooler onot sr  K  measured  tho  oese  Input  v#  . 
Tho  x  waa  obtained  froa  aooelerometex  A.  y 
Iron  aooolaronotor  C.  and  9  froa  oooolaroaotoro 
B  and  D. 

Tho  baoo  acceleration  V#  achieved  lo 
shows  In  Fig.  11.  The  duration  of  the  as  in 
j*il*e  la  about  0.0150  seconds  with  s  aswlsua 
value  of  about  J2g.  The  sachlas  Is  equipped 
with  air  brakss  to  ssauro  that  s  second  drop 
does  not  ooour. 

XXPERXMSHTAL  AW  THXORETICAL  fUSULTS 

Tests  war*  aad*  first  Tdr^twO.  without  tho 
rigid  support  systoa  at  Fig.  10.  Related 
thoorotloal  and  experimental  results  are  shews 
la  Tigs.  11  thru  13.  Tho  experimental  aad 
thoorotloal  re  suite  for  J  ere  prooontod  la 
Fig.  11.  The  as*  1  sue,  transmitted  eooelsratloa 
Is  aocut  2Jg.  but  this  value  could  bo  laeresaod 
at  dooroaood  s  la  ply  by  Incroaolng  or  dooroaslag 
tho  yield  lead  of  tho  rings.  Tho  yield  load 
nay  bo  changed  by  usi**  longer  or  short  or 
rings,  or  sort  or  lose  rings.  The  results  'or 
relative  displacement  versus  time  are  shown  In 
Fig.  12.  The  apparent  frequency  of  notion  after 
yielding  lndloatoo  that  actual  pleat le 
atiffnees  was  lsss  than  tho  value  used  for  the 
thoorotloal  analysis,  "he  associated  theoretical 
lood-d lapl aesnent  ourve  la  glvea  in  Fig.  13* 

The  loading  la  entirely  ecu  pro solve,  tension  la 
novo*  aohiovod,  which  la  one  at  the  prlaary 
advantegee  of  yielding  mounts.  Only  about 
half  the  rattle  space  is  required  '  we  pared  to 
that  whloh  would  bo  aoeded  for  elastlo 
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Fig  13  -  Plot  of  Faro*  versus  relstlv# 
dlsple  resent  for  «*0.0* 

Beeults  far  drop-table  t**t*  far  rt*30* 

*r*  ■boon  1b  Fig*. 14  thru  21.  Tb*  Input 
*eo*l«r*tioa  1*  now  la  tb*  v-directiun  (Fig.  4), 
30  tb*r*  *r*  r**ultlag  *oo*l«x*tloa*  x  and  jr. 
tb*  y  la  awn  la  Fig.  14,  Tb*  result  la 
predicted  reasonably  w*U  up  to  aad  Including 
tb*  — of  about  24g,  but  tb—  tbor*  U  . 
considerable  disagreement.  Tb*  'i  or*  graphed 
la  Fig.  15.  Tb*  baa*  acceleration  ■axis's  la 
about  28g  input  aad  th*  —a  aural  —rial*  la 
about  16g.  Th*  tlaaul—  agreement  b*tu»*a 
predict «d  aad  *e*au.-*d  vain—  la  1— onahly 
good,  but  th*  *pr— d  at  0.0100  —ads  Ird  lest— 
ao—  weaknea*  la  th*  roll  direction*  not 
predicted  by  th*  theoretical  aodal.  Tb* 
angular  aoo*l*r*tloc  la  predicted  aurprlalagly 
**11  ,  aa  gives  la  Fig.  16,  up  to  0.0)00 
aaooada.  Th*  angular  dlaplaaaa*  at  veraua  tin* 
la  glv—  In  Fig*  17*  The  mlaa  angle 
achieved  la  0.07  radlaaa  “  4.0  degree*,  uhloh 
la  relatlvaly  apall  ooapared  to  th*  tut  aagl* 
«*30*.  Tb*  r*latlv*  displacement*  for  eaoh 
ring  are  given  la  Flga.  18  thru  21,  Th* 
experimental  curve*  for  displacement  were 
obtained  by  latagntlag  twlo*  th*  aooeleratloo- 
tla*  curve* ,  ao  thay  are  *ub>ot  to  error, 
soot  uaually  du*  to  errer  la  looatlag  th*  mto 
*oo*l«rstlea  oa  th*  record, 

StMUJtT  DO  CONCLUSION 

Tb*  dynaale  raapesa*  uaa  predict *d  ualag 
land-deflection  pr opart  tea  obtained  fro*  00*- 
d lean* tonal  t*at*  la  oompre— luo-taaelea  aad 
roll.  For  th*  oa*  dia  on*  local  dynaale  raapoma, 
■ban  tm 0.0*,  th*  igreswt  between  predicted  aad 
aaaaurad  aaoalaratlea  la  exoell— t  (a**  Flgur* 
11),  indicating  vary  llttl*  aaterlal  rat* 
effect  on  yield  loads,  Tb*  theoretical 
relative  displace— nt  agree*  **U  with  th* 
axperiaeatal  relative  displacement  for  th* 
first  leading  (aa*  Flgur*  12),  but  the  aavlii 


experimental  relative  displace— nt  la  1 55S 
higher  than  th*  maximum  theoretical  value, 

Th*  theoretical  plastic  stiffa***  appears 
to  b*  too  high.  In  any  case,  th*  results  frau 
th*  one-dlmenslonal  dynaale  test  show  that  th* 
theoretical  analysis  is  reasonably  accurate 
far  this  slapl*  css*. 

Th*  two-di— nalonal  dynaale  teat  uaa 
parfet—d  with  th*  angle  of  tilt  at  sat  at  30  , 

Tb*  theoretical  acceleration*  obtained  far 
this  test  war*  fairly  accurate.  Th*  acceleration 
la  th*  x  direction  aad  the  angular  acceleration 
predicted  th*  exparlaental  results  vary  well 
(see  Flgur—  15,  and  16),  la  th*  y  direction, 
th*  theoretical  response  la  vary  accurst* 
during  th*  Initial  loading,  after  this 
aaxlaua  point,  th*  accuracy  of  th*  theoretical 
results  begin  to  deteriorate.  The  theoretical 
relative  displace— nt*  la  both  th*  x  and  y 
direction*  are  accurate  up  to  th*  aaxlaua 
acceleration.  The—  result*  show  that  the 
eonbiasd  cos pare* alca-tenalcs  aad  roll  motions 
have  a  distinct  effect  os  th*  load -deflection 
properties  beyond  the  yield  defer— tlos. 

The  stiffness—  la  the  c— bleed  directions  of 
notion  ax*  vary  difficult  to  preilot  but  ax* 
very  Important  after  yielding  of  th*  ring. 

Th*  th*cretloal  computer  approach  la  vary 
versatile,  aad  1*  limited  la  accuracy 
primarily  by  th*  Input  parameter*.  Cno*  th* 
rellshls  stiffness  ter—  are  obtained,  th* 
computer  program  Is  aa  extreme ly  effective 
analysis  tool.  Further* ore,  the  oemputer 
progr—  do—  provide  a  general  repre— station 
of  a  Stock  mount**  absorbing  characteristic* 
even  ualag  th*  slapl*  ln-dl— icnal  stiffa*— 
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Fig.  14  -  Plot  of  acceleration  versus  il¬ 
ia  th*  y  direction  for  **30,0* 
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n«.  16  -  Plot  of  angular  aooalaratloo  ram 
tlJM  for  *«30.0* 
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fig.  19  -  Flat  of  relative  dlaploo— »nt  versus 
tine  In  tho  1  direction  far  ring  #1 
(•<-30.0) 
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TU>  ,*0  -  Plot  a f  relative  dlnplaoweat  versus 
tin*  In  the  y  direction  for  ring  #2 
fc-30.0) 


fig.  21  -  Flat  of  relative  dlsplaceaent  versus 
tin*  in  tho  x  dlrootlon  far  ring  #2 
**■30.0) 

The  tw-dlw nelocal  absorbing  charnc- 
tarlntlos  of  tho  side-loaded  ring  'are  an— rlno 
In  Ulwltr  fan  far  various  value*  of  mino 
acceleration  far  each  toot  where  tho  angle 

of  tut  ni  30*. 

Xh  both  tho  x  end  y  dlxoctlono,  To  bio  2 
■how  that  tho  side-loaded  tubo  1«  a  Tory 
offootlTo  wwgy  absorber.  Thin  tubo  oould 
bo  uood  Is  wny  application*  ohoro  protection 
ttm  abode  landing  In  important.  Tho 
transmitted  nooolorotlae  oould  bo  ftarther 
rodnood  by  going  rlngo  with  a  lowor  yield 
point 1  but  tho  relative  dlnplnoaaent  would 
Inoronno.  Tho  yield  lend  P  In  ooopreenlop 
in  related  to  the  tubo  thionsw  t,  the  yield 
■trow  e$  p  the  tube  radius  r,  end  the  tube 
lwgth  L  by  (Ref.  £1J) 

(9) 

The  tube  nets  like  •  wnanloal  fane  and  the 
wrlnw  trunwltted  ejoeleration  In  directly 
pxopcrtlooal  to  the  ■oxinun  yield  land, 
if  the  plant io  ntlffnew  k  els  wall.  The 
plnntle  stiff  new  in  lowor  rer  point  loading 
than  for  spread  leading,  an  achievable  between 
Flattens  (nee  fig,  3), 

Bwejt  for  refarenow  [2]  and  [j]  ,  there 
ban  tsec  little  analyaln  of  side-loaded  . 
rings  del armed  Into  the  plnntlo  range  la  the 
throe  dlroetlenn.  More  thecrotioal  roaearoh 
In  needed. 
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TAELS  2 

£xp«rl**ctal  and  thoorrtloal  aoo*ler*tlou  result* 


Maxima  aoo*l*ratlon  la  tb*  x  direction 

Input 

Tsaaaalttsd 

Trunaaittad 

SO a* 

Th*or*tloal 

Bcprl—ntal 

Ca a*  #1 

28  g 

16  g 

- 

Caa*  #2 

27  8 

_ 

17  g 

17  g 

Maxima  acceleration  la  th*  y  direction 

Input 

Trunaaittad 

Trunaaittad 

Baa* 

Theoretical 

ficperlaaatal 

Caa*  #1 

46.5  g 

.26  g 

26  g 

Caa*  02 

48.5  g 

26  g 

27  g 
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DISCOS  SIOII 


Hr.  Whang  (David  Taylor  jUval  Ship  TUP 
Center):  Tour  forcing  function  vat  an 
accalaratlon  with  some  rlsa  tine,  and  then  It 
waa  flat.  Then  It  decayed  to  zero. 

Hr.  Fortune:  Tea . 

Mr.  Whang:  Tour  realstance  function  bothara 
ae.  First,  you  have  a  liner  portion,  than  you 
have  an  elaato-plaatic  portion,  and  then  It 
decaya  to  aero.  Could  It  have  gone  below  aero? 

Mr.  Fortune:  Tea.  It  would  have  gone  below 
aero,  and  It  would  have  circled  back, 
plastically.  Tou  questioned  whether  the 
realatance  function  atope  at  aero.  The  analyala 
leta  It  go  down  below  aero,  and  It  would  alao 
let  It  go  back  elaetlcally.  However,  when  we 
ran  It,  It  would  never  do  anything  other  than 
vacillate  elaetlcally  at  lta  unloading  point. 

Mr.  Whang i  So  If  you  had  a  velocity  rlea,  then 
a  linear  decay  and  then  rlae  again.  It  la 
poeeibla  that  you  could  you  have  your  aaxinua 
displacement  In  three  different  waye;  the 
Initial  phaee  then  on  lta  way  back  and  poaaibly 
a  third  phaee. 

Mr.  Fortune;  Tea,  It  would  allow  It  to  do  that. 
Mr.  Whang i  He  did  aonethlng  stellar. 


ajyjaaaaa  agtfatasfc  guan  aamt  -»■ 


OPTIMUM  DESIGN  FOR  NONLINEAR  SHOCK  MOUNTS  FOR  TRANSIENT  INPUTS 


K.  Kasraie,  Research  Scientist 
Firestone  Tire  &  Rubber  Company 
Central  Research  Laboratories 
Akron,  Ohio  44317 

snd 

V.  H.  Neubert,  Professor 
The  Pennsylvania  State  University 
University  Park,  PA  16802 


The  State  Space  Method  for  Optimal  Design  of  Vibration 
Isolators  given  by  Hsiao,  Haug  and  Arora  [1]  is  used  and 
advanced  to  Include  a  more  general  class  of  problems 
encountered  in  the  optimal  design  of  shock  absorbers.  In 
contrast  to  the  State  Space  Optimization  of  [1],  in  which 
forcing  functions ,  cost  function  and  performance  constraints 
are  explicitly  Independent  of  the  state  variable  vector  at 
some  floating  boundaries,  in  the  new  formulation  of  the 
problem,  forcing  functions,  cost  function  snd  performance 
constraints  can  be  a  f motion  of  the  state  variable  vector 
at  some  moving  boundaries.  An  example  cf  this  type  of 
problem  is  the  design  of  the  elastic-plastic  shock  absorbers 
for  optimum  performance  during  leading  and  unloading. 


Sixteen  different  shod:  absorbers  with  viscous  damping  and 
a  bl-linear  spring  are  designed  for  optima  response  to  a 
shock  of  finite  duration  Imposed  by  the  supporting  base.  The 
objective  of  the  design  is  to  determine  the  value  of  damping 
(C)  and  elastic  and  plastic  stiffness  of  the  bl-llnear  spring 
(ke.Kp) ,  such  that  the  absolute  value  of  the  maximum  absolute 
acceleration  is  minimum,  while  the  maximum  relative  displace¬ 
ment  of  the  mass  M  is  less  than  a  specified  value.  Finally 
the  effects  of  varying  the  mass  M  and  yield  deformation  of 
the  bl-linear  spring  are  discussed. 


INTRODUCTION 

The  specific  problem  is  the 
optimum  design  of  the  singlerdegree-of- 
freedom  system  undergoing  ground  shock 
as  shown  in  Fig.  1.  A  linear  spring  of 
stiffness  k  and  a  dashpot  c  are  in 
arallel  with  a  bl-llnear  spring.  The 
1-llnear  spring  load  deflection  curve 
is  shown  in  Fig.  2,  where  ke  is  the 
elastic  stiffness  and  kp  the  plastic 
stiffness.  The  input  is  applied  as  a 
known  base  motion  y0(t)  and  the  absolute 
displacement  of  the  mass  m  is  y(t). 

The  practical  problem  is  to  choose  c, 
k,  k9,  and  k.  such  that  the  relative 
dispiacement'yr(t)  -  y(t)  -  y«(t)  will 
be  within  specified  bounds  ana  the 
transmitted  acceleration  y(t)  is  a 
minimum.  The  paper  is  based  on  Ref. 

(181 . 
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BACKGROUND 

The  problem  mentioned  in  the 
introduction  is  a  type  of  mathematical 
programming  problem,  which  are 
generally  specified  as  follows: 
Determine  a  vector  Z*  -  (Z  ,...  Zn)T 
that  minimizes  the  cost  function  $Q(Z) 
while  satisfying  the  constraints  or 
the  form  fi(£)  >  o  i  ■  1,  ....  m  and 
zeroing  the  surface  equations 
Cj(Z)  -0,  j-l,...,p.  If  all  the 
problem  functions  $0.  and  ;«  are 
linear,  the  problem  is  called  a 
linear  programming  problem;  if  any  of 
these  are  nonlinear,  the  problem  is 
called  a  nonlinear  programming 
problem  [2  J . 

The  method  used  in  the  paper  is  an 
extension  of  the  State  Space  Method  of 
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Fig.  1  —  One  degree  of  freedom 
representation  of  a  Machine  and 
Foundation 
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Fig.  2  —  Theoretical  force-displacement 
curve  for  the  bi-linear  spring 


Ref.  flj.  The  field  of  nonlinear 
programing  is  evolving  rapidly  with  a 
.complete  historical  survey  of  mathemati¬ 
cal  programming  given  in  Ref.  [2J.  A 
review  of  the  literature  in  optimum 
design  of  structures  since  Galileo  to 
1963  can  be  found  in  Ref.  [3]  and  from 
1963  to  mid- 1963  in  Ref.  f4J. 

Structural  optimization  subjected  to 
dynamic  constraint  from  1968  to  1972  is 
reviewed  in  Ref.  (51. 

Schmit  and  Fox  (6]  addressed  the 

?  round  shock  problem  for  a  mass  on  a 
Inear  spring  and  dashpot.  One  approach 
Is  to  formulate  the  dynamic  problem  to 
fit  into  the  class  of  mathematical  pro¬ 


gramming  problems.  Schmit  and  Fox  use 
the  synthesis  concept  and  the  non¬ 
linear  programming  method  is  called 
the  Steep-Descent  Alternate  Step 
Method.  Kamopp  and  Trikha  [7]  pointed 
out  the  difficulties  in  selecting  the 
performance  criteria  for  optimum  per¬ 
formance  of  shock  and  vibration 
isolators.  They  represent  the  force 
on  the-  mass  by  f(t)  and  then  try  to 
minimize  the  function  c  -  g(fm)  + 
Pih(xm)  where  fm  ■  max  |f(t)|  and 
xm  -  max  |(x(t))|,  the  relative 
displacement . 

Willmert  and  Fox  [8]  studied  the 
optimization  of  linear  multi-degree- 
of-freedom  shock  isolation  systems. 

They  dealt  with  optimization  of  the 
system,  but  also  the  number .of  elements 
in  the  system.  First  a  system  with 
only  one  element  is  optimized  and  the 
results  stored.  Then  having  in  mind 
that  increasing  the  size  of  the  system 
will  make  it  less  desirable  (more 
expensive;  requires  more  space)  the 
objective  function  for  a  system  with 
two  elements  is  compared  with  that  for 
one  element.  If  the  reduction  in  the 
objective  function  for  the  larger 
system  compensates  for  its  less 
desirability,  the  second  system  is 
optimized  and  compared  with  a  system 
with  three  elements,  etc.  Otherwise 
the  process  terminates.  They  also 
showed  that  for  multi-degree-of- 
freedom- systems  the  optimum  mass, 
stiffness  and  damping  coefficients  are 
not  necessarily  unique.  In  addition 
they  related  the  number  of  elements  in 
the  system  to  the  number  of  degrees  of 
freedom. 

The  writers  of  ( 8 J  have  success¬ 
fully  demonstrated  the  feasibility  of, 
their  technique  to  the  problem  of 
topology  of  the  linear  shock  isolation 
systems  and  use  the  basic  approach  of 
the  determination  of  the  topology  of 
the  system  to  improve  the  optimization 
technique  for  a  fixed  number-of- 
degrees-of-freedom  shock  isolation 
system.  Still  their  technique  fails 
to  separate  the  time  minimization  or 
maximization  from  space  parameter 
optimization  and  consequently  it  is 
not  economical  for  a  system  with  more 
degrees  of  freedom.  In  addition  as 
they  have  mentioned  in  their  paper,  it 
required  a  considerable  amount  of 
computer  time  to  optimize  a  three- 
degree  -freedom  shock  siolation  system. 

In  1974,  Afimiwala  and  Mayne  19 1 . 
adopted  nonlinear  programming  to  study 
the  optimum  design  of  a  nonlinear  , 
shock  absorber  with  nth  order  stiffness 
and  mth  order  damping  due  to  an 
acceleration  impulse  imposed  by  the 


support  notion,  with  the  objective 
function  being  maximum  acceleration, 
having  an  upper  limit  on  the  maximum 
relative  displacement.  Through  a  non- 
dimensicnal  curve  they  have  shown  that 
the  optimum  system  can  be  achieved 
with  n  •  0,  regardless  of  m,  or  m  -  0 
regardless  of  n.  And  also  for  large  n 
and  m  the  optimum  system  becomes  less 
desirable  and  poorly  performed.  Also 
through  this  study  they  have  shown  the 
comparison  between  the  approximate 
design  method  suggested  by  Sevin  and 
Pilkey  and  more  advanced  mathematical 
programming  technique.  They  point  out 
the  computer  time  needed  for  a  simple 
unconstrained  optimization  required  by 
Sevin  and  Pilky  method  was  less  than . 
one  second  while  using  their  technique 
it  was  one  minute. 

Other  writers, such  as  Sevin  and 
Pilkey  (10]  presented  a  mathematical 
statement  of  the  problem  of  optimum 
design  of  shock  isolator  systems  and 
discuss  the  two  computational  methods 
applicable  to  the  problem  (direct  and 
indirect  methods) .  They  also  gave  an 
extensive  bibliography  related  to  the 
literature  published  in  this  field. 

Julian  Wolkovitch  Ill]  reviewed 
some  of  the  published  optimization 
techniques  applicable  to  the  optimiza¬ 
tion  of  the  mechanical  system  to  shock 
and  vibration  and  pointed  out  the  gap 
between  the  theories  of  relatively 
new  field  of  optimization  of  mechanical 
system  to  shock  and  vibration,  and, 
theiz  application  to  the  practical 
systems. 

In  1971,  D.  L.  Bartel,  E.  J.  Haug 
and  K.  Rim  [12]  introduced  a  new  tech¬ 
nique  called  The  Method  of  Constrained 
Steepest  Descent  With  State  Equations, 
CSDS,  to  the  field  of  optimum  design  of 
spatial  frames.  Following  that  they 
optimized  several  three  member  frkmes 
each  of  which  had  nine  design 
variables,  18  state  variables  and  27 
constraints,  and  successfully  demon¬ 
strated  the  feasibility  of  the  new 
technique  to  the  field  of  structural 
optimization. 

In  the  same  year,.  D.  L.  Bartel  and 
A.  I.  Krauter  (13]  applied  the  method 
of  constrained  steepest  descent  with 
state  equations  to  the  problem  of 
optimum  design  of  a  vibration  absorber 
system.  Through  two  examples  of  the 
effectiveness  of  the  method  to  the 
field  of  optimum  design  of  dynamic 
systems  was  shown. 

In  1972,  R,  J.  Haug,  Jr.  , 

K.  C.  Pan  and  T.  C.  Streeter  [14] 


presented  a  computational  method  for 
optimal  structural  design,  using  the 
steepest  descent  method  with  state 
equations.  Through  extensive  numerical 
examples  they  removed  any  doubt  about 
applicability  of  the  CSDS  method  to  more 
practical  systems. 

In  1976,  J.  S.  Arora  and  E.  J. 
Haug,  Jr.  (15),  presented  some  refine¬ 
ments  to  the  State  Space  Optimization 
Technique  and  carried  but  three  test 
problems  and  compared  the  computational 
time  of  these  three  test  problems  with 
the  computational  time  reported  in  the 
literature  for  the  same  problems.  They 
reported  that  using  the  State  Space 
Optimization  Technique,  computer  time 
needed  for  the  first  test  problem  (25 
member  transmission  tower)  was  reduced 
by  16  to  37%;  time  for  the  second  test 
problem  (72  member  tower)  was  reduced 
by  a  factor  of  2.3  to  2.5  and  finally  ' 
for  the  third  test  problem  (200  member 
plane  truss),  computational  time  was 
reduced  by  a  factor  of  14  to  18. 


In  1977,  T.  T.  Fer.g,  J.  S.  Arora 
and  E.  J.  Haug,  Jr.  [16]  presented  an 
algorithm  for  optimal  design  of  elastic 
structures,  subjected  to  dynamic 
loading. 


Following  that  In  1978,  E.  J. 

Haug  and  J.  S.  Arora  [17]  employed  the 
adjoint  variable  methods  to  develop  a 
unified  method  of  sensitivity  anclvsls 
for  mechanical  system  design.  And  also 
they  presented  some  numerical  examples. 


In  1979,  M.  H.  Hasiao,  E„  J.  Haug, 
Jr.  and  J.  S.  Arora  [1]  developed  a 
State  Space  Method  for  Optimal  Design  of 
Vibration  Isolators  and:  applied  it  to 
two  test  problems  and  pointed  out  that 
computational  time  required  to  achieve 
the  optimum  systems  was  one  tenth  of 
the  time  reported  in  the  previous 
studies  [8,9.]. 

STATEMENT  OF  THE  PROBLEM 


First  the  general  mathematical 
formulation  will  be  presented  and  then 
it  will  be  applied  to  the  specific 
one-degree-of-freedom  system  of  Fig.  1. 

The  parameters  of  the  system  are 
Identified  by  a  state  parameter  vector 
b  *  [b  i ,  bj,  ...  bm]T,  where 


b,  -  c  b,  -  ke 

b,2  -  k  b»  •  kp 


(1) 


The  differential  equations  are  of  the 
form 


P(b)2  -  F(t,2(t).b,a(b)) 

0  *  t  -T  • 


(2) 


IS 


where  P(b)  is  a  square  matrix  and  Z  and 
F  are  column  matrices.  The  usual  second 
order  differential  equations  are  re¬ 
duced  to  this  form  by  defining  addition¬ 
al  variables ,  such  as 

Zi  -  y  and  Zi  -  y. 


01(b)  -  8(Z(tc))  (3) 

meaning  that  a  is  a  function  of  Z  at 
time  tc  at  the  floating  bourdary,  which 
is  the  time  when  the  first  maximum 
relative  displacement  is  reached. 

The  initial  conditions  are 


and  there  are  additional  conditions  at 
tc  such  that 


unit  step  functions: 

"  fT(fn(=.2.b.a(b))-b.1)i 


c(2(tc),  z(tc),tc,b) 


The  cost  function  $0,  which  in 
this  case  is  the  maximum  cransmitted 
acceleration  of  the  muss,  is  to  be 
minimized  and  is  represented  as 

$o  -  max  fjjftjZtt)  ,b  ,a(b))  o  <t<T  (6) 

There  are  performance  constraints, 
representing  the  maximum  relative 
displacements  of  the  form 

-  max  f . (t,Z(t) ,  b ,a(b) ) 

1  1  (7) 

-  5  0  0 

and  explicit  bounds  on  the  system 
parameters  of  b^  of  the  fora 

bi  -  bi  -  bi  i  "  1.  •• •  ®  <8> 

requiring  the  system  parameters  to  be 
in  a  certain  range.  For  example,  for 
practical  damping  c  is  greater  or  equal 
to  2ero,  and  since  bi  *  c,  the  bounds 
on  b  1  are 

0  <  b,  <  •  .  W 

Now  the  following  the  idea  of 
Ref.  (1) ,  the  maximum  value  of  the 
cost  function  is  designated  b,^,  so 
that  Eq.  (6)  may  be  restated  as 


f0(t,Z(t).  b,  a(b))  -  bm+1  <  0 

0  <  t  <  t  '  (10) 

The  inequalities  (10,  7)  may 
be  expressed  in  integral  form  by  Eqs. 
(11)  and  (12),  where  the  H(  )  are  the 


ro  o 

o 


H<fo-bm+l>dt  *  0 


ana 

T 

“  (fi(t;z,b,a(b))-8.): 

Jo 


H(fi-8t)dt  -  0 

Recall  that  the  unit  step  function 
H(r),  for  example,  is  such  that 

H(r)  -  0  r  <  0  (13^ 

H(r)  -  1  r  >0 

so,  in  Eq.  (11),  if  ft  <  8£,  then 
H(fj-8^)  -  0  and  the  integral  -  0. 

If  Fj  >  8i,  then  \ bi  1  0  and  the 
inequality  is  not  satisfied. 

Now  the  equivalent  problem  is 
summarized  as:  Minimize  the  cost 
function  b^i,  subject  to  the  con¬ 
straint  of  Eqs .  (8),  (11),  and  (12), 
the  differential  equations  (2) , 
initial  conditions  (4)  and  the  surface 
equations  (5). 

Next  it  is  necessary  to  calculate 
the  derivatives. of  the  constraint, 
integrals  with  respect  to  the  design 
parameters  and  eliminate  their 
dependence  on  the  state  variables.  To 
do  this  the  adjoint  variables 
vector  XT  is  introduced  as  in  ref.  [1] , 
through  the  identity 

[T  XT  [P2-F(t.z,b.a(b)ldt  -  0  (14) 


A  small  change  6b  in  the  state  para¬ 
meters  will  cause  a  change  6Z  in  Z 
and  6a  in  a.  Expanding  the  left 
size  of  Eq.  (14)  to  the  first  order, 
we  obtain 
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The  last  of  Equations  (16)  Involves  a 
"floating  boundary  matrix",  defined  as 
nnxm>  or  Sr-  maY  be  written  as 

T3V 

w: 


6a  “ 


nnxm  5bmxl 


n  i 

Now  Eq.  (15)  becomes 


(6b) 


(17) 


nxm 


f  *T  -  H 52  +  ^ 5b 

Jo  .  - 


(18) 


3F  ib  *  35  n6b]dt 


Integrating  (18)  by  parts,  noting 
from  Initial  condition  Eq,  '(4)  that 
6 (Z(0) )  -  0,  and  requtrelng  X(t)  »  0, 
Eq.  (18)  becomes 


(PTX  +  ^  X)T6Z  dt 


f  >T  i-’1# 


(19) 


n]  6b  dt 


Now  due  to  changes  6b  In  b,  we  have 
small  changes  tn  t|<0  and  4^  as  follows: 


'♦o  +  6g,o 


and 


■i; 


t<  -  b. 


m+1 

3f, 


(20) 


+  <fo  *  bmfl>  (32T  62 
3f  3f  '  0 

+  IF  ab  +  T5  n5b  4 ^bm+l ]  dt "° 


1>l  +.6  = 


+  2  <f1-fli> 


(21) 


3f  l  df,  3f, 

^“3?  52  +-  IF*  6b  +  ~3J  06b) dt*Q 


To  eliminate  the  explicit  dependence 
of  Eqs.  (20) and  (21)  on  6Z,  we.  can 
use  the  identity  of  Eq.  (19)  as  the 
following: 


pT  Xo  +  Xo  "  2<f~'b 


3fo 

o"bm+l>  ~1I 


(22) 


T  •  3F^  3fT 

p  Xt  +  32~  Xi  “  2<fr8i>  tt  l“1*-  -k 

(23) 

and  X.(t)  -  0  1  -  0,1. ..k 

Then  Eqs.  (20)  and  (21)  reduce  to 

*o  -  r  *»i  ^  -  s  -  u  -i «- 

Jo 

+  2  <fo"bm+l>  <1P2+  -a|n>«b]dt  (24) 


and 


t 


2  <fo"bnrt-l>  6bm+l  dt  "  0 


A  +  fTfiT  3<P2)  3F  3F  ... 

*1  +  txi  -sr-  w  -  is  nl6b 

•  Q 


3f.  3f. 
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(25) 


Now,  If  we  let 
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then  Eqs.  (24)  and  (25)  become: 

*o  +  Lo  sb  *  I"  2<fo*bm+l>  dt  4bm+l* 
'o 


and 


^  +  Lj  6b  -  0 


■0 

(28) 

(29) 


Equations  (28)  and  (29)  written  In 
matrix  form  as  ■ 
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where  Che  sensitivity  matrix  A  of 
referenc-  il]  Is  f 


5b 2-  -A(ATA)“^f 


Wl*o^  -  f  T2<f0-b1D-n>dt  (31)  and  „ut  b(1+l)»b(J)  +  5b 

“  Jo  0 


and  Eq.  (30)  may  be  written 

3+A6b  -  0'  (32) 

Algorithm  for  Systems  with  Floating 
Boundaries 

The  gradient  projection  method  of 
Reference  [1]  may  now  be  presented,  as 
modified  to  account  for  floating  bound¬ 
ary  at  tc. 

Step  1.  Start  the  iteration  by  select¬ 
ing  an  estimated  design  b(j)  and  solve 
equation  (5)  for  Z(tc>. 

Step  2.  Using  equation  (3),  calculate 
a(b)  for  the  design  vector  b(j)  and 
state  vector  Z(tc). 

Step  3.  Knowing  a(b)  from  step  2,  solve 
equation  (2)  for  Z(t). 

Step  4.  For  the  design  vector  b(j), 
calculate  the  Floating  Boundary  Matrix 
n  of  the  equation  (17). 

Step  5.  Proceed  as  step  2  of  reference 
[1]  by  evaluating  the  constraints  of 
equations  (11)  and  (12)  and  set  up  the 
index  set 

I-  ^i>0:fi(tiZ(t).b,a(b))>8i^ 
for  some  t<x 

Step  6.  For  each  lei,  calculate  the 
adjoint  variable  of  equations  (22)  and 
(23). 

Step  7.  For  each  iel,  calculate  Lj, 
using  equations  (26)  and  (27)  and  con¬ 
struct  the  sensitivity  matrix  A  of 
equation  (31) . 

Step  8.  Reduce  AJ  (the  objective  func¬ 
tion)  and  calculate 


2ZT  * 


t[i  -a(ata)*1at]« 


where 


«-[o.O . l]T 


Step  11.  If  all  constraints  are  satis¬ 
fied,  terminate.  Otherwise,  return  to 
step  1  with  the  new  design  estimate 
t(j+l). 

Application  to  the  Simple  Shock  Absor- 


Now  the  modified  State  Space  Method  of 
optimal  design  of  shock  absorbers  will 
be  used  to  design  a  bi-linear  single-  , 
degree-of -freedom  shock  absorber,  as 
shown  in  Fig.  1  and  2,  for  optimum  per¬ 
formance  during  loading  and  unloading. 

The  design  objective  is  to  mini¬ 
mize  the  acceleration  of  the  mass  m 
from  a  shock  of  finite  duration,  ^0(t) • 
such  that  the  relative  displacement 
between  the  mass  m  and  the  base  will 
not  exceed  a  given  limit.  The  design 
parameters  (or  space  parameters)  are  k, 
ke.  kp,  and  c. 

Using  the  free-body  and  inertia 
diagrams  of  Fig.  3,  the  differential 
equation  of  motion  is: 

nty  +  c(t-to)  +  k(y-y0)  +  L(t)-W  (38) 

with  initial  conditions 

y  (0)  -  0  y  (0)  -  0  (39) 

Letting  yr  *  y  -  y<>.  Eq.  (38)  becomes 

myr  +  cyr  +  kyr  +  L(t)-W-my0  (40) 

To  reduce  to  the  first  order  form  of 
Eq.  (2).  let 

Z,(t)  -  yr(t)  and  Zj(t)  -  yr(t) 

.  . .  (41) 

with  Z2(t)  -  yr(t) 

Substituting  into  Eq.  (40)  and  setting 
in  matrix  form 


|0  m|  iZjI  j - (Z 2 -kZ i -my0  +  W  -L(t) 

with  initial  conditions 

|,Z,(0)  0  J 

-  (431 

|z»(0)  0  i 


Step  9.  Compute 

■  u-  —  (A^a)  ~ 3.  C2 y0'F  -Arel  (34) 

Step  10 .  Compute 

5b-  ®bi+dbj  (35) 

where  5b,-  (I-A(ATA)‘lAT]e  (36) 


Fig.  3  —  Force  Mw  Inertia  Diagram  for  s 
Single- Degree-of-Freedom  Shock  Absorber 


It 


L 


Note  that  Eqs.  (42)  and  (43)  are  of 

the  form  of  Eqs.  (2)  and  (4)  respective- 

ly. 

From  Fig.  2,  the  force  L(t)  in  the 
nonlinear  spring  is  as  follows: 

1*1  (t)  -  keyr  0<yr<ye 
I*j(t)  -  (ke-kp)ye  +  kpyr 
yr>0:ytiyr<yc 

l*i  (t)  -  (ke-kp)  (ye-yc)  +  keyr 

yr<o;  yt<yriyc  (44) 

where  yt  -  (yc-ye) (1-^|)  -yd 

I*„(t)  -  (ke-kp)  (ye-yc-yt)  +  k2yr 
yr<o  yr<yt 

Using  the  idea  of  the  unit  step  func¬ 
tion,  Eqs.  (44)  may  be  written  as  one, 
Eq.  (45). 

I*(t)  “(I*i+  (1*2-1* i)H(yr-ye)]H(yr)  + 


( (Li,-LJ)H(yt-yr)  +  L,  ][(1-H(yr)  ] 


(45) 


The  Eq.  (45)  is  good  for  only  one 
cycle.  The  end  of  one  cycle  is  deter¬ 
mined  by  noting  that  after  yc  occurs, 

L  (t)  is  decreasing  and  a  cycle  ends 
when  L(t)  changes  sign. 

The  equations  may  then  be  cast  in 
terms  of  the  system  parameters  b< ,  as 
in  Eq.  (1).  Then  Eqs.  (42)  and  f45) 
become: 

7  (46) 


I7:1 

\z‘ 


m  - 


-b.Z2-b2Zi-my0+W-L(t) 


1 
0 

with 

l*(t)  -  £(b;-bi,)  (ye-Zi)H(Zi-ye)+b  jzj] 
H(Z2)  +  [(b,-b4)'(yc-ye)(l-b»l  -  yd-Zx] 
H((yc-ye)(l-^i)  -  ydZ, ) -  (b3-b,) 
(ye-yc)  +  b,Z,](l-H(Zi))  (47) 

Therefore  ai(b)  ■  0  and  112(b)  “  yc 

For  the  problem  on  hand,  it  is  desired 
to  minimize  the  maximum  absolute  accel¬ 
eration,  so  an  artificial  design  para¬ 
meter  b5  is  defined  by 

■  i  [-bjZ2-b2Zi+  W-L(t)]-bs<0  (49) 

The  cost  function  to  be  minimized  is 
J“b5.  Finally,  a  constraint  on 
extreme  value  of  relative  displacement 
is  imposed  as . 


[Z,(t)]-  Zimax  £0. 


(50) 


Therefore,  for  the  problem  on  hand,  one 
has  the  following: 


P(b) 


f1  ° 

l3  m] 


(51) 


F(t,Z,b,a(b))  - 


and 


Z* 


-biZ2  -b2Z i -  my0+W-L(t) 

(52) 

(tiZjbjCKfc))-!  [-btZ2-b2Z,+  W-L(t)] 

(53) 

One  now  has  to  find  the  derivatives  of 
F(t»Z*b*o(b))  with  respect  to  state 
variable  Z(t)*  design  parameter  vector 
b  and  a(b)  as  follows: 


2F 

n 


-  “ 

ill 


s?i  ili. 

aZ: 


3FZ 


zKx 


(54) 


•The  result  is: 
0 


«F 

TZ 


3L 

where  a 


(55) 


b*  +  HP1  -bl* 

-  [(b.-  bt)  H  (Z,-  ye)  +  bj] 
H(Zj)  +  [<b,-  b,)K(yt-Zi)  +  b,] 

(1  -  H(Zj))  (56) 


The  derivative 


9F 

IF 


is : 


I" 


3Fi 

Tbj 


!xt 


3Fi. 

aF 


where 


3Fi  3F,  3F»  3Fi 
5Fi  3Fj  3F» 

faF*  3F 2  3F<  3F2 

aFi  aF2  IF,  aF*] 


-Z,  3F  2  3Fj 

aF,  V\ 


(57) 


(58) 


If!"  *  [(ye-Z»>H(Z,-ye>+ZjH<Z,) 

•[(yt-Z,+(yt+yd)|!)H(yt-zi)  +  (59) 

(ye-yc>+z»]ti-H<z>)l 


and 
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.v.v^  .’Lv/.'f 


II*—  [<Z,-ye>H(2..-ye>]Ha»> 

-[(*'•  i-yr.-yd)H(yt-Zi)+(yc-ye>] 

(l-H(Z^)  (60) 


||a  -  -I  (2  H(f0)-l)pi±iitH(yt-ZJ)+ 


For  the  result  Is 

dOt 


aF  £•'  21* 1 

*£  -  4*1  da2 


3F  i  5F i 

dat  *3  ci  2 


[°  -  yt.2l)  +  (b,.b,) 

(l-H(Zj)] 

The  next  step  Is  to  calculate  the  par¬ 
tial  derivatives  of  fQ  and  £  with  re¬ 
spect  to  the  state  variable  vector  Z 
state  parameter  vector  b  and  function 
vector  o(b).  To  do  that,  one  has  to 
use  equation  (53)  and  differentiate  it 
with  respect  to  Z,  b,  and  a(b)  as 
follows: 

fz?  -  4<2  H<£0)-i)[-b,-[((b,-b,) 

(63) 

H(2j-ye)+b j)H(Z<)+((b»-b j) 

H(yt-Z,)+b,)(l-H(Z,))J| 

Hj  -  *5  (2  H(fo)-i)  (64) 

7E?  “  *i*<2  H(fo)-l)  .  (65) 

“  '  5  «  H<f0)-1)  (66) 

-  5  (2  H(f0)-l)  [(ye-Z,)H(Z,-y#)+Z,] 
H(Z,)+[(yc-Z,+(yt-*-yd)|*)H(yt-Z,) 
+(ye-yc)+Z.](l-H(ZJ)  (67) 

"  a  H(fo)-l)  [(Zi -y*)H(Z t -y#)] 
H(Z1)+[(Z,-ye.yt.yd)H(yt-Zi) 
+<yc*ye>I  (1-H(Z,))  (68) 

9f0  „ 

-rr-  -0  r*q>  ■ 


(b.-b  j)J 


(1-H(Z2)) 


Now,  if  we  define 

f.(t,Z,b)-|Z,(t)|«(2  H(Z,)  -1)2 j (t)  (71) 

Then  the  condition  on  the  extreme  value 
of  relative  displacement  can  be  written 

as 

f , (t ,z,b) -e ,  =  Jz , <t ) I -Z lmax<0 ,0< t<T  (72) 

Defining  ' 


then  equation  (72)  becomes 

(2  H(Z,)-l)Z,(t)  -et  <  0,  0<tr  (74) 

Therefore ,  partial  derivatives  of  fi(t> 
Z,t,a(b))  wlrb  respect  to  state  variable 
vector  Z,  state  parameter  vector  b  and 
o(b)  become 

||j-  »  H(2.)  -1  15,-0  (75) 

3fi_  3fi_3fj_Sfin  ®fi—  af»_  n 

5F;"  55,  55,"  0  <76> 

Thus  the  differential  equations  for  the 
adjoint  variables' 


>-t)  ~  4i:;l 


become 


ri  o]  f*»ii  fo  3f,i 

1°  .j  M  *  L‘  3;J  L.J- 


2(lf0i-b j)H(lf0l-b») (2  H(f0)-1)  37? 

-b, 


P  °]  Pi  -  f0  M:' 

1°  aJ  pul  '■b 

2H(f,-e,)(fl-e,)||5jj 


(79) 


The  cases  studied  are  listed  In 
Table  1.  Case  16  is  that  of  Schmlt 
and  Fox  [6)  for  a  linear  system,  with 
the  base  input  the  rectangular  pulse 
of  Fig.  5,  designated  Input  II.  Cases 
1  thru  15  are  for  the  nonlinear  system 
and  the  excitation  used  is  shown  in 
Fig.  7,  with  yQ(t)  specified  as  fol¬ 
lows,  and  designated  Input  1: 


i  1  ^ 1 

f  j  rSI  T 

MV 

1 _  : 


Tig.  U.  The  Simple  System 


In  Table  2,  the  results  of  Schmtt  and 
Fox  [61  are  compared  with  results  ob¬ 
tained  with  the  present  method.  For 
both  optimizations,  the  initial  values 
of  the  parameters  are:  k.«1000  lb/ in. 
and  c-3.0  lb. sec/ in. .  The  specified 
(yr)max“  0.6  inches.  The  final  design, 
representing  the  optimum  values,  are 
also  listed  in  Table  2.  In  Fig.  6 
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Fig.  5-The  Square  Pulse,  Input  No.  II. 


Linear  System  with  Damping 

The  linear  system  with  damping, 
Case  16.  is  a  special  case  of  the  non¬ 
linear  system  with  k#-kp-o.  The  input 
acceleration  it,  as  in  Fig.  5: 

Vo(f)"2000  In/sec  o<t'0.0i  sec. 
yo(t)-0  c>0.01  sec. 


a  design  graph  is  shown  as  a  plot  of  k 
versus  c.  The  curve  with  the  shading 
shows  the  displacement  constraint  of 
0.6  Inches.  The  arch-shaped  curves  are 
maximum  acceleration,  y  (t),  curves  with 
units  of  in. /sec.1.  The  initial  design 
point  is  narked  and  the  design  paths 
followed  „y  the  two  different  methods 
are  plotted.  The  more  direct  path  is 
that  of  the  State  Space  Optimization 
Method,  so  it  appears  to  be  more  effi¬ 
cient  chan  chat  of  (6}. 

Nonlinear  System  with  No  Damping 

For  Cases  2  and  14,  the  value  of  damp¬ 
ing  consranc  was  specified  as  c«o.  In 
addition,  it  happened  chat  for  Casa  15, 
where  the  bounds  excluded  only  negative 
c,  the  computer  program  chose  c»o,  be¬ 
cause  the  mass  was  very  small. 

For  all  the  nonlinear  cases,  since 
the  linear  spring  stiffness  k  could  be 
combined  with  k#  and  k„,  the  program  was 
run  with  k»bj»o.  Thus,  for  no  damping, 
the  only  parameters  remaining  were  k« 
and  kp. 
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Fig.  6.  Comparison  Between  tha  uwslgn 
Path  For  Casa  A  of  Raf.  16]  and  tha  Path 
Taken  by  tha  State  Space  Optimisation 
Method. 


Pig.  7.  Plot  of  the  Base  Acceleration 
Versus  Time  For  tha  Impulse  Loading  Ho . 1 
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Fig.  8.  Plot  of  the  Absolute  Accelera 
tton  Versus  Tima  for  the  Design  Casa 
No.  2-A . 


ri 

l 

i  •  i 


Fig.  9.  Plot  of  tha  Relative  Displace 
sent  Versus  Time  for  the  Design  Casa 
No.  2-A  and  2-B. 
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Table  2.  Comparison  of  Che  Results  Obtained  by  the  Writers 
of  (6)  and  the  Results  Obtained  by  Using  State 
Space  Optimization  Method  -  Case  16. 
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In  Table  3  the  optimum  values  are 
given  for  Cases  2-A  and  2-B,  First  for 
Case  2-A  the  acceleration  was  minimized 
at  the  initial  peak  only  or  during  the 
loading  phase  of  the  nonlinear  spring. 
For  this  situation  the  optimum  ke-1889 
lb. /in.  and  optimum  kp-o.  The  Initial 
peak  acceleration  was  -4.67g  but  an  ex¬ 
tension  of  the  timewise  solution  showed 
the  second  maximum  acceleration  at  6.67g 
as  seen  in  Fig.  8.  The  timewise  rela¬ 
tive  displacement  is  given  in  Fig.  9, 
which  shows  the  bound  of  +2  inches  was 
reached.  To  minimize  the  maximum  posi¬ 
tive  acceleration  the  program  was  re-run 
through  both  the  loading  and  unloading  , 
phase  of  the  non-linear  spring,  or  one 
complete  cycle,  for  Case  2-B.  The  re¬ 
sulting  acceleration-time  curve  is  shown 
in  Fig.  10.  The  new  peak  values  were 
-5.3ig  and  6.57g.  so  by  producing  the 
minimum' acceleration  over  one  whole 
period,  the  negative  peak  was  Increased 
and  the  positive  peak  decreased  slightly. 
It  should  be  noted  that  for  Case  2-B, the 
optimum  value  of  k„-70,  rather  than  zero. 
The  load-deflection  curve  for  the  non¬ 
linear  spring  for  Case  2-A  is  shown  in 
Fig.  11. 


For  Case  14  the  best  value  of  k_»o 
as  summarized  in  Table  4.  Case  14pdif- 
fers  from  Case  2-A  in  the  size  of  the 
mass  and  the  maximum  relative,  displace¬ 
ments.  For  Case  14,  and  all  the  Cases 
except  2-A,  the  optimization  was  over  a 
complete  cycle. 

Design  Case  15  was  done  to  study  ef¬ 
fect  of  weight  variation.  Again  k„-o, 
as  shown  in  Table  5  and  the  case  is 
discussed  further  under  effect  of  varia¬ 
tion  of  mass. 

Nonlinear  System  with  Damping 

As  a  proof  of  the  validity  of  the 
method  for  the  general  system.  Case  1 
was  done  two  ways:  first  by  a  long 
process  of  trial  and  error  and  then  by 
the  computer  programs.  The  value  of 
damping  was  set  art  c-4.0  lb.s./in..  Then 
a  design  graph  was  plotted  as  ke  versus 
Xn,  with  lines  of  constant  (yr)—,.  and 
Wnaxi  ••  1**  Fig.  12.  From  these  curveg 
it  can  be  seat}  that  for  (yr)max"2  Inches, 
the  minimum  (y)Bax  H«*  between  4.4  and 
4.5g,  and  further  analysis  showed  that 


Table  3.  A  Comparison  Between  the  Optimum  Quantities  Obtained 
for  Case  No.  2  Baied  on: 

a)  Optimum  Performance  During  Loading  Only 

b)  Optimum  Performance  During  Loading  and  Unloading 
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Fig.  10.  Plot;  of  the  Absolute  Accele- 
ration  Versus  Time  for  the  Design  Case 
NO.  2-b 

the  4.46g  curve  just  touched  the  (yr) 
max”  2  inches  curve.  The  computer  pro¬ 
gram  based  on  the  State  Space  Method 
followed  the  design  path  indicated  by 
the  line  with  arrows,  in  the  direction 
of  decreasing  displacement  until  it 
reached  the  2  inch  bound . 

For  Design  Case  3,  a  design  graph 
was  also  made,  as  in  Fig.  13,  for 
(yr)max*,2  in.,  but  for  various  c.  The 
arrows  on  the  "constant  c  lines'^are 
in  the  direction  of  decreasing  (y)max. 

In  addition,  two  computer  design  paths 
are  shown  with  the  arrows  indicating 
the  direction  of  decreasing  (y)max-  In 
Fig.  14,  a  three-dimensional  design  plot 
is  shown.  As  sutmnarlzed  in  Table  4, 
optimum  c*4.04  and  ke*164.7  lb. /in. 
with  kp-189..8  lb. /in.  for  Case  3.  Sires 
kp  is  greater  than  ke.  a  hardening 
spring  system  is  required,  as  shown  in 
the  load-deflection  curve  for  Case  3, 


Fig.  il.  Plot  of  the  Force  in  Elastic- 
Spring  VS.  Relative  Displacement-Case  2-A 

The  effect  of  variation  of  mass  is 
shown  by  comparing  Cases  3,  4,  5,  6,7  and 
15  (see  Table  1) ,  where  the  bounds  set  for 
c  are  only  that  c  be  non-negative,  that 
is  c>o.  Plots  of  c,  ke,  and  k„  versus  W 
are  given  in  Figs.  18,  19  and  20  respect¬ 
ively.  Rote  that  the  plots  shew  almost 
lirtear  variation.  The  value  of  c  goes 
to  zero  at  about  W-6  lb.,  and  then  stays 
at  zero  for  o<W<  6  lb.  The  results  are 
summarized  in  Table  5.  Note  that  the 
transmitted  acceleration  is  practically 
constant,  except  for  very  small  mass, 
when  c  *  o. 


Table  5. 


Optimum  Quantities  For 
Cases  3  to  7  and  15. 
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Fig.  15. One  important  point  is  that  the  I  7  lost.  *  15040  liooool  2.0001  I  4.47  1 

Table  4.  Initial  and  Optimum  Design  For  the  Design  Case  No. 14 
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slope  of  the  unloading  curve  was  taken 
as  k0,  recalling  Fig.  2,  which  results 
in  a  load-displacement  curve  in  Fig.  15 
which  may  be  difficult  to  achieve  in 
practice,  after  the  maximum  deforma¬ 
tion  has  occurred.  In  Figs.  16  and  17 
the  yr  versus  t  and  y  versus  t  curves 
are  given  for  Case  3. 


For  Case  3  and  Cases  8  thru  13,  the 
yield  deformation  ye  was  varied  from 
0  to  2  Inches  (see  Table  6).  The  situa¬ 
tion  for  y0-o  and  y0*2  are  exactly  the 
same,  with  the  same  linear  load-def lec¬ 
tion  curve.  The  optimum  c  increases  and 
then  decreases  as  ya  Increases.  The 
transmitted  maximum  acceleration  is  mini¬ 
mum  when  y0-l  inch,  which  is  one-half 
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Fig.  12.  Geometrical  Paths  of  Constant 
Acceleration  and  Maximum  Relative  Dis¬ 
placement  for  the  Design  Case  No.  1 


Fig.  13.  Plot  of  the  Optimum  Points 
for  the  Design  Case  No.  3.  The  Arrows 
on  Each  a-llne  Show  the  Direction  of 
Decreasing  Maximum  Acceleration  for  that 
Line  and  Arrows  Between  the  c-llne  show 
the  Direction  of  Decreasing  Maximum 
Acceleration  In  going  from  one  a-llne 
to  the  next  c-llne. 


Fig.  14.  Three  Dimensional  Presentation 
of  a  Four  Dimensional  Design  Space  and 
Path  of  the  Optimum  Points  for  the 
Design  Case  No.  3.  The  Arrows  Show  the 
Dlrectlor  of  Decreasing  Maximum  Accele¬ 
ration. 
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Fig.  15.  Plot  of  the  Force  In  Elastic- 
Plastic  Spring  Versus  Relative  Displace¬ 
ment  for  the  Design  Case  No.  3. 
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Fig.  16.  Plot  of  the  Absolute  Accelera¬ 
tion  Versus  Time  for  the  Design  Case 
No.  3. 
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Fig.  17.  Plot  of  the  Relative  Displace¬ 
ment  Versus  Time  for  the  Design  Case  No. 
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Fig.  18.  Plot  of  the  Optimum  Damping 
Coefficient  Versus  Weight  of  the  Mass 
(p)  for  the  Design  Cases  3  to  7  and  13. 
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Fig.  19.  Plot  of  the  Optimum  Elastic 
Stiffness  of  the  Bl-llnear  Spring  Versus 
Weight  of  the  Mass  (p)  for  the  Design 
Cases  3  to  7  and  13. 
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Fig.  20.  Plot  of  the  Optimum  Plastic 
Stiffness  of  the  Bl-llnear  Spring  Versus 
Weight  of  the  Mass  (p)  for  the  Design 
Cases  3  to  7  and  13. 


the  maximum  relative  displacement.  In 
general,  a  hardening  spring  Is  required 
when  the  spring  Is  nonlinear. 


Table  6.  Optimum  Quantities  For 
Cases  3  and  8  to  13. 
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Summary  and  Conclusion 

The  theory  is  outlined  for  the  State 
Space  Method  as  extended  to  Include 
floating  boundaries  and  applied  to  a 
shock  mounting  system  having  four  un¬ 
known  parameters:  k,  ,c,ke  and  k„.  Since 
the  linear  spring  is  in  parallel  with 
the  nonlinear  spring,  the  stiffnesses 
may  be  combined,  so  most  o ::  the  practical 
results  are  given  for  k-o,  for  the  non¬ 
linear  system.  A  computer  program  was 
developed  such  that,  in  one  computer 
run,  the  optimum  values  of  c,ke,  and  kp 
are  determined  such  that  the  transmitted 
acceleration  (y)ma'x  1*  a  minimum  while 
the  relative  deformation  remains  with¬ 
in  specified  upper- and  lower  bounds, say 
±  2  Inches.  The  following  conclusions 
are  offered: 

(1)  The  State  Space  Method  seems  to  be 
more  efficient  than  the'  Steep-Descent 
Alternate  Step  Method  used  by  Schmit  and 
Fox  (6]  when  applied  to  the  same  linear 
one-degree-of- freedom  systems  in  that 
the  path  followed  is  more  direct. 

(2)  For  the  excitation  designated  as 

the  Ir-put  .1,  which  Includes  a  very  severe 
initial  Impulse,  the  optimum  values  of 
ke,  k„  and  c  vary  almost  linearly  with 
the  size  of  the  supported  mass,  while 
the  maximum  transmitted  acceleration 
remains  nearly  constant.  For  very 
small  mass,  c«o  and  kp  approaches  zero. 
For  larger  masses, c-o  and  a  hardening 
spring  is  best. 

When  the  ratio  of  yield  deformation  to 
maximum  deformation  is  varied  from  zero 
to  one,  it  is  found  that  the  (y)max  is 
least  when  the  ratio  is  one-half. 

(3)  The  computer  time  for  each  run  de¬ 
pends  on  the  nearness  of  the  initial 
guess  to'  the  final  design  values. 


The  method  could  be  applied  to  more 
complex  problems,  such  as  multi-degree- 
of-freedom  systems  on  nonlinear  mounts. 
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The  paper  describes  the  different  tests  carried  out  for  the  development 
of  an  adhesive  material  (polyurethane)  for  bonding  a  hook-construction 
'  to  the  deck  and  the  battery,  to  prevent  the  upwards  movement  of 
large  batteries  in  a  submarine  during  an  underwater  explosion. 

Test  results  are  presented  and  discussed. 

This  bonding  method  can  be  a  powerful  tool  in  specific  situations 
for  reducing  (labour)  cost,  to  improve  the  shock  resistance  and 
for  simplification  of  structures. 

Some  examples  are  given. 


Introduction 


In  the  course  of  time  several  navies  have 
developed  their  own  system  for  the  securing  of 
large  batteries  in  submarines,  to  prevent  the 
vertical  movement  during  an  underwater-explosion 
If  there  is  insufficient  clearance  between  the  top  of 
the  battery  and  the  ship’  structure  And  no  securing 
device,  the  vertical  shock  motion  will  cause  a  short 
circuit:  a  disaster  for  the  submarine 

Due  to  a  design  modification  of  the  batteries, 
the  Royal  Netherlands  Navy  had  to  reconsider  the 
securing  of  the  batteries  for  her  new  submarines 
under  construction  The  height  of  the  battery 
increased  considerably  and  reduced  the  available 
clearance  to  a  few  centimetres.  The  existing 
securing  system  of  vertically  placed  wedges,  which 
give  only  friction  between  the  batteries,  became 
unacceptable  and  a  modification  was  necessary. 
The  Royal  Netherlands  Navy,  together  with 
Bolidt  B.V.  Alblasserdam  (NL)  and  with 
assistance  of  Varta,  Hagen  (FRG),  developed  a 
bonded  polyurethane  (PU)  joint,  which  fully  meets 
all  requirements. 


Securing  methods 


A)  A  resiliency  mounted  battery  storage 
compartment  is  the  solution  which  has  been 
applied  [lj 

The  resilient  mountings  decoupled  the 
batteries  from  the  ship  and  the  acceleration 
levels  transmitted  via  the  mountings  are 
too  low  to  cause  a  vertical  displacement 
,  of  the  batteries  relative  to  the  resiliency 
mounted  compartment 

B)  An  old  method,  which  has  been  applied 
many  times,  is  the  use  of  wedges,  which 
press  the  batteries  to  each  other  and  to 
the  bulkheads  and  prevent  horizontal 
movements  during  seaway  and  shock 
morions.  It  gives  no  vertical  protection. 

The  friction,  between  the  batteries  and  the 
compartment  bulkheads,  reduces  the 
vertical  displacement  only  a  little  during 
an  underwater  explosion 

In  1978  the  Royal  Netherlands  Navy  did  a 
number  of  sltock  tests  on  the  IWECO-TNO 
medium  weight  shock  testing  machine  (figure  1) 
with  batteries  fastened  with  wedges. 


f-; 


This  shock  testing  machine  can  simulate 
rather  accurately  nearly  all  shock  motions, 
submarine  shock  motions  as  well,  by  adjusting  the 
stiffness  of  the  acceleration  and  deceleration 
springs. 

For  the  shock  test  the  batteries  and  wedges 
were  positioned  and  pressed  to  each  other  in 
exactly  the  same  arrangement  as  on  board 
(figure  2)  [2] 

High  speed  cameras  and  measurements  indicated 
already  displacements  up  till  about  250  mm,  at 
moderate  shock  motions  (figure  3).  These  large 
movements  are  unacceptable  and  dangerous. 
Notice  the  large  difference  in  acceleration  level 
between  top  and  bottom  of  the  battery. 


Figure  1:  Medium  weight  shock  testing  machine 


Figure  2:  Batteries  with  wedges  on  medium 
1  weight  shoe:;  testing  machine 


Q  Holding  down  straps  between  the  top  of 
the  battery  and  the  compartment's  bottom 
were  studied,  but  found  to  be  unacceptable 
and  unpractical. 

D)  A  good  and  practical  solution  is  a  hook, 
bolted  to  the  ship'  structure,  and  ' 
counterhook,  bolted  to  the  battery  bottom 
(figure  4).  Shock  testing  in  a  submarine 
test  section,  to  a  level  just  without  plastic 
deformation  of  the  hull,  proofed  its  rather 
good  shock  resistance  [3]. 

Together  with  Varta  Batterie  AG.,  Hagen 
(FRG),  who  provided  the  batteries,  the  Royal 
Netherlands  Navy  investigated  a  hook  construction 
(figure  5)  on  the  medium  weight  shock  testing 
machine  [4j 


Figure  4:  Hook  construction 


The  battery  met  the  maximum  shock 
requirements  without  any  damage  and  expected 
hull  lethal  levels  with  some  damage  (figure  6). 

This  hook  construction  was  in  principle 
adopted  by  the  Royal  Netherlands  Navy. 

However,  it  was  not  posable  to  apply  bolted  hooks 
to  the  ship’  structure  because  the  compartment 
was  already  nearly  finished,  the  increased  chance 
of  a  short-circuit  via  the  boits  was  not  accepted, 
the  required  puncture-voltage  for  the  (whole) 
compartment  was  very  difficult  to  reach  and  the 
risk  of  corrosion  problems  was  too  high.  In 
connection  with  the  available  space  the  height  of 
the  hook  had  to  be  reduced 


Figure  6:  Damaged  battery  housing 


Development  of  a  bonded  joint 


Except  for  the  modem  GRP  minehunters,  it 
is  not  common  in  ordinary  naval  ship  design  to 
apply  adhesives  like  epoxy,  polyurethane  and  such 
in  the  ship’  structure  or  for  heavily  loaded 
constructions.  But  in  this  situation  it  could  solve 
most  of  the  problems  at  the  same  time;  if  an 
adhesive  could  be  found  which  met  the 
requirements. 


Purpose  of  the  R&D  programme 


The  purpose  was  to  select  an  adhesive,  in 
combination  with  the  (rc-)design  of  the  hook 
construction  and  the  given  ship’  structure  (i.e.  the 
nearly  completed  battery  compartment),  which 
fulfils  the  requirements  at  a  minimum  of  costs. 


R&D  programme 


With  the  emphasis  on  the  mechanical  aspects, 

the  R&D  programme  was  in  broad  outlines  as 

follows: 

A)  The  selection  of  one  or  more  adhesives 

B)  Static  strength  tests  to  determine: 

1.  tensile  strength  of  adhesive  with 
appropriate  primer; 

2.  influence  of  plate  stiffnesses  and  layer* 
thickness; 

3.  bonding  strength  of  the  primer  to 
stainless  steel.  High  Tensile  Steel  and 
GRP. 

Q  Dynamic  tests,  Le  shock  tests,  to 
determine: 

1.  dynamic  tensile  strength  of  adhesive; 

2.  dynamic/static  strength  ratio; 

3.  weakest  link  in  the  chain:  steel- 
primer-adhesive-primer-steel. 

D)  Re-design  of  the  hook  construction: 

1.  to  reduce  height,  available  space  is 
50  mm; 

2.  to  reduce  costs; 

3.  to  obtain  a  uniform  load  distribution 
over  the  total  bonded  area. 

E)  Shock  testing  of  the  battery  with 
possible  solutions  of  the  hook  construction. 

F)  Shock  testing  of  final  hook  construction 
bonded  to  battery  and  simulated  deck 
stricture 


Selection  of  the  adhesive 


The  possible  adhesives  were  selected  on  a 
number  of  criteria,  like: 

A)  Applicable  in  thick  layers  (5  - 10  mm)  to 
level  the  unevenness  of  the  compartment 
deck; 


B)  Resistance  against  battery-acid,  water, 
aging  and  such; 

C)  Suitable  to  meet  severe  shock  loads  and 
large  deck  deformations,  causing  high 
stresses  and  high  peel  forces; 

D)  Highly  flexible  (elongation  >  100%)  to 
average  the  difference  in  stresses,  caused' 
by  the  large  differences  in  deck  stiffnesses 
and  adhesive  layer  thickness,  and  to 
prevent  high  shear  stresses  caused  by  the 
hull  deformation,  due  to  the  high 
waterpressure; 

E)  High  puncture-voltage  value; 

F)  Long  life-time,  preferably  equal  to  the 
ship’s  life-time 

After  a  first  selection  of  different  types  of 
adhesives  it  was  decided  to  continue  with 
po!yurethane-type  adhesives.  Generally  speaking, 
PU  has  a  lower  shear  and  tensile  strength  than 
epoxies,  but  a  considerably  higher  peel  strength 
(2-5x)  and,  depending  on  the  specific  type,  an 
extremely  high  elongation  at  break,  up  till  about 
800%.  However,  the  mechanical  and  chemical 
‘‘strength”  decreases  with  an  increasing  elongation 
percentage;  an  optimum  has  to  be  found. 

Finally  3  PU  adhesives  were  chosen  for 
further  investigations.  These  three  were: 

Bolidt  LP2578,  Bolidtec  and  Bolidt  LP2711. 

The  most  important  mechanical  properties  are 
presented  in  table  A 


PU 

type 

tensile 

strength4' 

(N/mm2) 

elongation 
at  break4* 
(%) 

shore 

hardness 

Bolidt 

LP  2711 

2 

(280  psi) 

250 

55  A 

Bolidt 

LP  2578 

14 

(2000  psi) 

60 

60  D 

Bolidtec 

13 

(1840  psi) 

_ 400 

77  A 

Table  A:  Mechanical  properties  of  tested  PU 
adhesives. 


**  In  accordance  with  DIN  53.455. 

It  should  be  noted  that  each  PU  reauires 
different  primers  for  a  good  bonding  to  different 
materials. 


Static  strength  tests 


Taking  into  account  mechanical  and  chemical 
properties,  the  Bolidtec  PU  seemed  to  be  the  most 
appropriate  adhesive  and  as  next  best  Bolidt 
LP2578.  The  properties  of  LP2578  were  better 
than  Bolidtec,  but  the  strain  was  considerably 
lower. 
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Bolidt  LP2711  had  lower  mechanical  and  chemical 
properties,  but  the  strain  was  about  twice  as  high 
as  Bolidtec  Sealing  of  this  adhesive  by  a  better 
acid  resistant  PU  would  be  necessary.  Therefore 
most  of  the  tests  were  concentrated  on  Bolidt 
LP2578  and  Bolidtec 

A)  The  static  tensile  strength  was  determined 
fo:  three  different  types  of  testpieces  and  with 
different  PU  layer  thicknesses,  see  figures  7 
and  8. 

The  mean  ultimate  tensile  strength  about 
4,7  N/mm2  for  Bolidt  LP2578  is  somewhat 
better  than  Bolidtec  with  about  4,2  N/mm2 
tensile  strength.  [5] 

The  influence  of  layer  thickness  and  steel 
end-plates  stiffnesses  !s  neglected. 

Relative  to  the  mass  of  u  e  battery 
(assumed  to  be  completely  rigid)  and  the 
available  area  for  the  bonded  joint  these 
values  were  sufficient 

1)  To  get  some  insight  in  the  relative 
importance  of  the  stiffnesses  of  the  steel 
end-plates,  the  thicknesses  were  changed 
for  the  different  testpieces  (figure  7)' 

Test  results  showed  that  a  relatively  iuw 
stiffness  of  both  end-plates  decreased  the 
tensile  strength  with  about  10-20%  and  with 
“infinite”  stiff  end-plate'  the  tensile  strength 
increased  about  15-25%,  both  values 
relative  to  the  mean  ultimate  tensile 
strength. 

2)  The  influence  of  the  layer  thickness  was 
considerable,  which  could  be  expected. 

Figure  9  shows  the  trend,  iv'oring  some 
other  possible  parameters. 


Figure  8:  Testpiece  during  tensile  test 


Figure  7:  Testpieces  for  tensile  test 


D)  Extensive  tests  with  doileys  were  carried 
out  with  different  types  of  primers  on 
various  materials  (stainless  steel  GRP. 
high  tensile  steel,  etc)  to  be  sure  that  the 
bonding  strength  of  the  PU  to  the  various 
materials  was  higher  than  the  tensiie 
strength  of  the  PU  itself  (see  figure  It/). 

The  static  tensile  strength  of  the  different 
primers  was  about  6  -  9  N/mm. 
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Figure  10:  Testing  of  primers  with  dolleys 


Dynamic  testing  of  adhesives 


A)  It  is  well  known  that  under  a  dynamic 
load  me  material's  properties  can  differ 
largely  from  data  determined  statically. 

To  determine  the  dynamic  properties  of  the 
adhesive,  a  small  mass  (10  kgs)  was  bonded 
(layer  thickness  5  mm)  to  a  steel  plate  (figure 

11)  and  shock  tested  on  the  light  weight 
shock  testing  machine  of  IWECO  TNO.  This 
machine  is  identical  to  the  medium  weight 
shock  testing  machine  From  the  measured 
accelerations  and  the  given  mass  the  stresses 
in  the  adhesive  were  calculated.  E.g.  for  the 

'  Bolidtec  PU  they  varied  between 
12  -  15  N/mm  . 

B)  The  dvnamlc/static  ratio  varied  between 
2.5  ■  4,  depending  on  the  type  of  PU.  It 
means  that  either  the  area  of  the  bonded 
joint  can  be  reduced  or  that  there  is  a 
large  safety  factor  comparing  the  required 
(calculated)  minimum  strength  and  the 
(dynamic)  allowable  stress. 

Q  The  weakest  link  in  the  cain  is  the  bonding 
between  steel  and  PU.  In  particular  the 
combination  stainless  steel  •  PU  requires 
attention  (the  hook  will  be  made  of  stainless 
steel).  By  means  of  hammer  drop  tests  (figure 

12)  this  has  been  investigated.  This 
Investigation  was  necessary  because  the 
primer  is  a  brittle  material  (strain  about  1%). 


From  these  tests  it  could  be  concluded  that 
with  an  increasing  stiffness  of  the  PU  layer  the 
fracture  will  shift  from  the  PU  to  the  primer.  This 
was  found  after  the  first  shock  test  series,  with  the 
dummy  batteries  on  a  simulated  deck  structure,  ori 
the  medium  weight  shock  testing  machine.  During 
these  shock  tests  some  hook  constructions  failed, 
due  to  the  brittleness  of  the  very  thin  (20  •  30  p) 
primer  layer.  The  fracture  started  and  remained  in 
the  primer  itself. 


Figure  12:  Hammer  drop  test  for  testing  of 
primer 


Re-design  of  the  hook  construction 

In  this  specific  situation  (a  modification  of  the 
batteries  during  the  construction  phase)  it  was 
necessary  to  re-design  the  hook  construction 
because  only  a  very  limited  space  was  available 
The  hook  construction,  as  normally  provided  by 
the  battery  supplier.  Varta.  was  too  large  as  far  as 
height  is  concerned  and  due  to  the  manufacturing 
process  (extrusion),  rather  expensive 

Optimisation  of  the  hook  by  means  of  finite 
element  stress  analysis  reduced  the  height  from 
19  mm  to  14  mm  (figure  13).  In  the  final  design 
two  hooks  instead  of  one  w>li  be  used  The 
advantage  of  two  hooks  is  that  a  more  uniform 
load  distribution  can  be  obtained  and  the  "bottom 
plate"  of  the  hook  can  be  thinner. 

If  the  hook  construction  could  be  bonded  to  the 
battery  bottom  the  height  of  the  nut  in  this  bottom 
could  be  ga<ned  as  well. 

On  the  basis  cf  a  stress  analysis,  with  two 
small  hooks  welded  to  a  thin  steei  bottom  plate, 
the  Royal  Netherlands  Navy  decided  to  design,  to 
fabricaie  and  to  (shock)test  a  number  of  different 
hook  constructions;  it  was  cheaper  and  more 
reliable  information  could  be  obtained  In  total  7 
different  designs  were  tested  [6} 

For  these  tests  old  submarine  batteries  were 
used  The  hoOks  were  bonded  to  the  batteries  and 
bolted  to  the  shock  testing  machine  (figures  14 
and  15). 

Six  of  the  batteries  failed  at  moderate  shock 
levels.  The  (GRP)  battery-bottoms  appeared  to  be 
seveiely  weakened  by  water  and  acid  and  some 
minor  structural  damage  (due  to  transport). 


Figure  13:  Original  hook  and  optimised  hook 


Design  no.  7  (figure  16)  survived  above  hull 
lethal  levels,  without  any  damage  as  far  as  the 
“hook"  concerned  I  ;*ie  bonding  of  the  hook  to 
the  battery  consisted  cf  580  gr  m2  glass  roving 
mat  and  the  PU  adhesive  Boiidt  LP2578. 

This  PU  will  protect  the  battery  bottom 
against  mechanical  damage  and  weakening  (due 
to  its  flexibility  and  resistance  against  impact 
loading),  acid  and  water,  anti  guarantees  the  shock 
resistance  over  the  battery  life  time  The  bonded 
hook  was  at  least  2  times  stronger  than  the  bolted 
hook,  concerning  the  connection  to  the  battery. 

A  book  bonded  to  the  battery,  compared  to 
a  bolted  hook,  give*  also  an  increase  of  1  -  1.5% 
in  the  battery's  capacity  for  the  same  height.  The 
battery  bottom  becomes  thinner  by  leaving  out  the 
nuts 


Figure  14:  Detail  of  attachment  batteries  3  and  2 


Figure  15.  Detail  of  attachment  batteries  5  and  4.  Notice  the  hook  construction  bonded  to  thq  battery  casinq 
no  4  and  the  simulated  counter  hook  which  is  bolted  to  the  shock  machine 


Figure  17:  Final  hook  construction 


Figure  16:  Detail  of  attachment  battery  no.  7 


The  final  hook  construction  (fiqure  17)  was 
a  synthesis  of  stess  analysis,  manufacturing  proct 
shock  tests,  available  space,  installation 
requirements  and  cost 


shock  testing  of  battery  and  final 
hook  construction 


Two  series  of  shock  tests  with  the  final  hook 
construction  on  a  simulated  deck  structure  were 
carried  out  [bj 

One  series  with  a  GRP  battery  housing,  with 
the  lead  plates  replaced  by  two  masses  of  20  kgs 
each.  The  two  masses  were  welded  together  by 
means  of  steel  rods  and  bolted  to  the  top  side  of 
the  battery  (figures  18  and  19). 

The  second  series  was  with  the  mass  only, 
welded  to  the  hook  construction  (figure  20). 


"yy  vy  i 


Figure  18:  Dummy  batteries  with  final  hook 

construction  on  shock  testing  machine 


Figure  19:  Dummy  mass  in  the  GRP  battery 
housing 


For  the  first  shock  series  some,  and  for  the 
second  considerable,  overtesting  was  introduced, 
due  to  the  rigid  mass.  It  was  known  from  previous 
tests  that  the  flexibility  of  the  battery  housing  and 
the  flexibly  mounted  battery  poles  and  lead  plates 
reduce  the  shock  loading  considerably. 
Acceleration  levels  on  the  bottom  were  2  •  4 
higher  than  the  levels  on  top  of  the  battery. 

,  For  the  first  series  the  PU  adhesive  Bolidt 
LP2S78  and  for  the  second  series  Bolidt  LP2711 
had  been  applied. 


Figure  20:  Masses  welded  to  hook  on  shock 
testing  machine 


The  PU  Bolidt ec  was  preferred  because  it 
has  the  best  mechanical  and  chemical  properties 
for  the  bonding  layer,  but  it  has  two  disadvantages 
as  far  as  bonding  process  concerns: 

A)  the  very  short  potlife  (about  15  sec); 

B)  it  requires  special  equipment  for  injection 

(at  that  time  not  available). 

The  short  pot  life  makes  it  sensitive  for  defects 
in  the  bonding-layer,  due  to  the  small  thickness  (5  • 
10  mm). 

When  the  pot  life  can  be  extended  without 
loss  of  properties,  it  will  be  the  most  suitable  PU 
for  this  application' 

For  the  first  shock  test  series  3  plates  with 
2  hook  constructions,  suitable  for  2  batteries  and  a 
plate  with  one  hook  construction  for  one  battery, 
were  bonded  to  a  simulated  deck  structure. 

,  Different  PU  layer  thicknesses  (3-6-9  mm)  were 
used.  The  thinnest  layer  at  the  most  flexible 
(centre)  part  of  the  deck  structure.  The  6  and  9 
mm  layers  were  on  locations  with  about  equal 
stiffnesses  (figure  21). 

As  expected  the  centre  hook  bonded  joint 
failed  first,  due  to' the  high  deck  flexibility  and 
the  rather  low  strain  (about  60%)  of  the  Bolidt 
PU  LP2578.  But  it  met  the  minimum  shock 
requirement.  The  bonded  joint  of  the  other  two 
double  hook  constructions  failed  at  the  maximum 
required  shock  level. 
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Figure  21:  Top  view  on  simulated  ship’ 
structure 

All  three  bonded  joints  failed  in  the  primer 
layer  and  not  in  the  PU  due  to  the  brittleness  of 
the  primer  and  the  limit’d  capability  of  this  PU 
to  flatten  the  stresses  in  the  bonded  joint 


The  single  mounted  original  battery,  on  a  stiff 
location  of  the  deck,  remained  in  position  and  the 
bonded  joint  met  above  hull  lethal  shock  levels. 

Four  dummy  batteries  were  severely 
damaged  During  the  last  shock  test,  the  hook 
plate  punched  out  the  bottom  of  the  battery 
housing  (figure  22).  Comparing  this  result  with  the 
shock  test  result  of  the  original  battery  (also  the 
original  battery  of  figure  8)  it  will  be  clear  that  the 
four  dummy  batteries  and  the  bonded  joint  were 
overtested  The  hook  construction  showed  ne 
damage 

Although  the  first  shock  test  series 
demonstrated  that  the  PU  Bolidt  LP2578  adhesive 
met  the  requirements,  three  out  of  four,  pints 
failed  The  second  series  with  the  far  more  flexible 
PU  Bolidt  LP2711  was  very  convincing.  The  shock 
levels  were  far  above  the  expected  hull  lethal 
levels.  , 

The  centre  hook  construction  on  the 
simulated  deck  structure  deformed  (bended)  about 
12  mm  over  a  distance  of  900  mm,  the  bonded 
joint  was  not  affected  by  this  deformation.  The 
hook  construction  was  deformed  as  well  (figure 
23). 

No  peel-off  effect  could  be  determined  even 
with  an  asymmetric  loading  of  the  hook 
construction  at  the  most  severe  shock 


Figure  22:  Crashed  bottom  of  battery  housing  after  shock  test 
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Flfwt  23:  Detail  of  deformed  deck  hook 


The  average  tensile  stress  in  the  bonded  joint 
was  about  60%  of  the  “dynamic''  ultimate  tensile 
stress  derived  from  the  shock  tests  with  small 
masses  Comparison  of  the  shock  test  results  and 
the  shock  requirements  indicates  a  safety  factor  far 
above  3L 

Shock  testing  will  proceed  with  the  500  kgs 
masses  to  determine  the  ultimate  strength  of  the 
Bolidt  LP2711  PU. 


Evaluation  and  conclusions 


surface  coating  between  two  hooks  and  the  PU 
there  can  easily  be  repaired. 

The  hook  bonded  to  the  battery  bottom, 
compared  to  the  bolted  hook,  has  the  following 
advantages; 

A)  An  increase  in  the  battery  capacity  of 
1  - 15%  for  the  same  battery  height 

B)  The  shock  resistance  is  at  least  two  times 
better,  at  less  cost  (more  severe  testing  was 
not  possible  uue  to  failure  of  the  battery 

Bd). 

Q  The  PU  layer  (1mm)  around  the  bottom 
part  of  the  battery  gives  an  extra  protection 
against  the  influence  of  water,  acid  and 
possible  mechanical  impact 

The  bonded  joint  of  the  hook  construction 
to  the  compartment  deck  has  the  advantage  of: 

A)  A  high  electrical  insulation  value  of  the 
hook  from  the  deck  (the  deck  has  a 
puncture  voltage  value  of  about  20  kV/ 
mm). 

B)  A  shock  resistance,  which  is  superior  to 
the  existing  bolted  hook. 


Except  for  its  acid  resistance  *he  PU  Bolidt 
LP2711  meets  all  requirements  and  is  fully 
acceptable  when  covered  with  a  flexible  protecting 
layer  like  the  PU  Bolidt ec  or  equal.  In  principle  this 
system  will  be  applied  on  board  of  the  submarine 
The  battery  compartment  bulkheads  and  topdeck 
will  be  covered  with  (2  mm)  PU  Bolidt  LP2578, 
which  replaces  at  the  same  time  the  2x3  mm 
rubber  layer  at  the  bulkheads. 

The  manufacturing  process  will  be  carefully 
controlled.  Bond  strength  tests  for  the  primer  and 
the  first  thin  PU-coating  layer  will  be  carried  out 
on  each  hook.  The  bonded  Joint,  metal  PU -metal, 
will  be  checked  on  bonding  by  means  of  echo- 
acoustic.  This  method  also  will  be  applied  to  check 
a  possible  decrease  in  bonding  during  the  life-time 
of  the  ship.  A  development  programme  is  planned 
to  investigate  the  possibility  to  apply  echo-acoustic 
for  determination  of  the  bonding-strength. 

From  the  cost  point  of  view  it  has  been 
calculated  that  a  bonded  joint  between  hook  and 
battery  will  be  40-60%  cheaper  than  a  bolted 
hook,  under  the  condition  that  it  is  incorporated 
in  the  manufacturing  process  of  the  battery.  The 
bonded  joint  between  compartment  deck  and  hook 
construction  can  be  25-40%  cheaper  than  a  bolted 
hook. 

The  “battery-hook"  is  re-usable.  It  can  easily 
be  cut  off  and  cleaned.  The  counter  hook  to  the 
deck  is  difficult  to  remove,  only  by  electric  heating 
or  such.  However,  the  expectations  and  the 
experiences  in  other  applicators*  are  such,  that  the 
PU  will  have  sufficient  strength  during  the  whole 
ship’s  lifetime  Besides  that  a  very  large  safety 
factor  has  been  built  in  and  if  deterioration  takes 
place  then  it  will  most  probably  start  at  the 


Q  A  good  protection  of  the  ship’  structure 
against  water  and  add  (the  chemical 
i  stability  of  the  PU  assures  a  long  lifetime 
and  can  easily  be  repaired). 

D)  The  space  underneath  the  battery  can  be 
used  for  oil  stonoe  tanks  or  such.  Instead 


of  searings  far  the  bolted  hooks. 

The  experience  with  this  R&D  programme 
enabled  the  Royal  Netherlands  Navy  to  solve  other 
problems.  Eg.  the  GRP  foiling  of  the  bow-thruster 
of  a  new  GRP  minehunter,  delaminated  from  the 
hull  during  the  shock  trials  and  also  due  to 
slamming,  it  was  not  possible  to  add  bolts  or  other 


Flfwe  24:  Faking  of  bowthruster  bonded  to 
hull  by  means  of  PU 


fasteners  to  make  a  mechanical  joint,  because  the 
fairing  was  too  thia  Figure  24  shows  how  this 
problem  has  been  solved. 

The  shape  of  the  fairing  has  a  built-in  start 
for  delaminatioa  The  flexible  layer  (5  mm)  of  PU 
prevents  this. 

A  ship’  shock  trial  is  planned  to  prove  the 
shock  resistance  of  this  solutioa 

Another  example  is  the  porcelain  toilet. 
Previous  shock  tests  and  ship  shock  trials  showed 
fractures  at  very  low  shock  levels  (about  25  g). 
Bonded  with  a  10  mm  PU  L.P2711  layer  to  a  steel 
plate,  which  can  be  bolted  to  a  deck  or  bulkhead, 
shock  tests  showed  an  improvement  of  about  a 
factor  4.  High  enough  to  meet  the  most  severe 
shock  levels  for  tweendecks  and  superstructures  of 
surface  ships. 

Shock  testing  with  a  toilet  on  a  50  mm 
PU  layer  (figure  25)  showed  an  improvement  of 
about  a  factor  6. 


The  savings  compared  to  the  stainless  steel 
lavatories,  in  use  at  this  moment,  are  about 
Dfl.  1.500.-  (US  dollar  550,-)  per  item. 


Figure  25:  Porcelain  toilet  bonded  with 
50  mm  PU  to  steel  plate 

Under  study  at  this  moment  are  a  joint 
between  bulkheads  (sandwich)  and  deck  structures 
and  the  replacement  of  a  bolted  water-tight  hatch 
cover,  with  a  complex  and  expensive  sealing,  by  a 
PU  bonded  joint. 


Continued  research  will  be  necessary  to 
improve  the  quality  and  properties  of  bonded  joints 
and  to  investigate  profitable  application 
possibilities.  Still  it  can  be  concluded  that  once 
the  use  of  adhesives  in  naval  ship  design  has  been 
accepted  it  can  be  a  powerful  and  cost-effective 
tool  for  specific  areas. 
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DISCOS SION 


Mr.  gKMji  (Maval  Sea  Systems  Command):  In 
looking  at  your  shock  taat  machine  set-up.  It 
looked  like  the  hlov  was  primarily  In  the 
vertical  direction.  Did  you  ever  load  these 
glued  on,  or  epoxied  on,  hooka  In  the  horliontal 
direction  to  get  a  shear  load  on  then? 

Mr.  Jansen:  It  la  not  necesaary  because  we  have 
the  compartment  bulkheads  in  the  transverse  and 
the  axial  directions.  There  are  still  gaps 
betueen  the  batteries.  He  have  certain  gape  to 
r amove  the  batteries  from  the  hooks  which  ara 
filled  by  wooden  pieces  or  something  like 
that.  So  In  the  transverse  direction  you  don't 
need  the  hook  cons'ructlon. 


SHIPBOARD  SHOCK  RESPONSE  OP  THE  MODEL  STRUCTURE  DSM; 
EXPERIMENTAL  RESULTS  VERSUS  RESPONSES  PREDICTED  B?  EIGHT  PARTICIPANTS 


R.  Regoord,  TNO-IWECO 
Delft,  the  Netherlands 


A  simple  structure  has  been  shock  tested.  Both  the  Input  and  the  three 
dimensional  response  have  been  measured.  Usln^  only  the  lnppt,  the 
response  was  predicted  as  uell  by  eight  suppliers,  shipyards,  etc.  The 
results  of  this  participation  which  were  obtained  with  different 
methods  and  computer  programmes,  are  described  In  this  paper.  They 
throw  some  light  on  the  state  of  the  art.  This  may  be  useful  for  the 
renewal  of  shock  design  specifications  of  naval  equipment  which  must 
resist  the  effect  of  noncontact  underwater  explosions. 


INTRODUCTION 

The  Netherlands  naval  shipbuilding  specifica¬ 
tions  for  shipboard  equipment  require  a  certain 
resistance  against  the  effect  of  noncontact 
underwater  explosions.  Emphasis  In  these  speci¬ 
fications  is  laid  on  passing  a  shock  test.  As 
soon  as  possible  and  prior  to  this  test  the 
supplier  of  the  equipment  Is  obliged  In  most 
cases  to  examine  this  resistance  by. performing 
calculations  which  must  be  made  available  to 
the  purchasing  authority.  Even  If  this  analysis 
la  approved  the  supplier  can  be  held  respon¬ 
sible  later  on  for  possible  damage  during  the 
test.  In  those  cases  where  for  practical 
reasons  no  shock  test  Is  held,  shock  calcula¬ 
tions  only  should  prove  the  shock  resistance. 

The  supplier  up  till  now  la  free  In  choosing 
his  favourite  analysis  method  out  of  the  two  or 
three  methods  mentioned  In  these  specifications 
for  shipboard  equipment: 

(A)  Static  g-method. 

The  distributed  mass  of  the  equipment  la 
multiplied  with  a  specified  acceleration  In 
a.  specified  direction.  The  resulting  load 
distribution  should  be  examined  statically. 
This  method  is  chosen  In  over  90Z  of  all 
caaSs. 

(»  Dynamic  analysis  In  the  time  domain. 

The  shock  is  specified  as  a  prescribed 
shock  motion  of  the  foundation  points.  The 
equations  of'  motion  are  solved  numerically 
step  by  step  In  the  time  domain.  To  Include 
the  effect  of  various  types  of  strongly 
non-llnear  shock  reducing  mountings,  the 
programme  SHOCK3D  la  available  (7),  which 
la  combined  with  the  general  purpose  finite 
element,  programme  ASKA. 

■  4J 


(C)  Spectral  response  analysis. 

Recent  specifications  also  present  shock 
response  spectra  as  an  Input  for  a  spectral 
(or  modal)  response  analysis.  Such  a  method 
Is  mentioned  In  the  relevant  NATO  standar¬ 
dization  agreement.  It  Is . essentially  the 
same  method  as  widely  applied  by  the  US 
Navy  under  the  name  DDAM.  Some  theoretical 
background  la  presented  In  Appendix  2. 

In  the  future  Netherlands  shock  specifications 
will  be  reconsidered  In  order  to  reflect  the 
capabilities  of  the  more  accurate  and  powerful 
methods  now  available.  Such  a  revision  shoulJ 
be  prepared  carefully  because  It  may  have  great 
impact  on  cost  and  delivery  schedules  of  equip¬ 
ment.  Undoubtedly  thd  simple  static  g-nethod 
will  be  maintained  for  most  of  th<  equipment. 
The  difficulty  Is  to  describe  In  that  cases  a 
sere  accurate  but  more  expensive  inalysls  of 
equipment  seems  to  be  of  so  much  Interest  that 
such  an  analysis  Is  mandatory. 

As  a  preparation  to  this  revision  pieces  of 
equipment  have  to  be  both  shock- 1< « ted  and  to 
be  analysed  by  methods  of  varying  complexity  In 
order  to  gain  the  necessary  Insight  and 
experience.  The  first  of  these  exurclsee  was 
done  on  a  very  simple  structure  nude  up  from 
beams  and  rigid  masses,  which  loohs  a  bit  like 
ship's  davit .  Because  so  far  It  has  been 
solidly  mounted  on  top  of  the  aho<:k  testing 
machine, ~the  structure  Is  named  DiM  (see 
Rig.  1).  Once  having  compared  (set  [1])  the 
experimental  results  and  tha  pred Lctlona  as 
obtained  by  TNO  with  the  afora  mentioned 
methods,  the  question  arose  if  suppliers  of 
naval  equipment  are  also  able  to  »erf ora  such 
calculations.  To  gat  informed  aboit  the  state 
of.  the  art  the  Department  of  Shlpa  of  the 
R.N1.N.  Invited  a  number  of  suppliers,  ship- 
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yard*  and  universities  to  carry  out  shock 
response  calculations  of  whatever  kind  for  this 
saaa  tast  structura  DSN  with  the  sane  shock 
Input  as  aeasured  on  top  of  the  shock  table* 

The  peper  suaaarlsea  the  contributions  of  the 
participants  as  reported  in  [3]. 

THE  MODEL  STRUCTURE  DSN 

The  prlae  Interest  being  the  coaparlson  of 
results  from  various  analysis  aethods  and  not 
the  aerlts  of  a  very  large  finite  element 
model,  the  test  structure  should  be  a  rather 
staple  one  In  order  to  avoid  large  modelling 
efforts.  It  should  respond  In  a  multidirec¬ 
tional  way  to  a  unidirectional  excitation  as 
aost  structures  tend  to  do. 

Pig.  1  shows  the  steel  structure  which  consists 
of  two  Identical  welded  frames  (IPE  120) 
erected  In  parallel  vertical  planes  and  inter¬ 
connected  by  aeans  of  bolts  to  a  long  and  to  a 
short  horizontal  bean.  Hass  plates  can  be 
attached  to  the  fraaes  and  to  the  long  beam  at  > 
various  places  by  aeans  of  threaded  rods.  The 
plates  cause  large  local  Inertia  forces.  By 
changing  their  location  the  dynamic  charac¬ 
teristics  of  the  structure  can  be  varied. 

Two  different  configurations  have  been 
Investigated.  In  addition  to  the  one  shown  In 
Figures  1  and  3  during  shock  test  no.  L  1343,  a 
second  configuration  has  been  tested  during 
shock  L  1340.  In  the  latter  case  the  aaas  pla¬ 
tes  were  attached  to  the  vertical  ends  of  the 
frame  as  Is  shown  schematically  In  Figure  2. 

For  both  configurations  there  Is  .a  plane  of 
symmetry.  The  total  mess  Is  the  same  and 
amounts  to  about  100  kg.  The  largest  dimension 
is  1,13  m. 

The  way  In  which  the  frames  are  mounted  on  the 
shock  table  is  shown  in  Figures  4  and  6. 


Fig.  1  DSN  on  top  of  the  shock  tabid  during 
test  L  1343. 


Fig.  2  L  1540-configuration 


Fig.  4  Attachment  of  the  frame 


THE  SHOCKS  APPLIED 

DSM  has  been  mounted  on  the  light  weight  shock 
testing  aschlne  as  designed  by  TOO  and, In¬ 
stalled  since  1972  for  normal  acceptance  tests 
of  shipboard  equipment.  It  can  be  adjusted  to 
simulate  shock  notions  of  the  ship’s  bottom, 
the  decks  and  the  superstructure.  Some  figures 
Illustrating  the  aaxlaua  damaging  potential  for 
a  test  ajss  of  100  kg  are:  aaxlaua  acceleration 
6000  a/s  ,  asxlaua  velocity  11  a/s,  tlae  to 
max.  velocity  3  me,  displacement  at  max.  velo¬ 
city  30  an.  Full  particulars  are  In  a  report 
[5]  presenting  the  calibration  as  required  by 
the  relevant  Kate  Standardisation  Agreement. 
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After  preliminary  calculations,  DSM  appeared  to 
be  a  rather  week  structure.  Therefore,  to  avoid 
plaattc  deformation,  a  slid  shock  was  simu¬ 
lated.  One  that  could  occur  In  the  super¬ 
structure  during  a  fairly  nild' attack. 

The  notion  of  the  shock  table  la  not  neces¬ 
sarily  a  pure  vertical  translation.  Snail  rota¬ 
tions  of  the  table  and  snail  translations  In  a 
horltontal  plane  nay  occur.  These  notions  nay 
be  Induced  when  the  center  of  gravity  of  the 
equipment  to  be  tested  Is  eccentric  and/or  when 
the  dynanlc  reaction  forces  have  horltontal 
components.  Normally  these  snail  notions  are  of 
no  Interest  whatsoever  but  for  these  par¬ 
ticular  teats  they  were  measured  as  well,  to 
obtain  conplete  Input  data.  Locations  of  8 
accelerometers  Al-AS  on  the  shock  table  are 
shown  in  figures  S  and  A.  In  the  horizontal  x- 
dlrectlon  (see  Pig.  S)  the  acceleration  signals 
appeared  to  be  very  snail.  They  therefore  were 


neglected,  for  both  the  configurations  during 
shocks  L  1540  and  L  1S43  the  signals  5  and  6 
were  at  a  guess  of  some  Importance  (see  fig. 

7).  The  vertical  acceleration  signals  are 
claost  Identical  in  pairs:  signals  2  and  A  and 
signals  1  and  3  (see  Fig.  8). 

Apparently  the  yz-plane  Is  a  plane  of  synnetry 
for  the  excitation  and  DSN  causes  the  table  to 
rotate  a  little  around  an  axis  parallel  to  the 
x*axls.  There  was  no  rotation  during  a  third 
shock  test  L  1SAA  with  an  enpty, table  as  shown 
in  Fig.  6.  For  all  three  tests  the  adjustaent 
of  the  machine  was  precisely  the  sane.  Shock 
motions  of  the  table,  however,  were  rather  dif¬ 
ferent  as  can  be  seen  from  the  Integrated  acce¬ 
leration  signals  2  (see  Fig.  9).  Consequently 
shock  response  spectra  (see  Fig.  10)  as  derived 
fron  these  signals  also  differ  considerably. 
Appendix  1  presents  some  comments  on  these 
feed-back  effects. 


Fig.  3  Position  of  all  23  transducers 
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Fig.  6  The  supports  during  test  1.  1544 


Fig.  7  Acceleration  In  y-dlrectlon  of  the  shock  table  during  teat  L  1540 


INVITATION  FOR  PARTICIPATION 

Once  the  predicted  response  had  been  conpared 
[1]  with  the  Manured  response  It  was  decided 
to  Invite  .other  parties  to  also  predict  the 
shock  response  of  DSM.  They  were  not  Informed 
In  advance  on  the  Masured  response  or  the  pre¬ 
dictions  of  TNO. 

The  Information  aa  distributed  comprised  l.a.: 

(1)  Detailed  drawings  of  the  model  structure  . 

DSN. 

(2)  Description  of  transducer  locations 

(Fig.  5). 

(3)  For  both  configurations  of  DSM  the  shock 

Input  information  In  three  different  ways: 

(3.1)  For  a  dynamic  analysis  In  the  tine 
domain  the  signals  1  and  2  as 
prescribed  actions  oif  the  two  support 
points  In  the  vertical  direction. 
Noreover  the  signal  5  as  the 
prescribed  motion  of  both  support 
points  In  the  horizontal  y-dlrectlon. 
The  sampling  frequency  Is  1010  He. 

(3.2)  For  a  quasl-statlc  analysis  the 
following  shock  design  numbers  In  the 
vertical  direction. 


These  are  maxima  from  signal  2  after 
having  been  nultlplled  by  a  factor  of 
0,B2,  which  Is  a  rather  arbitrary 
value  which  stems  from  a  more  or  less 
established  procedure  of  Interpreting 
shock  signals  by  the  R.N1.N.  (and 
also  other  Navies).  Instead  of  taking 
the  maximum  acceleration  which  cannot 
be  representative  because  It  lasts 
cnly  for  an  Infinitesimal  short  time/ 
some  sort  of  average  value  Is  taken. 
Prescribing  specific  shock  design 
numbers  as  given  above  seems  to  be  a 
better  starting  point.  Instead  of 
letting  every  participant  free  In 
Interpreting  the  acceleration 
signals.  The  weight:  of  the  structure 
was  not  to  he  taken  Into  account 
additionally. 


(3.3)  For  a  apaetral  response  analysis  44 
aaxlaax,  undamped,  shock  spectral 
values  (pseudo  velocities)  as  derived 
froa  signal  2  were  given  for  frequen¬ 
cies  between  10  and  195  Hr  (see  Fig. 
10). 

(4)  Some  suggestions  (6]: 

(4.1)  Participants  wire  racoaaended  to  ana- 
,  lyse  only  that  part  of  DSM  for  which 

ic-coordlnates  are  positive.  If  they 
agreed  with  the  almost  symmetry  of 
the  structure  and  the  excitation. 

(4.2)  they  were  recosseended  to  neglect 
daaplng. 

(4.3)  They  ware  told  that  In  case  of  a 
spectral  response  analysis  the  aost 
interesting  aode  su— atlon  procedures 

were 
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Pig.  3  Acceleration  la  s-dlrectlon  of  the 
shock  table  during  test  L  1340 


In  which  f^j  are  the  elenents  of  a 
response  aatrlx  containing  as  coluens 
the  contributions  of  the  various 
nudes  to  strains,  accelerations,  etc. 
^ljnax  I#  largest  element  In  the 
1-th  row  of  the  response  natrlx. 

(4.4)  Participants  were  told  that  the 
experlaental  results  available  for 
comparison  are  the  strain  signals 
14-21,  the  acceleration  signals  0,  9, 
10  and  11  and  their  derived  velocity 
and  dlsplaceaent  signals. 

(4.5)  They  were  left  completely  free  In 
choosing  their  own  methods  and  their 
favourite  conputer  prograaae(s). 

(S)  Soee  fores  to  be  filled  In  by  participants 
concerning  the  progranae  used,  the  finite 
eleaent  model,  number  of  degrees  of 
freedoa,  etc.  as  well  as  the  predicted 
first  peak  and  second  peak  of  a  signal. 

1  Natural  frequencies  of  vibration  aodes  of 
DSM  were  also  asked  for,  because  they  can 
be  considered  laportant  lnterla  results. 


Time  [ms] 


Pig.  9  Measured  vertical  velocity  signal  2 
and  'equivalent*  standardised  shock 
aotlon 


Fig.  10  Shock  spectra  of  signal  2 
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Table  1 

Survey  of  replies 


Shipyards 

Suppliers 

Research 

Number  of  invitations 

5 

22 

9 

Written  replies 

2 

6 

3 

of  which  were  positive 

2 

4 

2 

THE  RESPONSE  OF  THOSE  INVITED  TO  PARTICIPATE 

Invitations  have  been  sent  to  36  addresses, 
almost  all  of  them  In  the  Netherlands.  They  can 
be  grouped  Into  three  categories: 

a)  The  main  shipyards  which  are  building  naval 
ships. 

b)  Suppliers  of  all  types  of  equipment.  Nearly 
all  of  the  larger  firms  were  included.  How¬ 
ever  also  some  smaller  firms  have  been  in¬ 
vited  which  have  hardly  any  knowledge  about 
dynamic  analysis  methods. 

c)  Thre-  technical  universities,  some  research 
Institutes  and  engineering  bureau*. 

The  total  number  op  participants  appeared  to  be 
8.  They  are  mentioned  in  Table  2,  together  with 
letters  A  to  I,  denoting  the  solutions.  The 
orlglhal  prediction  by  TNO-IWECO,  as  reported 
In  [l].  Is  Included  for  comparison  under  the 
letter  H. 

Regrettably  there  were  only  a  few  replies  men* 
tlonlng  the  reason  for  not  participating.  In 
most  cases  there  seemed  to  be  no  sufficient 
knowledge  of  dynamic  analysis  methods  and  in 
som  cases  It  was  caused  by  a  lack  of  time,. 
Anyway  there  was  a  ten  month  period  for  pre¬ 
paring  solution^. 


A 

F.  Lamsens 

CRIF,  Heverlee,  Belgium 

8 

J.  Thomas 

BV  Kon.  Nlj.  *De  Schelde",  Vllsslngen 

C 

R.  van  Tljn,  D.  v.d.  Wal 

Hollandse  Slgnaalapparaten  RV,  Hengelo 

0 

A.A.M.  Ranke 

Philips  -  ISA  TXS/CARD,  Eindhoven 

E 

P.A.H.  Brack*,  H.J.  Kempes 

Holee  Salt,  Sllkkerveer 

F 

W.A;M.  Breke loans ,  F.P.T.  Esayens.  . 

Eindhoven  Unlv. ,  Dept,  of  Mech.  Eng. 

r. 

I.  van  Geldre,  J.l.  v.  Kuyvenhoven 
Rletschotea  an  Houwens ,  Rotterdam 

H 

T.H.  Korea.  R.  Regoord 

TNO-IWECO 

t 

P.  Prulssers,  ».  Stapersma 

Neth.  United  Shlpb.  Bureaus,  The  Hague 

Table  2  list  of  participants 


THE  APPLIED  METHODS  AND  MODELS 

Recommendations  regarding  the  symmetry,  abaence 
of  Heaping  and  shock  Input  were  accepted  by  all 
the  participants.  Table  3  shows  the  methods. 
Fortunately  all  those  (A,  C,  D,  E)  who  analysed 
only  a  single  configuration  have  chosen  shock 
L  15*3. 

Participant  C  calculated  by  staple  foreulae  the 
deforaatlons  and  strains.  All  other  solutions 
were  obtained  with  finite  element  programmes  aa 
listed  In  Table  *. 

All  participants,  'except  A,  used  beaa  elements, 
deforming  under  the  action  of  noraal  forces,  of 
bending,  of  St.  Tenant  torsion  and  aoatly  also 
of  shear  effects  In  handing.  This  shear  stiff¬ 
ness  was  neglected  by  2  and  H.  Participant  D, 
having  solved  t:»e  problca  twice  with  and 
without  shear  stiffness,  reports  the  Influence 
,of  shear  deformation  to  be  negligible. 
Participant  A  used  plate  eleawnts  which  can 
take  membrane  forcee,  bending  and  shear.  Conse¬ 
quently  the  total  nuaber  of  degrees  of  freed  on  ' 
(H.o.f.),  the  unknowns,  la  about  10  tines 
larger  than  for  the  nore  staple  bean  aodele. 
Examples  of  aodels  are  shown  la  Plgarea  It  and 
12.  • 

At  the  points  of  attachaent  to  the  shock  table, 
the  assumed  boundary  conditions  are  somewhat 
different.  Suppressed  and/or  prescribed  degrees 
of  freedom  are  listed  In  Table  *.1,2  and  3 
denote  the  translations  in  the  a-,  y-  and 
s-dlrecttons;  *,  3  and  6  the  rotations  around 
these  axes.  The  differences  only  concern  the 
rotations,  which  were  left  free  by  aost 
participants.  In  model  B  rotations  are  locally 
suppressed  at  a  single  nodal  point  of  the  erase 
section,  coinciding  with  the  connecting  holt. 

So  In  this  model  the  whole  cross  section  of  the 
fraae  need  not  necessarily  be  prevented  froa 
rotating.  Contemplating  the  actual  attachaent 
(Fig.  *),  one  might  conclude  that  Che  plate 
model  offers  better  opportunities  to  simulate 
the  boundary  conditions  than  the  mode 1 a  made  up 
from  beaa  elements  do. 

For  each  of  the  respective  contributions  the 
following  details  and  pecularttlee  seee  worth 
mentioning: 

A  The  shortest  horisootal  beam  simply  was  not 
modelled  because  Its  presence  wee  assumed 
to  have  no  effect  at  all  on  the  response. 

By  static  condensation  the  system  wee 
reduced  to  3*  d.o.f.  For  the  spectral 
response  analysts  vibration  modes  1-9  mere 
considered. 

B  This  model,  being  much  more  detailed  then 
the  others  offers  the  opportunity  for  more 
correct  modelling  certain  ports  of  the 
structure,  for  Instance,  the  connection  of 
the  frame  to  the  long  been.  See  Fig.  13. 
folnts  S|  end  fj  (1  •  t, ..,,*)  were  forced 
to  have  the  same  displacements  and  rota¬ 
tions.  A  similar  technique  was  applied  for 
the  attachaent  of  the  small  naee  plates. 


No  static  condensation  was  applied.  Fee  the 
dynamic  response  In  the  time  domain  a 
3- point  Integration  scheme  was  used  with  a 
time  step  of  0,99009  ms.  Though  all  1325 
vibration  modes  were  determined,  only  the 
response  of  the  modes  1-25  were  superim¬ 
posed  In  the  time  domain. 

C  No  static  condensation  was  applleo.  For  the 
spectral  response  analysis  vibration  modes 
1-8  were  used. 

D  That  part  of  tha  long  beam  which  la  clamped 
to  the  fraae  was  given  a  much  larger  stiff¬ 
ness  by  specifying  a  separate  beaa  element 
ewer  that  length. 

Noatatle  condensation  was  applied.  For  the 
spectral  response  analysis  vibration  modes 
1-9  were  used. 

E  Neither  static  nor  dynamic  condensation  was 
applied. 

F  No  static  condensation  was  applied. 

Flbratloo  node*  were  only  determined  to 
compare  natural  frequencies  with  those  of 
other  participants.  Tha  response  of  the 
aeparate  modes  was  hot  determined  because 
of  problems  with  the  mode  superposition 
part  of  tha  computer  prograeme.  So  tha 
eooplad  aquations  wars  solved  by  means  of 
the  Sou bo It  integration  procedure.  The  time 
step  Is  l  as. 

N  Static  condensation  was  applied,  resulting 
la  **  d.o.f,  for  the' spectral  response  ana¬ 
lysts  and  18  d.o.f.  for  tha  dynamic 
response  analysts  In  the  time  domain.  For 
the  spectral  response  analysis  eodes  1-8 
.  were  combined.  For  the  analysts  In  tha  time 
domal.'  a  Rungs  Eutta  Integration  procedura 
was  ueod  with  a  time  atap  of  0,2  as.  Mora 
details  are  reported  la  (1 ) . 

1  That  part  of  bean  No.  2  which  was  clamped 
to  the  frame  wee  given  an  Infinite  stiff¬ 
ness  by  specifying  a  separate  beam  element. 
(BBAB)  ever  that  langth.  Neither  static  nor 
dynamic  condensation  was  applied.  For  ,the 
dynamic  response  la  the  time  domain  a 
3-potnt  Integration  scheme  wee  used  with  a 
time  atap'of  0,99009  am, 

NATURAL  FREQUENCIES  AND  VIBRATION  MODES  ' 

Fixed  bees  natural  frequonciaa  of  DSM  a a  thay 
ware  calculated  for  the  symmetric  modes  ere. 
collected  In  Tables  5  end  A.  Apparently  fre¬ 
quencies  for  all  beaa  aodele  for  modes  1-3  are 
rather  close.  Differences  any  have  been  caused 
by  tbe  various  boundary  conditions,  the  Intro¬ 
duction  of  soma  stiff  elements,  a  J lightly  dif¬ 
ferent  mess  distribution,  etc.  Vibration  modes 
are  more  difficult  to  compare  because  only  a 
Halted  amount  of  Information  was  made 
aeetlable.  Aa  an  exanpla  for  the  L  15*3  eon- 
f Iteration  Figures  1*  to  17  show  tha  tower 
nedee  a#  calculated  by  TN0  ( l | .  The  nodes  from . 


Vibration  Bode  no. 

1  2  3  *  5  6  7 


15,7 

28,2 

38,0 

121,4 

130,1 

195 

264 

15,9 

20,6 

27,8 

38,* 

62,4 

97 

122 

15, B 

20,6 

27,7 

38,* 

59,0 

118 

157 

15,6 

22,5 

27,3 

*1,* 

,  72,9 

120 

167 

Table  5  natural  frequenclea  (Hi)  for  the 
L  15*0  configuration 


Fig.  1*  Vibration  node  V,  1*,3  Hi, 
Shock  L  1543 


1 

1 

2 

Vibration  node  no. 

3  *  5 

6 

7 

n 

14,1 

20,8 

22,0 

3>,9 

90,7 

125 

132 

B 

15,5 

22,8 

37,* 

77,2 

105,5 

145 

166 

C 

14,3 

21.5 

22,8 

38,2 

8  5 

118 

128 

D 

15,3 

21,8 

23,0 

*0,3 

87,2 

96 

135 

E 

15,0 

24.2 

28,8 

39,3 

83,1 

116 

137 

F 

1*.3 

21,6 

22,8 

37,8 

Be, 2 

97 

117 

H 

I*,  5 

21.5 

22,9 

37,6 

83,4 

116 

128 

I 

14,7 

21.* 

23,0 

39,6 

93,0 

125 

135 

T 

l*i* 

TCT 

31,6 

4i,4 

lH 

T7T 

TT 

15,6 

21,8 

39,0 

83,2 

97,6 

127 
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Table  6  natural  frequencies  (Ha)  for  the  L  15*3 
configuration 


Fig.  15  Vibration  node  2,  21,5  Rc 
Shock  L  15*3 


Fig.  It  Vibration  node  3,  22,9  Hi 
Shock  l  15*3 


**g.  17  Vibration  node  *,  37,6  Ha 
Shock  U  15*3 


Measured 


100 

%  h 


oSB 
»s6 
*  sH 
.Si 


•  SH 


oSB 

ofF 

»SH 

.il 


•  Signal  N° 

FI*.  18  Predlctlone  of  atraiaa  (peak  no.  2)  In 
percentagea  of  tha  aeaaurod  valuaa  for 
a hock  L  15*0 


1.  STATIC  ANALYSIS 

J _ i _ i _ 


. .  Signal  N° 

PI*.  19  Predlctlona  of  atralna  (paak  no.  2] 
parcantagaa  of  tha  neaaured  valuaa 
•hock  L  15*3 


Table  1  Static  analyata.  Predlctlona  In  parcantagaa  of 
aaaaurad  valuaa.  Shock  ,L  15*0.’ 
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Table  8 


Static  analysis.  Predictions  In  percentages 
of  aaaaurad  values.  Shock  L  15*3. 
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Fig.  22  Predicted  versus  Measured  strain 
signal  20  for  shock  L  1543 


participants  A,  K  and  1  look  vary  dollar. 

Tha  plate  nodal  froa  participant  R,. however, 
does  not  possess  a  vibration  node  coaparahla  to 
tha  second  nods  of  tha  baaa  Models  for  the 
t  1540  configuration  and  tha  third  node  of  tha 
baaa  Models  for  tha  1.  1543  configuration.  In 
thasa  baaa  aodals  tha  daforaatlon  by  torsion  Is 
vary  large.  Appendix  3  shows  that  In  fact  tha 
torsional  stiffness  of  tha  baaa  aodela  la  auch 
too  low  because  tha  rigidity  against  warping 
has  bean  wrongfully  neglected. 


TOE  ACTUAL  SHOCK  RESPONSE 

Peak  values  of  tha  signals  as  predicted  In  the 
various  entries  have  been  coaplled  partly  In 
figures  and  partly  In  tables* 

Strains,  tdilch  are  considered  to  be  the  aost 
laportaat  response  quantities,  have  been 
collected  In  figures  18  and  19  for  shocks 
L  1540  and  L  1543  reap.  Predictions  era 
expressed  as  percentages  of  the  aaaaured  peak 
values,  the  second  peak  of  the  aaaaured  strains 
always  appeared  to  be  larger  than  tha  first 
peak  and  for  that  reason  figures  18  and  19  are 
related  to  the  second  peak,  in  these  figures 
signal  nuabers  are  shewn  horlxentally.  Symbols 
Indicate  the  various  participants.  Lines  con¬ 
necting  equal  syabola  are  aerely  for  ease  of 
readings 

Predicted  peak  values  of  actions,  l.e.  acce¬ 
lerations,  velocities  and  (relative)  displace- 
aants,  show  sore  spiesd  and  they  are , presented 
here  only  In  Tables  7-11.  They  contain  the  pre¬ 
diction  as  obtalnad  by  the  ststle  aathod,  the 
spectral  analysis  and  tha  dynaalc  analysis  In 
tha  tine  domain. 

Soae  exaaples  of  predicted  tlas  histories,  to¬ 
gether  with  the  actual  recordings,  are  shown  la 
Figures  20  to  24. 
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Pig.  24  Predicted  versus  Measured  velocity 
atgnal  11  for  shock  L  15*3 


DISCUSSION  OP  THE  RESULTS 

Accuracy  of  atatle  analyala 

AC  flrat  alghc  le  la  rather  striking  that  par¬ 
ticipant  C,  using  only  the  simple  foruulaa 
lnstoad  of  a  flnlta  alauant  Modal,  has  obtalnad 
tho  boat  strain  pradlctlons.  However,  In 
chocking  O' a  calculations.  It  was  found  that 
Cha  results  for  algnala  14-19  ara  ralatad  to 
tho  outer  fibres  of  the  haaa,  32  na  froa  tha 
neutral  axis,  uharaas  tha  strain  gauges  ara  25 
an  froa  tha  neutral  axis.  Because  handing  la 
the  dominant  deformation  C'a  results  should 
still  be  Multiplied  by  a  factor  of  approx.  0,8, 
This  correction  howeeer,  which  would  lead  to 
approxlaately  the  saae  strain  levels  as  found 
for  all  other  beaa  Models,  was  not  carriod 
through.  If  so,  all  other  solutions  should  have 
to  be  scrutinised  as  well  which  was  neither  the 
Intention  nor  practical.  It  Is  now  to  be  noted 
that  all  the  bean  Models  have  led  to  strains 
which  Mutually  dlffar  only  a  few  per  cent, 
however,  the  predictions  are  Much  too  low.  They 
are  about  501  of  the  ueaaured  values  for  shock 
L  1540  pad  752  for  ahock  L  1543. 


As  far  as  the  strains  In  the  franc  are  con¬ 
cerned,  plate  aodel  B  shows  soaewhat  better 
results  than  the  beaa  Models. 

It  Is  worth  noting  that  for  ahock  L  1543  the 
prediction  percentages  of  the  strain  signals 
16-19,  which  are  all  in  the  sane  cross-section, 
show  a  typical  slgsag  line  (see  Pig.  19).  This 
persistent  deviation  occurs  for  all  bean  Models 
but  not  for  the  plate  aodel.  The  saac  holds  for 
the  results  of  the  spectral  response  analysis 
and  the  analysis  In  the  tlae  doaaln.  Appendix  3 
throws  light  upon  this  phenomenon. 

The  predicted  dlsplaceaents  are  also  too  low. 
The  horlsontal  ones  in  particular  havs  been 
poorly  predicted. 

Accuracy  of  spectral  response  analysis 

Proa  the  entries  received  It  Is  concluded  that 
the  NRLStJM  procedure  gives  results  Mostly  far 
in  exepes  of  tha  measured  values.  Strains  ly 
between  100  and  1402  of  the  Measured  ones.  The 
ROOTS UM  procedure  produces  better  results  for 
this  test  structure  and  therefore  the  following 
la  related  to  the  ROOTSUM  values. 

Wien  we  look  at  the  calculated  strains,  for  the 
L  1543  configuration,  three  of  the  four  solu¬ 
tions,  vis.  A,  C  and  H  are  very  close  with  dif¬ 
ferences  of  only  a  few  per  cent.  Por  these 
solutions  the  average  prediction  of  strain  Is 
about  902  of  the  measured  response,  with  per¬ 
centages  varying  between  752  and  1P02. 

The  fourth  solution  frou  participant  D  shown 
the  beat  results  with  an  average  percentage  of 
982  and  values  ranging  froa  about  852  tot  1102, 
Though  both  contributions  D  and  H  were  produced 
by  the  saae  computer  prograane,  the  strains  of 
n  are  roughly  102  higher  than  the  ones  produced 
by  R.  A  possible  explanation  Might  be  that  the 
natural  frequency  of  the  first  vibration  node 
(15,3  Hs)  is  roughly  1  Hs  higher  than  those  of 
the  three  other  participants  A,  C,  and  H  (14,3 
Hz)(see  Table  6).  This  first  vibration  node 
dominantly  contributes  to  the  deformation  of 
the  fraae.  But  at  15,3  Hs  the  excitation  In  the 
f orn  of  a  shock  spectral  value  la  about  102 
larger  than  at  14,3  Hs,  which  aay  explain  the 
larger  shock  response  as  found  by  parti¬ 
cipant  I>. 

One  ,of  the  main- reasons  for  this  higher  natural 
fraquency  la  supposed  to  be  the  difference  In 
Modelling  the  connection  between  the  fraae  and 
the  long  horlsontal  bean.  That  part  Of  the  bean 
which  Is  clanped  to  the  fraae  Is  supposed  to 
behave  rather  rigidly,  and  was  cnnsequantly 
allocated  a  modulus  of  elasticity  100  tlnas 
larger  than  the  real  modulus.  D  reported  this 
stiffening  to  Increase  the  lowest  natural  fre¬ 
quency  froa  14,0  to  15,3  Hs.  Other  participants 
A,  C,  and  H  neglected  this  local  stiffening. 

The  plate  nodal  of  participant  B  takes  Into 
account  this  local  stiffening  and  as  a  result 
produces  also  a  rather  high  first  natural  fre¬ 
quency  of  15,5  Hs,  though  there  aay  be  also 
other  reasons  for  this. 

Very  close  results  were  obtained,  as  far  as  ths 
displacements  In  the  vertical  direction  are 
concerned.  Mostly  they  differ  leas  than  52  fro a 
the  Measured  values.  In  horlsontal  direction 
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the  differences  ere  larger,  but.  In  contrast  to 
the  static  analysis,  they  sgree  such  better 
with  the  Measured  values.  The  acceleration  is 
the  quantity  which  differs  aost  froa  the  aea- 
sureaents,  probably  because  a  rather  large 
ouaber  of  vibration  aodea  is  needed  for  s  good 
prediction  of  accelerations.  For  Instance  the 
spectral  analysis  froa  TNO  revolted  In  the 
following  node  contributions  at  the  locstlon 
where  the  acceleration  signal  11  was  aeasured: 
15,0  0,3  11,1  5,9  10,*  0,0  0,1  12,3  2,7 

1,3  10  5  0,3  2,7  *,5  3,1  0,0  0,0  and 

0,0  a/s. 

Accuracy  of  dynaalc  analysis  in  the  tine  domain 

For  the  L  15*0  configuration  the  best  strain 
predictions  are  froa  the  plate  model,  exceeding 
the  aeasured  values  only  by  soae  52.  The  three 
beaa  models  produce  strains  which  are  generally 
soae  1SZ  too  low.  The  results  of  these  three 
models  are  very  close  with  differences  often 
less  than  SZ.  When  we  look  at  the  predicted 
time  histories  of  which  Fig.  20  Is  a  typical 
example,  there  Is  a  striking  similarity  with 
the  aeasured  signals  during  the  Initial  phase 
of  the  shock  (about.  150  as). 

For  the  L  15*3  configuration  this  picture 
differs.  The  best  results  as<  far  as  strains  . are 
concerned  have  now  been  produced  by  the  beaa 
.  aodel  of  participant  I  with  percentages  between 
ROZ  and  11 5Z.  The  other  beaa  aodels  produced 
values  aostly  between  70Z  and  100Z.  Host  of  the 
strains  as  produced  by  the  plate  model  B  exceed 
the  aeaaured  values  by  soae  30Z.  When  we  con¬ 
sider  the  full  signals,  of  which  Figures  21-2* 
are  examples,  and  leaving  the  actual  peaks  out 
of  the  consideration,  the,  plate  aodel  H  never¬ 
theless  shows  a  better  similarity  with  the  mea¬ 
sured  signals  than  all  heaa  models.  It  seems  as 
If  vibration  aodea  of  DSM  are  represented  more 
accurately  In  the  plate  model  than  In  the  beam 
aodels.  Again  the  shape  of  the  signals  as  pro¬ 
duced  by  the  three  heaa  models  Is  very  similar. 
As  far  as  peak  values  of  accelerations,  veloci¬ 
ties  and  displacements  are  concerned,  the 
spread  in  results  is  slightly  wider  chan  for 
the  straina.  About  3/*  of  all  peak  values  of 
both  shocks  Is  within  the  range  of  75Z  to  110Z 
of  the  aeeaured  values. 

It  Is  a  remarkable  fact  that  for  the  signals  10 
ahd  11  there  are  some  *  exceptionally  high  pre¬ 
diction-  percentages  (over  150Z).  They  are 
obtained  by  the  apectral  and  the  dynaalc 
aethod.  The  reason  for  these  deviations,  pro¬ 
duced  by  different  participants  (A,  E,  F  and  H) 
and  different  computer  programmes,  Is  still  un¬ 
known. 

PREFERENCE 

It  Is  concluded  that  the  spectral  and  the  dyna¬ 
mic  method  produce  much  better  results  than  the 
static  method .  It  Is  clear  that  the  ampllflca- 
.  tlon  In  the  response,  due  to  the  nesr  coin¬ 
cidence  of  the  main  excitation  frequency  and  a 
natural  frequency  of  a  vibration  aode,  cannot 
be  taken  Into  acount  by  a  purely  static  ana¬ 


lysis.  For  an  arbitrary  piece  of  equipment  to 
be  placed  on  board  of  a  naval  ship.  It  would  be 
helpful  to  know  approxlaate  values  for  the 
lowest  fixed  base  natural  frequencies  of  the 
equipment.  A  comparison  with  the  expected  exci¬ 
tation  frequencies  for  the  particular  shipboard 
location  together  with  other  relevant  aspects 
aay  then  lead  to  the  decision  whether  or  not  to 
carry  out  a  spectral  or  a  dynaalc  analysla. 

The  number  of  participants  using  a  spectral 
aethod  and  those  using  the  dynaalc  analysla 
In  the  time  domain  Is  about  the  saae.  So  froa 
that  point  of  view  there  does  not  seea  to  be  a 
preference  for  one  of  these  two  methods. 
Probably  aost  participants  are  only  faalllar 
with  the  aethod  they  used. 

When  we  compare  both  methods,  the  results  of 
the  spectral  aethod  that  uses  the  R00TSUM  pro¬ 
cedure  are  slightly  better  than  those  of  the 
analysis  In  the  time  domain.  This  la  rather 
surprising  because  the  response  analysis  In  the 
tlae  domain  in  general  Is  expected  to  produce 
-  sore  accurate  results.  For  other  structures  or 
pieces  of  equipment  the  picture  aay  -cry  well 
be  the  opposite.  Anyhow  the  spectral  response 
analysis  has  soae  advantages.  In  general  It 
will  be  somewhat  cheaper  and  the  aaount  of 
response  data  will  be  not  so  large  and  lead  to 
a  better  survey.  Interim  results  can  show  to 
what  extent  the  various  vibration  nodes  are 
sensitive  to  excitation. 

STATE  OF  THE  ART 


Most  participants  are  rarely  doing  a  shock  ana¬ 
lysis  and  some  of  the  persons  involved  had  not 
much  experience  In  doing  finite  element  cal¬ 
culations.  Against  that  background  we  consider 
the  results  of  the  calculations  to  be  very 
good.  It  Is  to  be  noted  that  In  fact  there  Is 
not  a  single  contribution  which  has  to  be 
judged  Inferior. 

In  general  the  people  Involved  were  quite 
enthouslastlc  though  In  some  cases  It-  must  have 
taken  them  quite  some  time  to  master  the  aethod 
and  programs. 

It  Is  difficult.  If  not  Impossible,  to  extrapo¬ 
late  this  positive  experience  from  a  Halted 
number  of  parties  to  the  wide  range  of  sup>- 
pllers  and  shipyards.  That  there  Is  scope  for 
Improvements  la  the  shock  design  of  naval 
equlpaent  Is  affirmed  by  this  investigation, 
which  showed  good  prediction  possibilities  with 
various  programmes  and  methods. 

RECOMMENDATIONS 

a)  The  creation  of  training  possibilities.  An 
example  Is  the  ’shock  course*  which  was 
recently  prepared  at  TNO.  It  offers  an 
opportunity  for  trainees  to  become  faalllsr 
with  the  principles  of  these  analysts 
methods. 

b)  A  carefully  considered  description  In 
manuals  and  specifications  as  to  what  type 
of  equipment  la  wort hulls  to  be  analysed 
dynamically. 

c)  Guidelines  for  reporting  the  modelling,  and 
Interim  and  final  results. 
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Accuracy  of  testing 

Shock  specifications  for  equipment  consisting 
of  either  calculations  and/or  acceptance  tests 
ate  based  on  the  existence  of  standardized  ana¬ 
lytical  shock  notions,  which  depend  on  the 
location  In  the  ship,  the  weight  of  the  equip¬ 
ment,  etc.  These  motions  Increase  linearly  with 
the  so-called  shock  level  factor  8  (8^1). 
After  a  shock  acceptance  test  which  Is  alaed  at 
simulating  such  a  specific  notion,  the  8-value 
la  determined  In  an  approximate  way  hy  a  proce¬ 
dure  In  which  the  measured  maximum  accelera¬ 
tion,  deceleration,  the  peak  velocity  and  the 
flrdt  peak  of  displacement  are  compared  with 
the  required  analytical  ones.  When  passing  the 
teat,  the  equipment  Is  said  to  be  shock 
resistant  for  that  Ideation  up  to  the  8-value 
thus  obtained. 

For  the  tests  L  1540,  L  1543  and  L  1544,  for 
which  there  were  no  differences  In  adjusting 
1  the  machine,  these  8-values  were  determined.  It 
appeared  that  for  shock  L  1544,  the  shock  table 
being  unloaded,  the  8-value  Is  slightly  higher 
than  for  the  two  other  shocks.  For  these  two 
shocks  the  "equivalent*  standardized  shock 
motion  la  shown  as  part  of  Fig.  9.  The  shock 
spectrum  of  that  motion  has  been  used  as  an 
Input  for  a  spectral  response  analysis  of  DSM 
using  the  R007SUM  mode  summation.  Having  In 
mind  the  good  experience  with  this  method  and 
the  finite  element  model  In  predicting  for 
Instance  peak  strains  which  are  roughly  90Z  of 
the  real  strains,  we  expected  that  the  predic¬ 
tions  of  that  new  analysis  should  be  at  least 
obtained  during  the  tests.  However,  Fig.  25, 

In  which  are  now  presented  the  measured  values 
as  percentages  of  the  required  theoretical 
strains,  shows  serious  undertesting.  For 
signals  14  and  15  the  test  level  Is  only  some 
402  of  the  required  level.  For  this  discre¬ 
pancy  there  are  two  equally  Important  reasons. 
During  the  test  the  table  motion  decays  more 
rapidly  than  the  standardized  shock  motion. 
Consequently,  as  shown  by  the  corresponding 
shock  spectra  (Fig.  26)  the  response  In  the 
frequency  range  between  roughly  10  and  20  Hz  la ■ 
lower  than  lt  should  be.  The  lowest  vibration 
mode  of  DSM  which  contributes  for  the  major 
part  to  the  strain  response  has  a  frequency  In 
the  middle  of  this  range. 

The  second  reason  Is  the  feed-back  effect  from 
the  equipment  to  the  shock  table,  producing  tha 
shock  spectrum  dip  as  discussed  earlier  by 
O'HARA  (6).  In  this  case  they  are  of  con¬ 
siderable  depth  (Fig.  27  and  28)  and  they  occur 
very  close  to  thg  lowest  fixed  base  natural 
frequency  of  DSM.  It  should  be  noted  that  In 
those  rare  cases  In  which  shock  spectra  war- 
produced  during  normal  acceptance  tests  with 
this  shock  machine,  such  important  dips  have 
not  been  found. 

From  this  study  {2J  it  Is  concluded  that  for 
this  particular  test  structure  the  sccuraey  of 
testing  Is  far  less  than  the  accuracy  of  an 
analysis.  Shock  spectra  should  be  derived 
during  acceptance  tests  as  a  standard  procedure. 
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flg«  25  Measured  versus  required  strains 
as  calculated  with  a  spectral 
response  analysis  ( ROOTS UM)  using 
Standardized  base  notion 
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AFFENTIX  2 


Theory  of  spectral  response  enelyele 


General  matrix  equations  governing  the  forced 
reeponee  of  ea  undeaped  eye tea  ere 

Rea  N»p]  .  i  1Cw»  *up]  Pu]  m 


j_Mpu  Mpp!  Npj  *T>o|  Np 


In  which  aatrlcee  are  partitioned  according  the 
freedoa  fast  1 lee. 


u  for  unconetralned  d.o.f.  or  unknowns 
and  p  for  preecribed  d.o.f. 

H  1>  the  aaaa  aatrtz 
K  la  the  etlffnesa  aatrlx 
q  le  the  vector  of  abaolute  displace* 
aenta  and  rotations  of  nodal  points  of 
the  structure 

K  Is  the  vector  of  reaction  forces  at 
the  prescribed  d.o.f. 

F  la  the  vector  of  given  external  forces. 


In  order  to  elapllfy  these  equations  the  exci¬ 
tation  should  aeet  the  following  requirements 
which  are  typical  for  a  spectral  response  ana¬ 
lysis 

(1)  External  forces  ere  absent  or  F  “  0  (2) 

(2)  The  structure  Is  connected  to  a  single 
rigid  foundation  which  translates  according 
a  given  function  of  tloe  p(t)  In  a  certain 
fixed  direction  defined  by  the  unit  direc¬ 
tion  vector  1  having  as  coaponents  ,  Cj 
and  C3.  Consequently  the  vector  qp  only 
contains  translations  which  are  connected 
to  the  time  function  p(t)  by  the  formula 

-  Bp  1  p<t)  (3) 

In  which  lip  Is  a  Boolean  matrix. 

The  Introduction  of  notions  relative  to  the 
foundation  Is  also  typical  for  a  spectral 
response  analysts.  They  are  defined  by 

V  «u  "  «u  (*,) 

In  which  qj  la  s  rtgld  body  motion  of  the 
structure  given  by 

q5  -  »u  3  p(t)  (3) 

in  which  By  Is  another  Boolean  matrix.  *or  such 
a  rigid  body  motion 


*uu  *upl 

(95 

*pu  *PP  j 

[y 

and  thus  Kuu  q5  ♦  K„p  qp'  •  0  (6) 

Substituting  (2)  through  (A)  Into  the  upper 
part  of  Equation  (1)  gives 

Muu  *u  ♦  *uu  *u  *  -<Muu  *u*"up  *p>  '  P<«)  <7> 

Once  the  eigenvalue  problem  as  defined  by  the 
matrices  MyU  and  Kyu  has  been  solved  the  vibra¬ 


tion  modes  are  collected  as  columns  In  the 
matrix  X.  The  Intensity  of  the  nodes  Is  chosen 
such  that 

XtKX  -  I  (unit  matrix! 

Angular  natural  frequencies  u>a  are  presented  In 
the  diagonal  matrix 


Now  the  Equations  (7)  are  decoupled  by  substi¬ 
tuting  t  ■  S  >i,  In  which  q  Is  the  column  vector 
of  principal  coordinates,  and  by  preaultlplylng 
by  the  transposed  matrix  X 

«  ♦  Q2t)  -  -<2XT  (Muu  *u  +  *up  Bp>  2  «*> 

For  vibration  mode  s  we  have 

si  .  ♦  w2  0  “  -c 2  (  x  t  ,  c.)  t*(t) 

a  s  a  a  si  1 

In  which  tt(  are  coefficients  of  the  so-called 
partlclpatlcc  aatrfx 

r-  *T  (\.,  l*u  ♦  Bp) 

For  each  vibration  mode  s  the  three  per- 
tlelpation  factors  tsi,  *"d  t*3  rev*«1  how 
sensitive  this  <scde  Is  for  excitation. 

Equation  (A)  is  very  similar  to  the  Equation 
(9)  for  a  simple  one  mass  spring  system  sub¬ 
jected  to  the  same  base  notion  p(t). 

I  ♦  u2  t  •  -JJ(t)  (9) 

That  problem  Is  solved  for  a  variety  of  fre¬ 
quencies  by  the  shock  spectrum  concept,  giving 
for  Instance  the  maximum  values  of  the  relative 
motion  s  and  the  absolute  acceleration 
*  •  u2  s.  For  corresponding. natural  frequencies 
of  the  suit!  degree  of  freedoa  system  we  can 
directly  use  these  shock  spectral  values: 


n  “i  u*  (  l  x  .  C. ) 

a  max  asx  a  {±3  at  1 

h,b*  •  u2  x  J'  (  l  x.  C. ) 

a  max  a  max  a  ii\  •!  1 


For  each  separate  vibration  node  the  mczlnui 
response  In  terms  of  stresses,  strains,  etc. 
can  now  ha  determined  because  the  maximum  value 
of  the  prtnctpsl  coordinate  n,  Is  known. 
Inherent  In  the  shock  spectral  analysis.  Is  the 
loss  of  Information  regsrdtng  the  time  of 
occurrence  of  maximum  mcde  Intensities.  This 
appears  from  the  final  step  when  cede  contribu¬ 
tions  are  added  according  to  some  sort  of  sum* 
nation  procedure  as  BOOTSUH  or  NBLSIlM. 
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Fig.  29  Effect  of  Modified  boundary  conditions  on  strsln  predictions  for  shock  L  15*3 


appendix  3 

Modified  boundary  conditions 

The  persistent  deviation  of  strains  In  cross 
section  A  predicted  by  all  heaa  Models  (tlgsag— 
line  In  Fig.  19)  as  well  as  the  hatter  predic¬ 
tion  of  full  tine  signals  by  the  plate  nodal  A 
(see  Fig.  21-2*),  was  a  challenge  to  taprove 
'the  heaa  aodel.  For  shock  L  15*3  spectral 
response  calculations  with  aodel  R  have  been 
repeated  under  several  different  assuaptlons 
(*].  It  was  found  that'  In  addition  to  ths  St. 
Venant  torsional  stiffness  of  the  fraae  the 
stiffness  due  to  constrained  warping  Is  of  sons  > 
Influence.  If  s  bar  with  a  non-circular  cross- 
section  la  twisted,  the  cross-sections  do  not 
renaln  plane,  but  they  warp.  If  this  warping  la 
prevented  the  torsional  stiffness  Is  lncrsased 
as  explained  for  instance  In  (8).  This  warping 
rigidity  of  ths  fraaa  was  taken  Into  account  by 
the  BECOP  eleaent  of  ASKA,  .ditch  has  a  seventh 
degree  of  freedoa  at  each  nodal  point,  the 
first  derivative  *’  of  the  angle  of  twist  of 
the  cross  section.  At  that  end  of  the  fraae 
which  Is  connected  to  the  long  horltontal  bean 
♦'  has  been  suppressed. 

Natural  frequencies  for  this  Modified  aodel  are 
presented  In  Table  ft  under  the  letter  T.  Modes  . 

1  and  2  hardly  changed  their  frequency  as  com¬ 


pared  to  the  original  solution  R.  Also  the 
shape  Is  stellar.  The  frequency  of  the  third 
Bode  Increased,  however,  froa  22,9  Rt  to  31,0 
Hs  and  the  shape  Is  now  aore  like  that  of  the 
foraer  Mode  *  (Fig.  17).  Due  to  the  Introduc¬ 
tion  of  earplug  rigidity,  beginning  with  th' 
third  node ,  the  frequencies  deviate  froa  tf 
of  si.1  ocher  heaa  aodel  a.  There  Is  a  bettr 
agreeaent  now  with  the  frequencies  of  the  , 
aodel  B.  Strains  for  solutions  R  and  T  are 
shown  In  Fig.  29.  The  slgssg  effect  now  appears 
to  be  such  less  pronounced.  Signal  1*  In  cross 
section  B  of  course  Is  not  affected  by  bending 
due  to  constrslned  warping  because  at  the  two 
strsln  gangs  locations  (see  Fig. 5)  the  effects 
are  equal  and  of  opposite  sign,  leaving  no 
effect  «dten  averaging.  The  saae  holds  for 
signal  15.  . 

Raving  laproved  the  aodel  by  the  Introduction 
of  warptng  rigidity  an  additional  second  Modi¬ 
fication  was  carried  through.  The  rotation  of 
1  the  fraae  at  the  points  of  support  (see  Fig.*) 
is  now  suppressed  around  the  y-anls,  as  was 
also  done. by  participants  B  and  E.  The  solution 
Is  Indicated  by  TT.  Natural  frequencies  era 
rather  close  now  to  those  of  the  plate  nodal  B 
(•••  Tsbls  8).  Fig.  29  shows  that  strains  also 
changed  significantly.  Though  It  is  fait  that 
suppressing  this  rotation  Is  hatter  than 
leaving  It  free,  It  Is  only  by  a  ouch  aore  de¬ 
tailed  finite  eisaent  atsh  that  ths  real  boun¬ 
dary  conditions  could  he  eieulated. 


DIRECT  FNEPGY  MINIMIZATION  APPROACH  TO  WBIPPING 
ANALYSIS  OF  PRESSURE  HULLS 


Kenneth  A.  Bannister 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  MD  20910 


This  paper  addresses  the  latge  deformation  behavior  of 
cylindrical  shells  executing  low  frequency,  but  large 
amplitude,  whipping-type  vibrations.  This  problem  is 
important  in  the  practical  design  of  cylindrical  shell 
structures  to  resist  failure  due  to  in-service  bending  loads 
combined  with  pressure.  Submarine  pressure  hulls,  aircraft 
fuselages,  and  industrial  piping  applications  fall  into  this 
category  of  structure/load* ng  combination.  A  new  methodology 
is  described  for  dealing  with  such  nonlinear  shell  analysis 
problems.  A  symbolic  manipulation  system  is  first' applied 
alone  and  then  coupled  with  two  appropriate  minimisation 
algorithms  to  solve  for  the  local  large  deformation  response 
as  the  cylinder  undergoes  whipping.  A  previous  potential 
energy  based  analysis  of  the  problem  has  been  extended  for 
the  purpose  and  the  mathematical  labor  is  greatly  expedited 
with  the  aid  of  '.h*  symbolic  manipulation  system.  It  is 
shown  that  in  cases  where  explicit  algebraic  solutions  for, 
say,  the  moment-curvature  relation  of  the  shell  are 
impractical  to  generate,  only  a  potential  energy  expression 
and  its  first  derivatives  need  to  be  constructed.  Prom  the 
energy  and  derivative  expressions,  nonlinear  optimisation 
algorithms  can  be  brought  to  bear  to  minimize  directly  the 
potential  energy  by  methodically  and  efficiently  adjusting 
the  displacements  (or  other  appropriate  basic  quantities). 
Having  solved  for  the  basic  quantities,  derived  quantities, 
such  as  strains,  stresses,  and  moments  can  then  be  computed. 


INTRODUCTION 

'  This  paper  is  concerned  with  the 
development  and  demonstration  of,  a  new 
methodology  to  aid  in  the  solution  of 
nonlinear  problems  in  mechanics.  The 
particular  application  discussed  here 
is  a  very  specific  case  of  nonlinear 
shell  response  connected  witn  whipping 
motions  of  a  submarine  pressure  hull. 
The  underlying  net.Kodolooy  actually  has 
a  much  broader  range  of  application  for 
both  shell  vibration  problems  and  in 
structural  mechunics  at  large.  It  is 
shown  how  the  methodology  can  be  used 
to  extend  a  previous  nonlinear  shell 
analysis  and  then  facilitate  practical 
solutions,  exact  and  approximate 
(numerical),  of  the  resulting 
eouations.  The  large  amount  of 


mathematical  labor  typically  associated 
with  obtaining  nonlinear  shell 
solutions  is  greatly  reduced  end  the 
analyst  has  much  greater  freedom  to 
modify  or,  extend  the  analysis  without 
the  penalty  of  tedious,  time-consuming 
algebraic  manipulations. 

we  consider  the  large  deformation 
behavior  of  a  cylindrical  shell 
executing  low-f reouency ,  but  large 
amplitude,  whipping  motions.  This 
problem  is  important  in  the  practical 
desiqn  of  cylindrical  shell  structures 
to  resist  failure  caused  by  combined 
in-service  bending  and  pressure  loads. 
Submarine  pressure  hulls,  aircraft 
fuselages,  and  piping  systems  are 
included  in  this  category  of 
structure-loading  combination. 
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BRIEF  RFVXFW  OF  WHIPPING 

An  earlier  paper  [1]  gave  a  fairly 
detailed  discussion  of  explosion 
bubble-induced  whipping  of  surface 
ships  and  submarines.  Basically, 
whipping  is  defined  as  the  transient 
beam-like  response' of  a  ship  to  some 
form  of  strong  hydrodynamic  loading,  in 
this  case  the  accelerating  fluid  flow 
field  surrounding  a  pulsating  and 
migrating  explosion  gas  products 
bubble.  Figures  1-8,  taken  from  fll, 
show  typical  whipping  response 
histories  for  a  uniform  elastic  beam 
floating  in  the  free  surface  and 
subjected  to  bubble  loadings  from  a  100 
kg  TNT  charge. placed  at  a  depth  of 
30.48m  (100  ft)  directly  below  the  C.G. 
of  the  beam.  Figures  2-4  show  the 
bubble  parar'ters  while  Figures  5-8 
shev  the  va< ious  vertical  whipping 
responses  induced  in  the  beam.  These 
whipping  analyses  were  performed  with  a 
simple  lumped  mass-elastic  finite 
element  structural  model  coupled  to  the 
bubble  ecuations  of  motion.  Typically, 
only  the  first  few  modes  of  vibration 
of  the  ship  are  needed  to  satisfactorily 
capture  the  whipping  response,  i.e., 
the  heave  and  pitch  rigid  body  modes 
and  the  first  2-3  distortion  modes. 

If  the  whipping  motions  achieve 
large  amplitudes,  then  any  attempt  at 
predicting  the  local  hull  plating 
response  (that  is,  shell  response)  must 
account  for  possible  large  out-of-plane 
displacements  of  the  shell  which  cannot 
be  handled  within  the  context  of 
elementary  beam  theory.  Fortunately 
the  motions  are  low  freauency,  at  least 
at  locations  remote  from  where  the 
bubble  loads  impinge,  hence  a 
auasistatic  shell  analysis  is 
appropriate.  In  the  region  of  intense 
bubble  loading,  because  of  the  high 
frequency  shell  motions,  shSll  inertia 
terms  become  important  and  thus  a.  more 
sophisticated  transient  analysis  is 
required.  In  this  paper  we  will  focus 
.on  the  problem  of  analyzing  the  large 
deformation  behavior  of  a  submarine 
pressure  hull  in  response  to  low 
frequency  whipping-type  motions., 


Eh'FRGY  ANALYSIS  OF  SHELL  UNDER  BENDING 
AND  PRESSURIZATION 

We  consider  the  large  deformation 
response  of  an  elastic  thin-walled 
circular  cylindrical  shell  subjected  to 
pure  bending  and  either  internal  or 
external  pressure.  Figure  9  shows  the 
cross  section  of  the  shell  and  defines 
pertinent  geometric  and  pressure  ^ 
parameters  used  in  the  analysis.  By 
•thin*  we  mean  that  a/t>50  an<^  since 


most  pressure  hulls  are  of  the  order 
a/t»10C  we  can  regard  them  as  thin 
shell  structures.  Because  the  shell  is 
thin,  we  say  that  the  state  of  affairs 
in  the  shell  wall  can  be  adeauately 
represented  by  conditions  in  the  middle 
surface  (r»a).  For  the  sake  of 
convenience,  we  further  assume  that 
moment  and  curvature  do  not  vary  over 
the  shell  length  so  that  all  cross 
sections  deform  in  the  same  manner.  A 
side  view  of  the  shell  is  shown  in 
Figure  10.  The  shell's  neutral  axis  is 
bent  into  an  arc  of  circle  with  radius 
p  due  to  the  terminal  moments. 

Figure  10  also  defines  d,  distance  from 
the  neutral  surface  to  a  given  point  on 
the  deformed  shell  middle  surface. 

This  parameter  is  used  in  computing 
stress  and  strain  quantities  in  the 
shell  wall.  Linearly  elastic  material 
behavior  is  assumed,  thus  F  (Young's 
modulus)  and  v .(Poisson's  ratio) 
completely  characterize  the  material 
response. 

The  thinness  of  the  shell  wall 
relative  to  other  shell  dimensions 
leads  to  lurge  (when  compared  to  the 
thickness  t)  displacements  normal  to 
the  shell  wall  during  bending, 
rendering  the  problem  geometrically 
nonlinear.  Therefore,  any  attempt  to 
accurately  determine  the  shell  response 
must  account  for  these  geometric 
nonlinearities.  There  is  a  smooth 
transition  from  small  to  large 
displacements  in  this  problem.  Thus, 
nonlinear  effects  must  be  anticipated 
starting  at  fairly  low  load  levels 
compared  to  the  peak  (maximum  possible) 
moment  that  the  shell  can  carry. 
Furthermore,  pressure  has  a  remarkable 
effect  on, the  load-displacement 
response,  as  will  be  shown.  Internal 
pressure  tends  tostifren  the  shell  in 
a  way  that  increases  the  peak  moment 
while  external  pressure  weakens  the 
shell's  ability  to  withstand  bending. 

The  problem  will  be  analyzed  by  an 
energy  minimization  approach,  . 
facilitated  by  the  Use  of  a  symbolic 
manipulation  system  ( MACS YMA,  developed 
at  the  MIT  Computer  Laboratory).  The 
total  potential  energy  function  is 
formulated  for  the  shell  with  loads  and 
is  cast  in  terms  of  middle  surface 
displacements  at  a  cross  section  of  the 
shell.  The  shell  is  assumed  to  be 
infinitely  long  and  moreover  that  no 
variation  of  conditions  occurs  along 
its  length.  Truncated  Fourier  series 
terms  with  a  priori  unknown 
coefficients  are  included  in  the 
displacement  functions  to  account  for 
nonlinear  effects.  The  goal  of  the 
analysis  is  then  to  determine  the 
coefficients  of  these  additional  terms 
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which  minimizu  tho  potential  energy. 

The  strategy  followed  is  to  generate 
an  expression  for  the  potential  energy 
involving  the  unknown  coefficients  and 
the  curvature  parameter  defined  by 
c  *  a/p.  c  will  also  be  unknown 
for  given  values  of  moment  and  pressure. 
Then,  for  each  choice  of  bending  moment 
and  pressure,  the  minimizing  set  of 
unknown  displacement  coefficients  and 
curvature  parameter  is  found  by  '.wo 
methods: 

(1)  Use  of  MACSYMA  to  obtain 
explicit  solutions  for  the  coefficients 
in  terms  of  c  and  subseouently  Me); 
this  we  will  call  the  "exact*  solution; 
and 

(2)  Generation  of  the  nonlinear 
moment-curvature  relation  by  direct 
application  to  the  potential  energy  of 
two  different  computer  algorithms 
designed  to  minimize  nonlinear  multi¬ 
variate  unconstrained  functions;  that 
is,  the  potential  energy  will  be 
minimized  directly  with  the  aid  of 
optimization  algorithms. 

The  purpose  for  the  second  method 
is  to  show  that  if  an  ’exact*  morent- 
curvature  cannot  easily  be  obtained  by 
the  first  method,  then  accurate 
numerical  results  can  he  produced 
through  direct  energy  minimization. 

This  notion  has  broader  implications 
for  situations  where  a  large  number  of 
unknowns,  say  200,  are  involved  in  a 
particular  nonlinear  mechanics  problem. 

As  in  most  nonlinear  shell 
analyses,  the  sheer  amount  of 
mathematical  manipulation  can  be 
enormous.  In  the  present  case,  the 
symbolic  algebraic  manipulation 
language  MACSYMA  is  used  to 
substantially  reduce  the  mathematical 
labor.  This  is,  to  the  author's 
knowledge,  the  first  time  such  a  tool  , 
has  been  applied  in  a  Comprehensive 
manner  to  a  nonlinear  shell  analysis. 
MACSYMA  is  excellently  suited  to  the 
task  as  it  can  handle  all  of  the 
necessary  mathematical  operations 
involved  such  as  functional  evaluation, 
trigonometric  expansion  and  reduction, 
differentiation,  integration,  and 
eauation  solving.  It  has  a  syntax  very 
similar  to  other  standard  programming 
languages  such  as  ALGOL,  PL/1,  and 
FORTRAN ,  along  with  file  manipulation 
features.  These  properties  make 
MACSYMA  extremely  convenient  to  apply 
to  the  problem  at  hand.' 

Using  a  powerful  mathematical  tool 
such  as  MACSYMA,  it  is  now  possible  to 
carry  out  analyses  of  nonlinear 
structural  mechanics  problems  and  avoid 


many  ad  hoc  simplifications  authors  in 
the  past  found  necessary  to  make  the 
effort  tractable.  In  the  present  work, 
a  MACSYMA  code  has  been  constructed 
which  reproduces  step-by-step  the 
mathematical  analysis  of  the  shell 
bending  problem  beginning  with 
displacement  function  generation, 
derivation  of  stress  and  strain 
quantities,  proceeding  with 
construction  of  the  potential  energy 
function,  and  finally  ending  with 
solution  for  the  unknown  Fourier 
coefficients  and  generation  of  a 
moment -curvature  parameter  relation. 

It  is  possible,  within  this  code,  to 
include  or  exclude  quite  readily 
certain  nonlinear  displacement  terms 
that  previous  authors  fel,t  compelled  to 
drop  due  to  mathematical  complexity. 
Thus,  the  usual  simplifications  invoked 
in  shell  work  suggested  by  the  phrases 
'neglect  Quantities  of  small  magnitude* 
and  'neglect  cross  product  and  squared 
quantities*  can  he  freely  adopted, 
ignored,  or  modified  as  the  analyst 
wishes.  The  excra  calculational  burden 
is  carried  by  the  computer,  not  the 
analyst.  As  an  example  of  the  savings 
in  time  and  labor  that  can  be  realized 
with  such  a  symbolic  language  tool,  the 
author  applied  FOFMAC-73,  an  older 
language,  to  a  two-term  Fourier  series 
displacement  function  analysis  based  on 
a  nonlinear  shell  theory  in  order  to' 
obtain  the  integrand  of  the  strain 
energy  (bending  and  stretching  of  the 
shell  middle  surface)  expression. 
Manually,  this  effort  required  two 
weeks  with  a  considerable  amount  of 
time  consumed  in  checking  for  and 
correcting  errors.  With  FOrMAC-73,  the 
same  exercise  required  less  than  one 
day  with  the  algebraic  operations  done 
correctly  throughout.  For  three,  four, 
or  more  Fourier  terms. or,  let  us  say, 
alternative  displacement  functions  of 
greater  complexity,  it  was  clear  that 
hand-computations  would  become  very 
costly  in  time, and  the  likelihood  for 
errors  very  great.  In  addition,  the 
coding  could  be  stored  if  desired  and 
modified  and  re-run  for  different  cases 
and  the  results  retained  on  files  for 
listing  or  for  later  applications. 

One  of  the  earliest  studies  of  the 
cylindrical  shell  in  pure  bending 
(without  pressurization)  was  the 
classic  paper  by  Brazier  (2).  Brazier 
simplified  the  analysis  greatly  by  the 
accurate  assumption  that  the  shell 
middle  surface  is  extensible.  He  also 
pointed  out  that  the  problem  becomes 
fundamentally  nonlinear  due  to  the 
thinness  of  the  shell  wall  relative  to 
other  dimensions  of  the  shell.  Thus 
the  linear  relationship  between  moment 
and  curvature  derived  from  St.  venant'a 


theory  of  bending  of  beams  of  solid 
cross  section  is  invalidated  since 
local  wall  deformations  are  large  and 
thus  strain  cannot  be  a  linear  function 
of  original  position.  Figure  11  shows 
the  disparity  between  the  linear  (St. 
Venant)  and  large  deformation 
(nonlinear!  predictions  of  moment  vs. 
curvature.  Also,  in  Figure  12  we  see 
the  ovalization  mode  that  the  shell  , 
cross  section  takes  on;  this  mode  was 
assumed  by  Brazier  in  his  analysis. 

In  the  small  displacement  range, 
superposition  holds,  hence  the  moments 
and  pressure  can  be  applied  in  any 
order.  Then,  following  the  approach  of 
Brazier  [2]  and  Wood  [4],  the 
possibility  of  nonlinear  deformations 
is  allowed  by  introducing  truncated 
Fourier  series  terms  in  the  displacement 
components  v  and  w  (defined  in  Pigure 
9).  These  terms  have  undetermined 
coefficients  which  are  to  be  found  by 
application  of  the  Theorem  of  Minimum 
Potential  Energy. 

The  potential  energy  V  is  given  by 


An  important  geometric  parameter 
is  d,  the  distance  from  the  shell 
neutral  surface  to  a  given  fiber  in  the 
shell  middle  surface  (as  shown  in 
Figure  10).  The  usual  assumption  of 
thin  shell  theory  is  applied  here, 
namely,  that  stressess  and  strains  do 
not  vary  through  the  wall  thickness  and 
that  the  normal  stress  through  the 
thickness  vanishes.  Therefore,  the 
middle  surface  stress-strain  state 
adequately  represents  the  response  of 
the  shell .  The  parameter  d  is  given  by 


d  »  (a  -  w)  cos*  -  v  sing. 


The  circumferential  and  axial  stresses 
and  strains  in  the  small  displacement 
range  are  given  by  Wood  [4]  for  bending 
arid  pressure  as  follows: 


for  bending 


V  •  0  +  W. 


(1) 


0  is  the  strain  energy  stored  in  the 
shell  due  to  bending  and  W  represents 
the  work  of  the  pressure  and  bending 
loads.  In  order  to  account  for  the 
bending  strain  energy,  the  change  of 
curvature  at  any  point  on  the  shell 
must  be  computed.'  Brush  and  Almroth 
r 3 )  show  this  to  be  given  by  (after 
accounting  for  a  sign  change  due  to  use 
of  a  different  convention  for  w) 


®gg  T 

i 

and  for  pressure 


(4) 
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Next,  the  strain  energy  U  is  given  by 
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Although  the  def^> 
large,  strains  r 
typical  in  thin 
large  strain  anal 


-.mat ions  may  become 
emain  small;  this  is 
^hell  structures.  A 
vais  would  reouire 


accounting  for  plastic  material 
response-this  problem  is  not  considered 
here. 


Following  Brazier  [2],  we  assume  that 
the  additional  displacements  vjf  w^ 
are  inextensional;  thus  we  have 


In  these  equations,  the  pressure 
enters  through  the  parameter  a  given 
by 


(11) 


a  ■  Pa 
Et 


(6) 


Sokolnikoff  (5]  reports  the  linear  w 
and  v  displacement  components  for 
bending  and  pressure  are  given  by: 


for  w 


According  to  wood  [4] ,  v^  and  w^  can 
be  expressed  as  the  infinite  series 
given  by 


vi  *  E  An  sin  n+  (12) 

n»2 


wq  -  vea  Cos4  , 

w  “  -  (2~y)  aa  ; 


and  for  v 


v  ■  0  (symmetry)  , 


and,  following  Equation  (11),  we  must 
have 


(7) 


E  nAn  cos  n4  . 
n<*2 


(13) 


Note  that  v  and  w  do  not  vary  with 
position  along  the  shell  axis,  that  is, 
all  cross  sections  must  deform  in  the 
same  manner.  Also  note  that  the  choice 
for  vi  satisfies  displacement  continuity 
and  symmetry  conditions  on  v.  Hence,  • 
the  total  displacements  become 


v  »  -  2i££  sin  4  +  E  Ap  sin  n4 
2  n“2 


We  have  introduced  the  curvature 
parameter  e  in  Eauations  (7)  and 
(8).  It  is  defined  by 


e  ■  *  .  (9) 

0 


The  total  displacements  v  and  w  are 
then  the  sum  of  bending,  pressurization, 
and  additional  terms  V] ,  wj  needed  to 
account  for  large'  deformations  of  the 
shell.  Thus  we  have 


v  ■  vo  +  vi 

(10) 


w*i  +  wj  ♦  wi , 


w  ■  -  {lZ-!)aa  +  )?£.?  cos  4 

2  2  (14) 


♦  E  nA„  cos  r.$ 
n»2 


The  work  done  by  the  pressure  and 
applied  moments  is  given  by  Wood  [4]  as 

w  •  *  £1  (v2a^c2 
2 

(15) 
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He  see  then  that  the  potential  energy 
V  can  ultimately  he  written ‘as  a 
nonlinear  function  of  the  coefficients 
An  and  the  current  curvature 
parameter  t  in  the  general  form 


V  -  G(A2(e),A3(e),  .  .  .,e).  (20) 


For  V  to  be  stationary  with  respect  to 
c,  we  must  have 


V  -  V  <A2,A3l 


3V  .  3G  dA2  + 
3  c  3A2  de 


The  strategy  followed  from  this  point 
is  to  seek  values  for  the  coefficients 
A2,A3,  .  ..  which  minimize  the 
total  potential  energy  of  the  shell  and 
the  loading. 

Hood  f4]  proceeded  with  the 
solution  by  neglecting  certain  terms  in 

V  involving  v3,  w3,  vjwj,  then  expanding 

V  arid  applying  the  theorem  of  Minimum 
Potential  Energy:  V  is  stationary  when 


+  dG  »  0. 
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But  since 


3V  _  3V 
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3V  »  0,  (22) 

3  An 
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Hood  (4),  for  example,  has  carried  out 
the  simplification  (or  linearization) 
of  V  just  mentioned  and  has  found  that 
the  coefficients  A2  and  A3  become 


ae2(l-v2)  1  + 

2  (t/a)  2  ♦  8  ( 1  -  v2 )  a 
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Equation  (21)  reduces  to 


d£  -  o  . 

de 


This  last  equation  may  be  rewritten 
quite  easily  in  the  following  form 


-ac  (l-v‘) 

48  (t/a)2  +  72 (1-v2) a 


42  .  f (A2, A3, 
de 


The  remaining  coefficients  vanish,  i.e.. 


a4  *  A5  ■  .  .  .  •  An  *  0. 


However,  these  terms  do  not  vanish' if 
the  linearization  is  not  carried  out, 
as  will  be  shown  later.  Unfortunately, 
the  amount  of  algebraic  manipulation 
associated  with  including  uguared  and 
cross  product  terms  grows  enormously  as 
more  teims  in  the  Fourier  expansions 
are  taken.  This  difficulty  is  greatly 
lessened  by  use  of  symbolic  manipulation 
system  such  as  MACSTMA. 

It  is  useful  to  derive  a  general 
form  for  the  moment-curvature  relation 
of  the  shell.  We  have  seen  earlier 
that  the  coefficients  A  can  be  expressed 
as  functions  of  the  curvature  parameter; 
hence,  the  potential  energy  V  may  be 
written 


M  .  0 
a 


or,  solving  for  M,  wg  have 


M  *  a  f (A2,A3,  ... , An,e) .  (26) 


Hood  has  found  in  his  linearized 
analysis  (4)  that  Equation  (26)  becomes 
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Equation  (27)  may  be  written,  for 
convenience,  in  the  simpler  form 


expressions  for  the  function  to  be 
minimized  (in  this  case  the.  potential 
energy)  and  its  first  derivatives  with 
respect  to  the  independent  variables 
(A2,  ...»  A5, e) .  We  show  that 
both  algorithms  give  excellent 
agreement  with  the  "exact"  moment- 
curvature  results  calculated  through 
MACSYMA-generated  expressions.  Thus  in 
situations  where  it  may  not  be 
practical  to  solve  directly  for  a 
moment-curvature  relation,  useful  and 
accurate  numerical  results  can  be 
obtained  by  direct  minimization  so  long 
as  expressions  for  the  potential  energy 
functional  and  its  derivatives  can  be 
obtained. 


M  *  cjc  +  C2£^  +  C3 .  (28) 


Note  that  peak  moment  values  are 
readily  found  corresponding  to  roots  of 
the  quartic  given  by 


5036*  +  3C2e2.  +  cj  *  0.  (29) 


Since  Equation  (29)  has  four  possible 
roots,  the  root  desired  must  be  real 
and  positive.  This  value  of  e  can 
then  be  substituted  in  Equation  (28)  to 
get  the  corresponding  peak  moment. 

Other  quantities  of  interest,  such  as 
the  deformed  cross  section  profile  and 
stress  and  strain  dependence  on  angle 
4  can  also  be  generated  at  this  peak 
moment  value. 

This  analysis  has  beer,  extended 
with  the  aid  of  MACSYMA  to  include  the 
auadratic  terms  in  vj  and  wj  .which 
Wood  neglected  in  his  energy  function. 
,It  is  shown  also  that  Wood's  entire 
analysis  can  be  reproduced  by  use  of 
MACSYMA.  By  including  the  quadratic 
terms  previously  neglected,  we  show 
that  these  terms  have  significant 
effects  on  the  moment-cuvature  behavior 
of  the  shell.,  Explicit  solutions,  in 
algebraic  form,  are  given  for  two, 
three,  and  four  term  trigonometric 
expansions  of  vj  and  wj  (see 
Equation  (4)).  it  turns  out  that  the 
coefficients  A4  and  A5  calculated  in 
this  case  do  not  vanish  as  Wood  found 
in  his  linearized  analysis.  As  an 
alternative  to  straight-forward  solution 
for  the  moment-curvature  relationship 
through  the  use  of  MACSYMA,  two 
different  gradient  method-based 
optimization  algorithms  are  applied 
directly  to  the  potential  energy 
functional.  These  algorithms  were 
designed  for  the  minimization  of 
nonlinear  unconstrained  multivariate 
functions.  They  require  only  explicit 


RESULTS 

By  use  of  the  MACSYMA  symbolic 
manipulation  system,  quadratic  and 
cross-product  displacement  terms  can 
easily  be  retained  in  the  energy 
expression  (Equation  (3))  and  the 
necessary  algebraic  operations  carried 
out.  To  do  this  by  hand  would  prove  to 
be  a  formidable  task,  even  for  a  few 
terms  in  the  Fourier  expansions.  Such 
routine  mathematical  operations  as 
trigonometric  reduction,  expansion  of 
products,  differentiation,  and 
integration  can  be  done  with  MACSYMA. 

A  further  useful  application  of  this 
tool,  equation  solving,  is  illustrated 
in  Appendix  A. 

A  useful  way  to  characterize  the 
shell  response  is  to  display  its 
moment-curvature  behavior  similar  to 
the  generic  curve  given  in  Figure  11. 
Two  computational  procedures  are 
available:  Direct  generation  of  an 
explicit  equation  relating  moment  M  and 
the  curvature  parameter  es  or  direct 
minimization  of  the  total  potential 
energy  expression  by  numerical 
minimization  (i.e. ,  optimization) 
methods.  MACSYMA-generated  solutions 
for  the  coefficients  A},  .  .  . ,An 
have  been  obtained  for  the  fully 
nonlinear  energy  expression.  With 
these  coefficients,  we  can  then  compare 
plots  of  M(e)  for  Wood's  linearized 
analysis  with  results  from  the  present 
nonlinear  analysis.  This  will  show 
clearly  whether  neglecting  the 
quadratic  terms  (as  Wood  did)  affects 
the  moment-curvature  behavior.  Figures 
13  and  14  show  respectively  comparisons 
of  M(e)  for  wood's  analysis  with  the 
present  analytical  results  for  moderate 
internal  and  external  pressure  (300 
psi).  The  shell  is  made  of  steel  and 
has  dimensions  typical  of  a  submarine 
pressure  hull.  The  curves  for  the 
fully  nonlinear  analyses  (two,  three, 
and  four-term  Fourier  expansions)  are 
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very  nearly  the  same;  hence,  all  three 
curves  appear  to  coalesce  to  a  single 
line  (upper  curves  in  Figures  13  and 
14).  Computations  for  the  nonlinear 
cases  were  done  with  the  MACSYMA  code 
listed  in  Appendix  B.  Additional 
comparisons  like  those  in  Figures  13 
and  14  can  be  found  in  f 6 ]  for  other 
pressure  values  and  shell  geometries. 

As  an  alternative  to  explicit 
generation  of  the  moment-curvature 
equation,  the  energy  expression  for  the 
system  can  be  minimized  directly 
through  ise  of  a  numerical  optimization 
technique.  In  this  case,  of  course,  we 
must  forego  seeing  the  explicit 
algebraic  solution  form  and  must 
instead  settle  for  "approximate"  • 
answers,  albeit  with  a  controllable 
accuracy.  The  purpose  here  is  to 
demonstrate  that  in  those  cases  of  , 
nonlinear  shell  analysis  where  even  the 
assistance  of  a  tool  such  as  MACSYMA  is 
not  completely  effective  in  obtaining 
"exact"  solutions,  extremely  accurate 
numerical  results  can  be  easily  be 
gotten  if  the  energy  functional  can  at 
least  be  generated.  This  situation 
could  arise  in  the  present  work,  for 
example,  if  a  large  number  of  Fourier 
expansion  terms  were  desired  or  if  the 
underlying  shell  theory  formulation  was 
made  more  complex.  We  will,  without 
loss  of  generality,  illustrate  this 
approach  for  only  the  simplest  of  the 
Fourier  expansions  (i.e.,  two  terms); 
more  terms  could  easily  be  accomodated 
but  with  a  greater  expenditure  of 
computer  time  in  performing  the  MACSYMA 
manipulations. 

Two  gradient  method-based 
algorithms  have  been  used  to  minimize 
the  energy  functional.  Both  are 
designed  to  minimize  auite  general 
nonlinear  unconstrained  multivariate 
functions.  At  present  V,  the  total 
potential  energy  functional,  is  the 
objective  function  for  which  a  global 
minimum  is  sought  for  given  moment  and 
pressure.  The  minimum  is  found  by 
systematically  adjusting  e  and  the 
coefficients  An  until  V  is 
minimized.  The  user  must  supply 
explicit  expressions  for  V  and  its 
first  partial  derivatives  with  respect 
to  t , Aj ,  .  .  .,An.  Also,  reasonable 
starting  values  must  be  supplied  for 
these  parameters  from  which  the 
algorithms  begin  with  iterative  search 
for  the  minimum  of  V.  Both  algorithms 
are  conveniently  contained  within  the 
FORTRAN  subroutines  CONMIN  developed  by 
Shanno  and  Phua  (7). 

The  first  algorithm  incorporates  a 
variable  metric  technique,  i.e., 
initially. it  resembles  the  Steepest 


Descent  Method  in  performance  while 
resembling  the  Newton-Raphson  method  as 
the  minimum  is  approached  [8] .  The 
second  algorithm  is  based  on  the 
conjugate  gradient  method.  In  this 
case,  the  procedure  is  to  seek  the 
minimum  by  successive  linear  searches 
along  mutually  conjugate  directions. 

Of  course  a  major  task  then  becomes  the 
generation  of  sets  of  such  directions. 
The  particular  implementation  used  here 
is  one  due  to  Shanno  {9] .  As  is  shown 
in  [6],  both  algorithms  were  first  "put 
through  their  paces"  by  testing  them 
against  suitably  difficult  functions; 
both  were  found  to  be  satisfactory. 
FORTRAN  routines  were  then  written, 
built  around  MACSYMA-generated  FORTRAN 
coding  for  the  energy  expression,  and 
'  coupled  with  the.  CONMIN  subroutine  to 
compute  moment-curvature  results 
similar  to  the  previous  "exact 
solution"  procedure. 

Moment-curvature  plots,  similar  to 
Figures  13  and  14,  were  computed  for 
the  same  shell  geometry  but  for  an 
internal  pressure  of  3000  psi  by  use  of 
both  algorithms.  Results  for  the 
conjugate  gradient  and  variable  metric 
methods  are  shown  in  Figures  15  and  16, 
respectively.  The  upper  line  in  both 
figures  was  generated  from  the  exact 
.solution  for  M(c)  discussed  earlier 
while  the  triangles  represent  the 
discrete  points  where  the  algorithms 
supplied  approximate  values.  Both 
algorithms  gave  excellent  agreement 
with  the  exact  solution,  typically  to 
three  or  four  digits'  accuracy  on 
moment  values.  Further  calculations  of 
this  kind  are  given  in  (6) .  It  is 
expected  that  the  excellent  performance 
obtained  for  the  simple  two-term 
expansion  carries  over  to  the  higher 
expansions  as  well.  In  general,  in 
both  the  test  problems  and  in  the 
moment-curvature  calculations,  the' 
conjugate  gradient  method  required  more 
function  evaluations  (of  V  and  its 
partial  derivatives),  that, is,  more 
computer  time,  than  the  variable  metric 
method  to  converge  to  a  solution. 


CONCLUSIONS,  RECOMMENDATIONS  FOR  FUTURE 
WORK 

A  new  methodology  has  been 
developed  for  the  solution  of 
geometrically  nonlinear  shell  problems 
and  is  illustrated  by  application  to 
the  specific  case  of  a  large  deformation 
analysis  of  a  thin  elastic  circular 
cylindrical  shell  subjected  to  pure 
bending  and  pressurization.  We  have 
shown  that  a  symbolic  manipulation 
language,  such  as  MACSYMA,  is  a  powerful 
analytical  tool.  The  massive  algebraic' 
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work  attendant  with  nonlinear  shell 
work  is  greatly  expedited  with  the  aid 
of  such  tools.  It  is  demonstrated  that 
two  optimisation  algorithms  (one 
conjugate  gradient,  one  variable 
metric)  originally  designed  for 
minimization  of  nonlinear  unconstrained 
multivariate  functions  can  be  used  to 
compute  extremely  accurate  results 
where  MACSYMA-generated  explicit 
solutions  may  be  impractical.  The 
function  minimized  in  this  case  is  the 
total  potential  energy  of  the  shell  and 
external  loads. 

Several  assumptions  and  limitations 
are  inherent  ih  the  shell  analysis 
considered  here.  The  main  assumptions 
are  that:  (1)  The  possibility  for 
bifurcation  (buckling)  from  the 
nonlinear  deformation  states  leading  up 
to  the  limit  moment  is  omitted;  (2) 
Initial  imperfections,  or  deviations 
from  the  true  circular  form,  are  not 
considered;  (3)  The  shell  is  infinitely 
long  and  thus  all  cross  sections  deform 
the  same  way  (also  the  influence  of  end, 
boundary  conditions  are  neglected;  and 
(4)  The  additional  displacements  vi , 
wj  are  assumed  to  be  inextensible . 

These  effects  can  all  be  considered  by 
reformulating  the  analysis  from  the 
start.  It  was  felt  that  the  complexity 
associated  with  analyzing  these  effects 
would  unnecessarily  obscure  the.  purpose 
here  which  is  to  illustrate  clearly  a 
new  methodology.  Of  these  assumptions, 
perhaps  the  most  important  to  relax  in 
extending  the  work,  is  the  assumption 
concerning  bifurcation.  Other 
investigators  have  pointed  out  that 
bifurcation  into  a  pattern  of  axial 
wrinkles  on  the  compression  side  of  the 
shell  occurs  just  before  the  limit 
moment.  In  real  shells,  this  wrinkling 
behavior  is  gregtly  affected  by  the 
presence  of  imperfections.  Also, 
material  nonlinearity  (plasticity)  may 
become  important  as  the  wrinkles 
increase  in  amplitude. 

There  are  several  avenues  for 
further  research.  Clearly,  the  entire 
subject  of  shell  buckling  anaylsis  can 
benefit  from  the  introduction  of  tools 
' such  as  MACSYMA--this  applies  to  finite 
element-type  work  as  well.  An 
interesting  alternative  to  starting 
with  the  displacement-based  energy 
approach  of  Brazier  and  Wood  is  to 
begin  with  strains  as  discussed  by 
Reissner.  This  would  allow  the  use  of 
series  of  polynominal  functions  such  as 
Legendre  or  Chebyshev  polynominals.  In 
fact,  Chebyshev  polynominals  appear 
very  attractive  for  this  application  as 
they  are  known  to  possess  certain 
optimal  properties. 


The  analysis  can  also  be  extended 
to  include  stretching  of  the  shell 
middle  surface,  influence  of  the  axial 
dimension  (i.e.,  three  dimensional 
analysis),  the  presence  of  stiffeners, 
or  plasticity  effects.  Again,  the 
strain  energy  functional  may  turn  out 
to  be  very  nonlinear,  including 
non-smooth  behavior  if  plasticity  rules 
are  invoked;  but  practical  solutions 
may  be  computed  by  treating  the  problem 
as  one  in  Constrained  minimization-  or 
if  need  be,  an  equivalent  succession  of 
unconstrained  problems. 
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DISCUS  SI  OH 


Vole*:  Dm  triangle  seems  to  atop  at  the  end  of 
the  curve. 

Hr.  Bannister:  It  turns  out  that  the  laat  point 
1  showed  la  very  cloae  to  peak.  In  fact  1  had 
hoped  to  find  the  actual  peak  value ,  but 
unfortunately,  tine  ran  out  at  that  point,  and  I 
was  not  able  to  do  that.  But  1  think  it  could 
be  aaally  done  by  bracketing  and  going  beyond 
the  peak  and  then  going  back  and  forth.  Thia  la 
eonethlng  that  I  hope  to  do  later. 

Voice :  The  depth  of  your  explosive  charge  vaa 
30  oetera.  What  happens  to  the  radiation 
dauplng  If  the  depth  of  the  charge  goes  d  wn  to 
the  depth  of  the  bubbleT  How  does  that  affect 
the  hull  whipping? 

Mr.  Bannlater;  You  nean  If  the  depth  of  the 
bubble  la  very  large? 

Voice 8  No.  Suppose  the  sane  explosive  charge 
was  deeper,  say  500  aeters  or  1000  aatera.  How 
does  that  affect  your  whipping  analysis? 

Mr.  Bannisters  1  showed  sows  results  like  that 
In  an  earlier  paper,  the  50th  Shock  and 
Vibration  Bulletin,  but  at  a  shallower  depth. 

The  bubble  frequency  goes  way  up.  I  would  say 
It  la  vary  fast  and  very  high  frequency, 
particularly  at  1,000  waters. 

Voice:  How  does  the  bubble  load  the  target?  ' 

Mr.  Bannlater:  There  are  two  effects.  There  la 
the  radial  oscillation  that  the  bubble 
contributes  to,  and  there  la  also  the  upward 
il;ridon.  At  great  dapth  migration  Is 
minimal.  So  all  you  have  la  the  very  high  , 
frequency  oscillation.  Also,  because  the 
whipping  response  of  the  target  usually  Involves 
as  low  as  four  or  five  modes  of  vibration,,  there 
la  a  problem  with  the  tuning  between  these  modes 
and  the  high  frequency  bubble  motion. 

Therefore,  you  get  very  low  dipping  amplitudes. 

Voice:  Hull  whipping  occurs  at  tho  lower  end  of 
the  spectrum. 

Mr.  Bannlater:  That  la  correct . 

Voice:  Would  the  whipping  damage  :he  target? 

Mr.  Bannlater:  When  you  get  to  a  iltuatlon 
where  you  have  high  frequency  bubble  loedlngc, 
then  the  problem  comes  In  predicting  notion 
because  you  have  to  have  higher  anl  higher  isodea 
In  the  whipping  model.  After  about  the  tenth 
mode  you  will  have  trouble  with  this  particular 
model  that  I  used,  which  waa  a  simple  lumped 
mesa  elastic  beam  model. 

Voice:  As  you  go  deeper,  you  night  have  the 
effects  of  radiation  damping.  '  Did  you  analyse 
for  the  effects  of  the  greatar  depths? 


APPENDIX  A 


APPLICATION  OP  MACSYMA  TO  ROOT-PINDING 


Brazier's  analysis  [2]  leads  to  an 
Euler  eauation  for  the  circumferential 
displacement  component  v  in  the 
following  form 


d^ v  +  2  d^ v  4.  d^v 
dg*  dg*  dg2 

(A-l) 


*  -  sin  2* 

p2t2 


The  solution  to  Eauation  (A-l)  can 
easily  be  obtained  by  the  theory  of 
ordinary  differential  equatiors,  but  it 
is  instructive  to  employ  MACSYMA  in 
obtaining  the  homogeneous  solution. 
Although  MACSYMA  can  solve  ODE’s  by  the 
Laplace  Transform  method,  it  turns  out 
that  sixth-order  differential  equations 
exceed  the  present  capability. 

However,  by  inspection  we  can  write 
down  the  characteristic  eouation  for 
(A-l)  as 


R6  ♦  2R4  ♦  P?  ■  0  (A-2) 


which  obviously  has  the  repeated  roots 


R  -  ♦  V^T. 


MACSYMA  can  be  used  to  obtain  the  same 
roots.  The  input  commands  and  replies 
to  theae  commands  are  shown  next. 


;.iis  is  a  MACSYMA  303 

PIX303  1  OSK  MACSYM  being  loaded 
Loading  done 

(Cl)  EQO:R»*6e2»R*MeR**2; 

(PI)  R*  ♦  2R«  ♦  *2 

<C2)  SOLVE (EOU. R) } 

SOLVE  FASL  DSK  MACSYM  being  loaded 
Loading  done 

(D2)  (R  -  -  %I,  R  -  tl,  R  -  0) 


After  a  preliminary  message,  the 
righthand  side  of  the  characteristic 
equation  is  input  to  MACSYMA  on  the 
line  (Cl)  and  is  stored  in  the  variable 
named  EOU.  After  this  point,  any 
reference  to  EOU  is  equivalent  to 
referencing  the  polynominal  expression 
in  R.  In  line  (Dl) ,  MACSYMA  merely 
•plays  back*  or  displays  the  contents 
of  EOU  in  standard  algebraic  format. 

On  line  (C2),  MACSYMA  is  instructed  to 
solve  for  the  roots  of  the  R-expression; 
it  is  assumed  EQU  ■  0  in  this  case. 

After  pri>tinq  a  brief  message 
concerning  loading  of  files  to  perform 
the  root  search,  the  roots  are  computed 
and  then  arc  displayed  on  line  (D2) . 
Note  that  MACSYMA  uses  the  convention 


U  .  v^l  »  i.  (A-4) 


Having  found  the  roots,  the  homogeneous 
‘solution  can  be  written 


v(g)  a  (81  ♦  82#)  +  (83+844) cosg 

(A-5) 

♦  (B5  *  B6g)  sing. 
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APPENDIX  B 


LISTING  OP  MACSYMA  CODE  USED  TO  GENERATE  NONLINEAR  SOLUTION 
FOR  THREE-TERM  FOURIER  EXPANSION 


N:  3$ 

MATCHDECLARE ( Z 2 , TRUE) $ 

DEFR'JLE (R1 , SIN ( ZZ)  ,0)S 
DEFRULE (R2,COS (ZZ) ,0) $ 

EBOTH (XX, YY) :«BLOCK( [RESULT] , 

RESULT:TRIGREDUCE (EXPAND (XX) , YY) , 

RESULT:APPLY1 (RESULT, R1,R2) , 

RETURN (RESULT) )$ 

ARRAY (AA,10) $ 

V: V0+V1S 
H:W0+W1+WBAR$ 

,D: (A-W) *COS (PHI) -V*SIN (PHI ) $ 

DD:D*DS 

V0:W0*SIN(PHI)S 
WO:KWO*COS(PHI)S 
HBAR : HWBARC 
VI :  OS 
HI :  OS 

V 1 : Vl+SUM ( AA [ I ] *SIN ( I*PHI ) , 1 , 2 ,  N)  S 
HI : HI ♦SUM ( I*AA [I ] *COS ( I*PHI ) , I , 2 , N) $ 

■  V :  EV  (V)  S 
W:EV(W)S 
D:EV(D)S 

DD:EBOTH (EV (DO) , PHI ) S 

CHI: (DIFF (W,PHI , 2) ♦DIFF (V, PHI) ) / (A*A) $ 

U1I : DC* EBOTH (CHI *CHI , PHI ) *AS 

ST:E*D*EPS/AS 

SP:0S  . 

STB:E*AL/2S 
SPB:E*ALS 
ET:D*EPS/AS 
EP : -NU*D*EPS/A$ 

FTBxAL*(l-2*NU)/2S 
EPB;AL* (2-NU)/2S 
U2I:DD*E*EPS**2/A**2*A*TS 
U3I : 0$ 

L4IxSPB.;EPB*A*TS 

U5I x ST8*ETB*A*TS 

U6Ix EBOTH (STB*ET*A*T, PHI >S 

U7I xA*T* EBOTH (SPB*EP, PHI ) S 

UI: (UlI+U2I+U3I+U4I+U5I)/2+U6I^U7I$ 

Ux  2*%PI"UI$ 

TT: ( (AL*E*T/A)MPI/2)»( (A*NU*EPS) **2-SUM ( (I**4-I**2> *AA[ I] *»2, 

I, 2,N) ) S 

WWxM*EPS/A# 

W:U-TT-WW$ 

STORE (( KBAN, ENERGY, DSX,USEPS4]  ,W,Ult,U2I, 

U3I,U4I,U5I,U6I,U7I ,TT,WW, V,W,ST,SP,STB , 

S  PB , ET , EP , ETB , EPB , N ) $ 
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Figure  1.  Floating  Uniform  Elastic  Beam  Subjected  to  100  Kg  TNT 
Explosion  Bubble  Loading  (charge  at  30.48  m  depth) 
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Figure  2.  Bubble  Radius  vs.  Time 


i.o  '  i  s 

TIMS  IUCOMOS) 


'igure  3.  Bubble  Center  uepth 
vs.  Tine 
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Figure  4.  Bubble  Migration 
Velocity  vs.  Time 


v,  w  »  y  and  z-directlon  displacement  components  at  the 
point  P  of  the  shell  middle  surface 

Figure  9.  Definition  of  Cross'  Section  Parameters  and 
Coordinates  for  Circular  Cylindrical  Shell 
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d  ”  Distance  from  neutral  axis  to  point  P  of 
shell  middle  surface 

Figure  10.  Cylindrical  Shell  in  Pure  Bending 
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Figure  IX.  Moment-Curvature  Behavior  as  Predicted  by  Linear 
(St.  Venant)  Theory  and  Large  Deformation 
(Brazier-type)  Theory 


Figure  12.  Brazier's  Oval i ration  Mode  for  the  Circular 
Cylindrical  Shull  in  Pure  Bending 
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Figure  13.  Comparison  of  Nondimensional 
Moment-Curvature  Predictions 
(Thin  shell,  moderate  internal 
pressure) 
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Figure  14.  Comparison  of  Nondimensional 
Moment-Curvature  Predictions 
(Thin  shell,  moderate  external 
pressure) 
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Exact,  and  Wood's  Prediction  for  3000 
psi  Internal  Pressure 


Figure  16.  Comparison  of  Variable  Metric  (BFGS  ' 
Algorithm),  Exact,  and  Wood's 
Prediction  for  3000  psi  Internal 
Pressure 
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WATER  IMPACT  LABORATORY  AND  FLIGHT  TEST  RESULTS 
FOR  THE  SPACE  SHUTTLE  SOLID  ROCKET  BOOSTER  AFT  SKIRT 


D.  A.  Kross 

NASA/Marshall  Space  Flight  Center 
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N.  C.  Murphy 

United  Space  Boosters,  Inc. 
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A  series  of  water  impact  tests 'has  been  conducted  using  full- 
scale  segment  representations  of  the  Space  Shuttle  Solid  Rocket 
Booster  (SRB)  aft  skirt  structure.  The  baseline  reinforced 
structural  design  was  tested  as  well  as  various  alternative 
design  concepts.  A  major  portion  of  the  test  program  consisted 
of  evaluating  foam  as  a  load  attenuation  material.  Applied 
pressures  and  response  strains  were  measured  for  impact  veloci¬ 
ties  from  40  feet  per  second  (ft/s)  to  110  ft/3.  The  structural 
configurations,  test  articles,  test  results,  and  flight  results 
are  described. 


INTRODUCTION 

A  significant  cost  saving  feature 
of  the  Space  Shuttle  launch  vehicle  is 
the  recovery,  retrieval,  refurbishment, 
and  subsequent  reuse  of  its  two  SRB's. 

To  date,  SRB  hardware  value  at  over  450 
million  dollars  has  been  successfully 
retrieved.  This  demonstrates  that  the 
overall  SRB  recovery  approach  of  first 
decelerating  the  booster  by  deployment 
of  parachutes  and  then  entering  the 
ocean  in  a  tail-first  attitude  is  sound., 
The  majority  of  the  primary  structural 
elements  of  the  boosters  have  sustained 
only  minor  damage  due  to  water  impact. 

In  the  case  of  the  SRB  aft  skirt,  however, 
major  structural  damage  has  been  experi¬ 
enced.  Specifically,  the  aft  skirt 
internal  stiffener  rings  have  been 
cracked  and,  on  occasion,  have  had  por¬ 
tions  completely  blown  off  due  to  the 
tremendous  water  impact  pressures. 

Subsequent  to  the  first  Shuttle 
launch,  efforts, were  initiated  to  de¬ 
sign,  fabricate,  and  install  structural 
reinforcements  to  the  SRB  aft  skirt  in¬ 
ternal  stiffener  rings.  Due  to  manu¬ 
facturing  schedule  and  installation 
accessibility  constraints,  these  reinfor¬ 
cements  were  added  in  varying  degrees 


with  the  sixth  flight  set  of  boosters 
being  the  first  with  a  complete  comple¬ 
ment  of  reinforcements.  These  boosters 
contain  about  1,000  lb  of  aft  skirt  ring 
reinforcements.  As  structural  modifi¬ 
cations  were  being  developed,  a  parallel 
effort  was  started  with  the  objectives 
of  quantifying  the  effect  of  these  de¬ 
sign  improvements  aM  identifying  alter¬ 
native,  more  cost  effective  means  of 
solving  the  aft  skirt  water  impact  damage 
problem.  The  primary  results  obtained 
from  the  test  program  portion  of  this 
evaluation  effort  will  be  discussed  here¬ 
in. 


STRUCTURAL  CONFIGURATION 

The  general  SRB  configuration  at 
water  impact  is  illustrated  in  Figure  1. 
Each  booster  weighs  approximately  166K 
lb  when  it  impacts  the  water  tail-first 
at  a  nominal  vertical  velocity  of  88  ft/s 
The  aft  skirt  of  each  SRB  contains  three 
internal  stiffener  rings  as  shown  in  ' 
Figure  2.  Detail  dimensions  are  given 
in  Figure  3  for  the  three  baseline  de¬ 
sign  rings  as  well  as  a  new  proposed 
candidate  mid-ring  design.  The  aft  skirt 
is  constructed  of  2219-T87  aluminum  with 
a  skin  thickness  varying  from  0.(2  to 
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ET  ATTACH  CAVITY  COLLAPSE  CAVITY  COLLAPSE 
RING  STIFFENER  STUBS  STIFFENER  RINGS 


WEIGHT  AT  IMPACT  -  166  K  LBS 
PITCH  INERTIA  -  8.7  x  106  SLUG-FT2 
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JOINT  (10 PL.)-' 


FIGURE  1 

SRB  WATER  IMPACT  CONriGURATION 
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SUB  AFT  SKIRT  GEORETRY 
FIGURE  2  ; 

to  0.50  inch  and  contains  integrally 
milled  internal  stiffeners  located  every 
5°  circumfersntially.  The  original  first 
flight  boosters  had  gussets  located  be¬ 
tween  the  rings  and  aft  skirt  stiffeners 
located  at  every  third  stiffener  (15°). 
Subsequently,  for  strength  improvement 
purposes,  additional  gussets  were  added 


at  each  stiffener  which  had  no  previous 
gusset.  In  addition,  clips  were  added 
between  the  ring  web  and  ring  flanges. 


FULL  SCALE  AFT  SKIRT  SEGMENT  TEST  PROGRAM 

As  part  of  the  aft  skirt  structural 
modification  evaluation,  a  series  of 
water  impact  tests  was  conducted  using 
full-scale  SRB  aft  skirt  segment  test 
articles.  The  primary  objectives  of 
these  tests  were  as  follows:  ■ 

o  Obtain  applied  pressures  and 
associated  structural  dynamic  strain  re¬ 
sponse  data  at  full-scale  water  impact 
conditions. 

o  Evaluate  effects  of  foam  and 
foam  contour  shape  on  the  dynamic  re¬ 
sponse.  .  . 

o  Assess  effects  of  removing 
selected  structural  ring  reinforcements 
such  as  clips  and  gussets. 

o  Study  a  proposed  mid-ring  alter¬ 
native  design. 

o  Test  the  aft  ring  segment  to 
failure. 

Two  test  articles  were  used  in  this 
test  program.  '  The  first  simulated  a 
segment  of  the  aft  skirt  mid-ring  struc¬ 
ture,  whereas  the  second  test  article 
represented  a  full-scale  segment  of  the 
aft  ring  structure.  Both  test  articles 
were  constructed  of  2219-T87  aluminum 
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FIGURE  3 
SRB  AFT  SKIRT 


material  and  included  flight-type  mech¬ 
anical  fasteners  between  the  ring,  clips, 
gussets,  and  skin  structure.  .The  mid¬ 
ring  test  specimen,  shown  in  Figure  4, 
consisted  of  a  wedge-shaped  structure 
which  represented  a  15°  arc  segment  of 
the  aft  skirt,  but  without  curvature. 
Located  approximately  half-way  up  on  one 
side  of  the  edge  was  a  full-scale  aft 
dkirt  mid-ring  segment  configured  with 
structural  reinforcements  similar  to 
the  current  baseline  SRB  design.  The 
other  side  of  the  wedge  contained  an 
alternative  candidate  design  for  the 
mid-ring.  The  skin  panels  were  flight 
design  configured  to  include  the  inte¬ 
grally  milled  stiffeners  above  and  below 
the  mid-ring.  The  test  article  weighed 
approximately  72S  lb.  The  aft  ring  test 
article  represented  a  30 9  arc  segment  of 
the  aft  ring/skirt  skin/stiffener  con¬ 
figuration,  but,  again  without  curvature. 
As  shown  in  Figure  5,  the  aft  ring  seg¬ 
ment  included  both  the  original  gussets, 
which  were  present  on  every  third  string¬ 
er  on  the  first  flight  boosters,  and  the 
smaller  gussets,  which  were  added  for 
additional  support  at  every  vacant 
stringer  location.  The  aft  ring  test 
article  weighed  435  lb. 


AFT 


RINGS 


Instrumentation  consisted  of  press¬ 
ure,  strain,  and  accelerometer  measure¬ 
ments.  The  mid-ring  test  specimen  had 
12  pressure  transducers,  3  accelerometers, 
57  uniaxial  strain  gauges,  and  28. rosette 
strain  gauges  installed  for  a  total  of 
153  channels  of  data.  The  aft  ring  test 
article  contained  12  pressure  trans¬ 
ducers,  3  accelerometers,  27  uniaxial 
strain  gauges,  and  31  rosette  strain 
gauges  for  a  total  of  135  data  measure¬ 
ments.  On  each  individual  test,  however, 
only  13C  channels  of  data,  in  addition  to 
time  code,  were  recorded. 

The  SRB  aft  skirt  segment  water  im¬ 
pact  test  program,  was  conducted  at  the 
Hydroballistic  Facility  of  the  Naval 
Surface  Weapons  Center  located  in  White 
Oak,  Maryland.  An  air  gun  launch  system 
was  used  to  accelerate  the  test  article 
to  the  desired  . nitial  impact  velocities 
which  ranged  wn  40  to  110  ft/s.  In¬ 
strumentation  railing  wires  and  arresting 
cables  were  attached  between  the  test 
article  and  the  tank  structure.  A  total 
of  .-.0  mid-ring  and  25  aft  ring  testB 
wem  performed. 
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FIGURE  S.  AFT  RING  TEST  ARTICLE  COFIGURATION 


MID-RING  TEST  RESULTS 

The  mid-ring  segment  test  condition, 
summarized  in  Table  1,  included  varia¬ 
tions  in  impact  velocity,  impact  angle, 
foam  shape,  and  structural  configuration. 
The  impact  angle  coordinate  system  is 
defined  such  that  a  negative  angle  corre¬ 
sponds  to  tilting  the  wedge  side  with  the 
baseline  design  ring  segment  down  toward 
the  water.  Foam  contour  shapes  that  were 
tested  are  shown  in  Figure  6.  The  foam 
used  was  a  2.7  lb/ft3  density  sprayable 
Instafoam.  Two  types  of  structural  modi¬ 
fications  were  tested  in  addition  to  the 
fully  reinforced  configuration.  The 
first  consisted  of  removing  the  inboard 
and  outboard  clips  near  stiffener  2  and 
3  on  the  baseline  design  ring  and  re¬ 
moving  the  gussets  at  stiffener  2  and  3 
on  the  new  design  ring.  The  second 
Structural  modification  included  those 
made  on  the  first  plus  the  removal  of 
gussets  at  stiffener  2  and  3  on  the 
baseline  design  ring. 

The  effects  of  initial  entry  angle 
on  pressures  are  shown  in  Figure  7  for 
both  the  baseline  design  ring  and  new 
design  ring.  Maximum  pressures  were 
measured  on  the  ring  inner  flange  fol¬ 
lowed  by  the  ring  web,  ring  outer  flange, 
and,  finally,  the  skirt  skin  which  had 
the  lowest  pressure  values,  as  expected. 


FIGURE  17 

FtU  SCALE  SEGMENT  RING  PRESSURES 


is  presented  in  Figure  16.  It  is  seen 
that  a  significant  reduction  in  press¬ 
ures  occurs  with  any  of  the  foam  con¬ 
tours  tested.  As  expected,  the  convex 
contour  Shape  V  is  superior  to  the 
other  shapes.  The  present  flight  con¬ 
figuration  closely  resembles  Shape  VII 
which  indicates  that  the  anticipated 
peak  pressure  is  between  175  to  250  psig 
on  the  aft  ring  web.  It  is  noted  that 
the  external  contours  of  Shape  V  and 
Shape  VII  are  similar,  yet  the  peak 
pressures  for  Shape  V  are  lower.  This 
is  most  likely  due  to  the  presence  of 
the  incompressible  cork  in  che  Shape 
VII  configuration,  which  does  not  act 
as  a  load  attenuator  as  the  highly 
compressible  foam  does. 
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influence  on  the  maximum  stresses  with 
Shapes  V  and  VII  proving  to  be  the  best. 
Strain  time  histories  measured  on  a  gus¬ 
set  and  inner  flange  are  presented  in 
Figure  19.  The  peak  strain  amplitudes 
are  seen  to  be  significantly  reduced, 
the  response  frequency  lowered,  and  the 
ringout-type  response  eliminated  with 
the  addition-  of  foam. 

Relative  peak  stress  levels  for 
various  aft  ring  structural  configura¬ 
tions  without  foam  are  shown  in  Figure 
20.  The  removal  of  some  of  the  clips 
and  gussets  tends  to  reduce  the  maximum 
stresses  since  additional  flexibility 
is  being  introduced.  The  area  of  the 
aft  ring  between  gussets  did  experience 
somewhat  higher  stresses  when  the  clips 
and  gussets  were  removed,  but  this  was 
not  nearly  as  significant  as  the  stress 
reductions  noted  in  the  area  of  the 
gussets. 


A  comparison  of  pressure  time 
histories  with  and  without  foam  is 
shown  in  Figure  17.  The  amplitudes  are 
seen  to  be  reduced  and  the  frequency ' of 
the  applied  shock  load  is  lowered  with 
the  addition  of  foam. 

Maximum  relative  normal  stresses 
through  the  aft  ring  segment  are 
summarised  in  Figure  18.  The  differ¬ 
ence  between  the  poured  and  layered 
application  technique  is  seen  to  not 
cause  a  significant  difference  in  peak 
stresses.  Foam  shape  has  a  strong 


One  of  the  objectives  of  the  air 
ring  segment  water  impact  test  program  was 
to  increase  the  impact  velocity  until  a 
structural  failure  occurred.  This  was 
accomplished  at  a  velocity  of  110  ft/s 
with  the  primary  failure  occurring  in 
the  outboatd  flange  as  illustrated  in 
Figure  21.  A  similar  failure  was  ex¬ 
perienced  on  the  third  flight  of  an 
SRB  during  water  impact  at  the  same 
velocity.  This  higher  impact  velocity 
was  due  to  a  failed  main  parachute. 


FIGURE  18 

AFT  RING  TEST  MOOEL  RELATIVE  STRESS  LEVELS 


FLIGHT  RESULTS 

Foam  was  added  to  the  SRB  aft  skirt 
rings  beginning  with  the  seventh  flight 
set  of  boosters.  The  foam  contour 
shape  was  similar  to  Shape  I  on  the 
mid-ring  and  Shape  VII  on  the  aft  ring. 
Although  some  foam  was  missing  from  the 
rings  after  SRB  retrieval,  post-flight 
inspections  indicate  that  the  majority 
of  foam  was  intact  just  prior  to  water 
impact. 

Flight  instrumentation  consisted 
of  two  pressure  transducers  located 
approximately  130°  apart  on  the  aft, 
mid,  and  forward  rings  of  each  booster. 
These  measurements  were  present  start¬ 
ing  with  the  seventh  Space  Shuttle 
launch  (STS-7) .  Figure  22  contains 
some  typical-  water  impact  pressure  time 
history  data  obtained  from  the  flights. 
Table  3  summarizes  the  flight  results 
obtained  to  date.  The  pressure  values 
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FIGURE  19 
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are  seen  to  vary  greatly,  which  is  in¬ 
dicative  of  a  highly  asymmetric  cir¬ 
cumferential  distribution.  Also,  the 
exact  amount  and  shape  of  foam  present 
at  water  impact  is  not  accurately ' known 
since  the  major  portion  of  -  foam  is 
often  missing,  when  the.  boosters  are 
retrieved. 


SUMMARY  AMD  CONCLUSIONS 

In  summary,  a  total  of  45  water  im¬ 
pact  tests  have  been  conducted  on  SRB 
full-scale  aft  skirt  ring  segment  test 
articles  at  impact  velocities  from  40 
to  110  ft/s.  Pressure  and  strain  meas¬ 
urements  were  recorded  to  evaluate  the 
applied  loads  and  associated  dynamic 
structural  response.  Significant  trends 
have  been  identified  and  are  presented 
herein. 
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The  following  conclusions  may  be 
drawn  based  on  the  results  discussed 
herein. 

o  Initial  entry  angle  has  a  signi¬ 
ficant  effect  on  maximum  pressures  and 
stresses.  For  example,  a  change  in 
angle  of  8  degrees  doubles  the  pressure 
and  associated  stress  levels  experienced 
by  the  baseline  design  mid-ring  without 
foam. 

o  The  addition  of  foam  to  the 
baseline  design  ring  reduces  the  peak 
pressures  and  dynamic  stresses  by  75  to 
90  percent  for  both  the  mid-  and  aft 
rings. 

o  Pressures  and  stresses  increase 
with  velocity  at  a  greater  rate  than  the 
commonly  used  velocity  squared  ratio. 

For  instance,  the  pressure  and  stress 
values  double  with  an  increase  in  velo¬ 
city  from  80  to  90  ft/s. 

o  A  convex  foam  shape  is  superior 
to  a  relatively  flat  wedge  shape  from  a 
viewpoint  of  structural  loads  and  re¬ 
sponses.  The  convex  shape  reduces  the 
pressures  and  stresses  on  the  baseline 
ring  by  50  percent. 

o  Removal  of  the  structural  re¬ 
inforcement  clips  from  the  baseline 
design  mid-ring  causes  an  increase  in 
maximum  stress  levels  up  to  a  factor  of 
two.  In  the  case  of  the  aft.  ring,,  how¬ 
ever,  stress  reductions  were  noted  when 
some  clips  and  gussets  were  removed. 


o  A  structural  failure  occurred 
on  the  aft  ring  outer  flange  and  small 
gusset  in  a  fashion  similar  to  that 
experienced  on  the  STS -3  flight. 

o  Flight  results  consisting  of 
pressure  measurements  indicate  that  the 
aft  skirt  ring  web  pressure  environment 
is  asymmetric  circumferentially  and  is, 
it  appears,  highly  dependent  on  the 
exact  amount  as  well  as  shape  of  foam 
present  at  water  impact. 
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AH  OBJECTIVE  ERROR  MEASURE  FOR  THE  COMPARISON  OF 
CALCULATED  AND  MEASURED  TRANSIENT  RESPONSE  HISTORIES 


Thomas  L.  Geers 

Lockheed  Palo  Alto  Research  Laboratory 
Palo  Alto,  California 


A  simple  error  measure  la  proposed  for  the  objective' 
comparison  of  a  calculated  transient  response  history 
with  Its  measured  counterpart.  The  measure  assigns  a 
single  numerical  value  to  the  discrepancy  between  the 
two  histories  over  a  specified  comparison  period.  Co*" 
putatlon  of  the  measure  involves  the  integration  in 
time  of  squares  and/or  products  of  the  calculated  and 
measured  histories.  Representative  results  are  shown 
for  both  Idealized  and  actual  response  histories. 


INTRODUCTION 

Computar  codes  are  now  widely  used  to  perform 
response  calculations  for  transiently  excited 
structures.  Often,  experiments  are  performed 
to  evaluate  the  accuracy  of  the  calculations, 
which  Inevitably  raises  questions  concerning 
evsluatlon  criteria.  The  criteria  used  to  date 
have  generally  been  subjective  In  nsture,  fo¬ 
cusing  on  the  size  of  nearly  simultaneous 
peaks,  the  magnitudes  of  pronounced  oscilla¬ 
tions,  apparent  decay  rates,  and  other  general- 
appearance  characteristics.  The  lmpreclseness 
of  these  criteria  has  made  It  difficult  to  In¬ 
corporate  them  Into  systematic  evaluations  and, 
as  a  result,  to  establish  consensus  positions. 

This  paper  describes  a  simple,  objective  error 
measure  for  assessing  the  discrepancy  between 
a  calculated  and  a  measured  transient  response 
history.  The  measure  Is  based  on  two  "corre¬ 
spondence  histories",  each  of  which  Involves 
the  Integration  In  time  of  squares  and/or  pro¬ 
ducts  of  computed  and  measured  response  histo¬ 
ries.  These  correspondence  histories  pnesess 
t be  following  attributes! 

1.  Each  approaches  a  constant  value  at  .late 
time, 

2.  One  Is  sensitive  to  magnitude,  but  Insen¬ 
sitive  to  phase,  discrepancy, 

1.  One  Is  sensitive  to  phase,  but  insensitive 
to  magnitude,  discrepance. 

The  first  attribute  allows  one  to  compare  two 
response  histories  on  the. basis  of  two  numbers. 
The  second  and  third  attributes  assure  that 
these  numbers  dlacrlbe  orthogonal  discrepan¬ 
cies,  which  allows  one  to  construct  a  single 
"comprehensive  error-factor"  by  the  vector  ad*' 
dltlon  of  a  "magnitude  error-factor"  and  a  ■ 
"phase  error-factor". ' 


There  Is  a  vast  amount  of  Information  Involved 
.a  a  typical  direct  comparison  of  transient- 
response  calculations  with  corresponding  exper¬ 
imental  dsta.  Use  of  the  comprehensive  error- 
factor  substantially  reduces  the  comparison  ef¬ 
fort.  For  example,  a  direct  comparison  of  two 
different  sets  of  medium-scale  calculations 
with  corresponding  experimental  data  might  re¬ 
quire  examination  of  three  sets  of  SO  response 
histories,  each  with  200  time  steps  needed  .for 
adequate  response  resolution;  such  a  comparison 
therefore,  would  Involve  the  assimilation  of 
30 ,000. data  points.  Use  of  the  comprehensive 
error  factor  reduces  the  number  of  data  points 
to  be  assimilated  from  30,000  to  100. 

COMPREHENSIVE  ERROR-FACTOR 
Consider  the  temporal  functions 


T 

®cm(T*,0  *  J  c(t+t)  m(t)  dt 

(i) 

*c2(T.t)  “  JT  C2(t+t)  dt 


where  c(£)  and  *vt)  are  piecewise  continuous 
functions  of  time.  It  Is  usually  convenient  to 
define  c(t)  and  m(t)  such  that  they  are  zero 
for  t  <  0,  In  which  case  the  lower  limits  of 
these  Integrals  are  zero  and  — t  for  t  >  0,  and 
are  both  jt|  for  t  <  0.  In. terms  of  the  func¬ 
tions  of  (1),  the  " correspondence  histories* 
G(T,t)  and  H(T,t)  are  defined  by  the  relations 


W 


*W  k* 


«c2(T.t) 

C2(T,x)  -  - - - -  ;  [t  «  Tj 

*  2<T,°) 


In  addition.  If  x  1*  the  value  of  x  at  which 
Ec(x)  reaches  Its  alnlaua,  the  aagnlcude  and 
phase  error-factors  are  given  as 


H2(T,x) 


I»cm(T.-»H _ 

I*c2(T,x)  «a2(T.O)J1/2  * 


It  «  T) 


where  c(t)  Is  a  calculated  response  history, 
a(t)  is  the  corresponding  aeasured  response 
history,  and  x  Is  the  (generally  uncertain)  de¬ 
lay  between  starting  tlaes  for  the  two  histo¬ 
ries.  As  shown  below,  G(T,x)  Is  sensitive  to 
aagnltude  discrepancy  between  c(t)  and  a(t), 
but  Is  not  sensitive  to  phase  discrepancy  be¬ 
tween  the  two.  In  contrast,  H(T,x)  Is  sensi¬ 
tive  to  phase  dlecrepency,  but  Is  not  sensitive 
to  magnitude  discrepancy. 


e  -  E  (x)  e  -  E  (x)  (6) 

a  a  P  P 


Equation  S  defines  the  coaprehenslve  error- 
factor  for  the  coaparison  of  a  calculated  re¬ 
sponse  history  with  its  experimental  counter¬ 
part.  For  an  ensemble  of  H  such  coaparlsons, 
one  aay  calculate  an  average  coaprehenslve 
error-factor  as 


N 


If  both  C(T,x)  and  H(T,x)  are  virtually  con¬ 
stant  between  the  tlaes  T/2  and  T ,  where 
0  <  T  <  f ,  It  Is  reasonable  to  calculate  the 
'correspondence  averages' 


G(x)  -  l  /  G(T,x)  dT  , 

T  T/2 

O) 

,  T 

H(x)  -  4  /  H(T,x)  dT 
TT/2 


Because  the  (ec)n  are  all  positive,  this  en- 
seable  average  la  not  undermined  by  the  can¬ 
cellation  of  positive  and  negative  contrlbu-  . 
tlons.  This  alleviates  the  need  to  calculate 
and  Interpret  higher-order  statistical  quanti¬ 
ties,  such  as  standard  deviations,  although 
such  quantities  aay  be  worth  calculating  In 
•out  situations.  Slallar  ensemble  average*  e, 
and  ip  aay  also  be  calculated;  Che  foraer  Is 
helpful  In  assessing  whether  the  calculated  re¬ 
sponse  histories  In  a  particular  enseable  tend 
to  overestlaate  or  underestimate  thilr  mea¬ 
sured  counterparts. 


DISCUSSION 


froa  which  one  can  readily  coapute  the  aagnl¬ 
tude,.  phase  and  comprehensive  error  averages 

E  < x)  -  C(x)  -  1  E  (x)  -  1  •  H(x> 

•  P 

(*> 

Ee(x)  -  (E*(x)  +  Ep(x))1/2 

It  Is  readily  seen  that  both  E,(x)  and  E-(x) 
are  unaffected  by  uncertainty  regarding  the 
the  polarltlea  of  c(t)  and  a(t).  It  la  also  ' 
readily  determined  that  E,(x)  Is  virtually 
unaffected  by  uncertainty  In  x,  but  that  Ep(x) 
aay  be  substantially  affected  by  such  uncer¬ 
tainty.  Inasmuch  as  the  coapertslon  of  two 
translant-raeponsa  histories  should  be  unaf¬ 
fected  by  aodest  translations  of  those  histor¬ 
ies  along  the  tine  axis,  it  Is  appropriate  to 
define  the  coaprehenslve  error-factor  as 


•e  -  HIN  (Ec(x»  (j) 


The  coaprehenslve  error-factor  defined  In  (5) 
assigns  a  single  numerical  value  to  the  dis¬ 
crepancy  between  r.  calculated  response  history 
and  Its  nsasured  counterpart.  Information  as 
to  the  nature,  of  this  discrepancy  Is  provided 
by  the  magnitude  and  phase  error-factors  de¬ 
fined  In  (6).'. 

C(T,x)  and  H(T,x)  arm  closely  related  to  quan¬ 
tities  eoMonly  used  In  tlae-serles  analysis 
(see,  e.g.,  (II).  In  this  regard,  the  foraer 
alght  be  termed  the  "noraallsed  energy  history' 
for  e(t)  and  the  latter  alght  be  termed  the 
'noraallsed  correlation  history”  for  c(t)  and 
a(t).  Note  that  H(T,x)  la  defined  such  that 
Its  nuaerstor  and  denominator  are  of  the  saae 
aetrlc  as  those  of  C(T,x);  this  Is  appropriate 
for  vector  addition  of  E^fx)  and  E_(x)  to  ob¬ 
tain  Ee(x)  (see  (4)1. 

Some  Interesting  aspects  of  the  preceding  da- 
velopaent  are  discussed  In  the  Appendix;  they 
aay  be  auaaarlsed  as  follows; 

1.  *mc(  f.t)  •  ^(Tex.-x)  and  «c2(T,x)  - 
mc2(Tfx,0);  the  foraer  Indicates  that  It 
natter*  little  whsthor  c(t)  or  a(t)  Is 
shifted  by  x  In  (2),  a*  x«T. 
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2.  The  second  relation  in  the  preceding  Item, 
say  be  used  for  efficient  computation  of 
®c2(T,t);  $cn(T,v)  may  be  efficiently  com¬ 
puted  as  ®caCT,t)  ■  F-1  (C'j(u)ot(-u)}  ,  where 
F"1  denotes  inverse  Fourier  transformation, 
and  where  cy(u)  and  Sj(u)  are  the  Fourier 
transforms  of  c(t)  and  m(t),  respectively, 
both  truncated  at  t  •  T. 

3.  0  <  H(T,t)  <  1  for  any  c(t)  and  m(t). 

4.  If  c(t)  «  (1+e)  m(t),  where  e  >  -1  is  a 
constant,  eB  “  e,  ep  ■  0  and  thus  ec  “  | e ( . 

5.  If  m(t)  «  sin  2xt  for  t  >  0  and  c(t)  * 

(1+e)  sin  [2*(l+y)t  -  ♦  )  for  t  >  ♦/2it(l+y), 
e^  *  e,  e~  «  0  and  thus  ec  «  |ej  for  e  >  -1, 
yT  «  1  and  T2  »  l. 

6.  If  m(t)  “  sin  2st  for  t  >  0  and  c(t)  •  (1+t) 
sin  (2it(l+y)t  -♦!  for  t  >  */2n(l+y),  e^  •  e, 
ep  *  1  and  thus  ec  *  (1  +  e2)l/2  for  t  >  -1, 
yT  »  l  and  T2  »  1. 

7.  A  previously  considered  error  measure  Is 
the  root-mean-square  error  history  Er(T,t), 
defined  as 


E2(T.t)  -  [V<T,0)]-‘  /  Ic(t+r)-m(t)l2dt 

-  (7) 


It  la  Informative  to  compare  this  with  the 
magnitude-,  phase-  and  comprehensive-error 
histories,  defined  as  (cf.  (4)1 


E,(T,t)  -  C(T,t)  1  Ep(T.t)  -  1  -  H(T,r) 


Ec(T,r)  -  (E*(T,r)  +  E2(T,t)l1/2 


For  E2(T,i)  «  1  and  E2(7,t)  «  1,  it  is 
•  P 

readily  shown  that  . 


E2(T,t>  -  E2(T,t)  >  4Ep(T,t),  ^(T.t)  >  0 


E2(T,t)  -  E2(T,-t)  ♦  41  l+Ej|(T,r)-€p(Ttt)l , 


Hence  Er(T,t)  greatly  exceeds  Ee(T,t)  due 
to  the  terms  of  order  unity,  E^T.t)  and 
Ep(T,t).  This  characteristic  makes  an 
rms-error  factor  given  by  er  ■  Er(t)  too 
stringent  an  error  measure,  as  seen  below., 


The  comprehensive  error-factor  Is  the  result  of 
many  iterations.  The  proposal  for  comparing 
c.V  culated  and  measured  translenc  response  his¬ 
tories  on  the  basis  of  Integral  functions  ori¬ 
ginated  with  the  author  In  1978  [2].  O'Hara 
[31  responded  by  pointing  out  the  value  of 
G(T,0)  and  H(T,0)  as  magnitude-sensitive  and 
phase-sensitive  correspondence  measures,  re¬ 
spectively.  This  prompted  the  author  [4]  to 
formulate  a  comprehensive  error  measure  as  the 
vector  sun  of  a  magnitude  error  measure  and  a 
phase  error  measure  and,  noting  the  undesirable 
dependence  of  H(T,t)  on  t,  to  Introduce  the  er¬ 
ror  minimization  operation  of  (5).  Belshelm 

[5]  proposed  the  Fourler-transformatlon  tech¬ 
nique  of  Aspect  2  In  the  Interest  of  computa¬ 
tional  efficiency.  Finally,  Baladl  and  Barnea 

[6]  have  enhanced  some  of  the  author's  Inter¬ 
mediate  results  [7]  and  have  applied  the  error- 
factor  concept  to  ground-shock  problems. 

This  Iteration  process  has  yet  to  converge, 
especially  with  respect  to  two  rather  arbitrary 
aapecta.  The  first  of  these  is  the  averaging 
of  <?(T,t)  and  H(T,x)  over  the  latter  half  of 
the  comparison  period  T  [see  (3)1.  The  second 
Is  the  definition  of  H(T,t)  In  (2)  such  that 
its  numerator  and  denominator  are  ot  the  same 
metric  as  those  of  G(f,-c);  In  a  previous  itera¬ 
tion,  H(T,t)  was  defined  as  the  present 
H2(T,t),  which  relaxes  the  requirement  for  tak¬ 
ing  the  absolute  value  of  the  numerator.  The 
author  hopes  that  the  present  paper  will  en¬ 
courage  analysts  to  use  the  comprehensive 
error-factor  as  a  comparison  tool  and  to  pro¬ 
pose  further  improvements  In  the  methodology. 


IDEALIZED  TRANSIENT  RESPONSE  HISTORIES 

It  is  informative  to  examine  some  magnitude, 
phase,  comprehensive  and  root -mean-square 
error-factors  generated  by  a  comparison  of 
idealised  transient-response  histories.  Con-r 
slder,  for  example,  the  idealised  measured  re¬ 
sponse  history 

n(t)  “  e~*  sin  2xt  (10) 

Imagine  that  a  transient-response  calculation 
is  performed  that  is  supposed  to  yield  a  result 
identical  to  (10);  Instead,  however,  the  calcu¬ 
lation  yields 

c(t)  •  0.8  e-*/0.8  sin  2xt  (11) 

These  two  response  histories  are  shown,  along 
with  the  associated  error-factors,  in  Figure  1. 
As  would  be  expected,  the  phase  error-fsetor  is 
very  small,  the  magnitude  error-factor  reflects 
both  the  smaller  peak  amplitude  and  more  rapid 
decay  of  c(t)  relative  to  m(t),  and  the  rcot- 
mean-square  error-factor  is  only  slightly  lar¬ 
ger  than  the  comprehensive  error-factor. 
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Imagine  now  that,  another  tranalent-reaponae 
calculation,  which  la  supposed  to  yield  a 
result  Identical  to  (10),  produces  Instead 

c(t)  -  a-1  sin  1.6«e  (12) 

The  response  histories  given  by  (10)  and  (12) 
are  shown,  along  with  the  associated  error- 
factors,  In  Figure  2.  It  la  seen  that  the  mag- 
nitude  error-factor  vanishes  and  that  the  phase 
error-factor  la  saall,  too  aaall,  perhaps,  for 
soas.  The  aforementioned  previous  Iteration  In 
which  H(T,t)  was  defined  as  the  present  H2(T,t) 
would  have  given  ee  ■  »  0.09  for* this  coa- 

parlson.  Finally,  the  root-mean-square  error- 
factor  seeas  unacceptably  large  as  a  measure  of 
discrepancy  'for  the  visually  Satisfying  agree- 
aant  exhibited  by  the  two  histories. 


Finally,  laaglne  a  third  tranalent-reaponae 
calculation  that  produces,  instead  of  (10), 

c(t)  -  1.2  a-*/1-2  sin  1.6*t  (1 


Figure  1.  Idealized  Response  Histories  with 
Aaplltude  and  Decay  Discrepancies 


This  response  history,  along  with  (10)  and  the 
associated  error-factors,  appear  In  Figure  3. 
tt  le  seen  that  nagnltude  error  la  the  dominant 
contributor  to  awsprahanslva  error,  phase  error 
having  been  minimized  by  a  suitable  shift  of 
c(t)  In  time.  Visual  comparison  of  the  areas 
beneath  corresponding  half-elne  segments  of  the 
two  response  histories  lands  support  to  the 
nagnltude  error-factor  shown,  while  the  value 
for  the  root -mean-square  error-factor  appears 
too  large. 
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Figure  2.  Idealized  Response  Histories 
with  Frequency  Discrepancy 


Figure  3.  Idealised  Rerponse  Histories 
with  Amplitude,  Decay  and 
Frequency  Discrepancies 
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RESPONSE  HISTORIES  FOR  A  HARDWARE  TEST 

Figure*  4-7  show  comparisons  between  calculated 
and  measured  transient  response  hietorles  asso¬ 
ciated  with  a  hardware  test  series.  The  fig¬ 
ures  are  ordered  in  terms  of  increasing  values 
of  ec.  Virtual  constancy  of  G(T,t)  and  H(T,t) 
during  the  latter  half  of  the  comparison  period 
T  was  monitored  through  examination  of  the  de- 
vlatlonal  functions 


G+(t)  -  NAX<G(T,t)}  -  G(t)  ;  |f  <  T  <  f 


G.(r)  -  C(i)  -  MIN{G(T,t)}  ;  y  T  <  T  <  T 


H+(r)  -  MAX(H(T,t)}  -  H(t)  ;  y  i  <  T  <  f 


H.(i)  -  H(t)  -  MIN{H(T,x)}  ;  ^  f  <  T  <  T 


None  of  these  functions  exceeded  0.12  for  any 
of  these  comperlson*. 
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Figure  4.  First  Fair  of  Response  Hietorles 
for  a  Hardware  ?«r,c 
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Third  Pair  of  Response  Histories 
for  a  Hardware  Test 
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Figure  7.  Fourth  Pair  of  Response  Histories 
for  a  Hardware  Test 


CONCLUSION 

In  this  paper,  the  comprehensive  error-factor 
«c  has  been  proposed  a«  a  staple,  objective  er¬ 
ror  measure  for  assessing  the  discrepancy  be¬ 
tween  a  calculated  and  a  aaasured  transient  re¬ 
sponse  history.  This  error-factor  assigns  a 
single  numerical  value  to  the  discrepancy  ex- 
'letlng  over  a  specified  comparison  period.  In¬ 
formation  regarding  the  nature  of  the  discrep¬ 
ancy  Is  provided  by  the  magnitude  and  phase 
error-factors  a,  and  ap,  which  constitute  or¬ 
thogonal  components  of  ec.  , 


ACKNOWLEDGEMENTS 

Three  lavestlgators  In  addition  to  those  al¬ 
ready  mentioned  have  contributed  directly  to 
this  paper)  Mr.  R.  L.  Bort  of  the  Naval  Re¬ 
search  Laboratory  has  provided  valuable  Insight 
through  his  familiarity  with  Weiner  filtering, 
and  Messrs.  G.  L.  Fox  and  E.  I,  Hirt  of  NKF  En¬ 
gineering  Associates  generated  Figures  1-7  with 
their  program  COMPARE.  This  work  was  carried 
out  under  Contracts  DNA001-78-C-d)029  and  DNA001 
-81-C-OI35  with  the  Defense  Nuclear  Agency, 
Washington,  D.C. 


APPENDIX 

This  Appendix  contains  derivations  of  results 
summarized  In  the  Discussion  Section  above. 


1.  ®|ic(T,t)  - 


T 

■  /  m(t+r)c(t)dt 

T+t 

-  /  cff-OmtOdt'  -  ®c>(TN-c,-r) 

*cz(t,t)  -  «c:CW"t,0) 

T  T+"t 

®e2 (T,t)  •  /  c*(t+t)dt  -  /  c2(t*)dt' 

«c2<W-r,0) 
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T 

«ca(T,t)  -  (1+e)  /  sin(2x(l+y)(t+T)-*]  sin  2*t  dt 
to 

where  t0  Is  the  larger  of  zero  and 
*/2x(l+y)  -  t.  With  t'  •  t+t,  this  becoaes 

T+t 

*ca(T,t)  »  (1+e)  /  (sic  2x(l+y)t*  cos* 

£o 

-  cos  2x(l+y)t '  sin*] 

x  (sin  2*t'  cos  2xt 

-  cos  2xt'  sin  2xt)  dt' 

where  t^  is  the  larger  of  t  and  */2x( 1+y). 
Evaluation  of  this  integral  yield*  , 

2*  (T,r) 

-----  ~  cos*  cos2*t  (f (2xyT*  ]  -  f(2x(2+y)T*] 

+57fi2*(2+Y>t;i} 

-  sin*  sln2xr  {f(2*YT' ]  +  f(2*(2+y)T' ) 

t  « 

-£fl2*Yt;l  -^f(2x(2+Y)t;]} 

-  sin*  cos2*t  {gi«yT']  “  g(*(2+y)T' ] 

•  I 

•^‘‘i^o*  +^8i«(2+Y)t;]} 

-  cos*  sln2xt  (g(xyT' J  +  g(*(2+y)T' J 

t»  t 

*******  *i*<2+r)t;i} 

where  f(x|  •  *— 1|  *,  g(x)  *  — ,  and  T'  ■  T+t. 

For  T2  »  1  ,  T  »  t  and  T  •>>  */2t(l+y), 

V<T'0)  "  J  T  «c2<I,t)  - -i(l+t)2T 

®._(T,t)  --i<l+e)T  (cos( *+2xt)  f(2*yT] 
c»  2 

-  sln(*+2xt)  glxyT]} 


If,  in  addition,  yT  «  1.  then  rt2(T,t)  * 
|coa(*+2*t)  |;  but  if,  instead,  yT  »  1,  then 
H2(T,t)  «  1. 


From  the  preceding,  if  T  »  1,  T  »  t,  T  » 
*/2x(l+y)  and  yT  <<  1,  the  error-factors  are, 
for  c  >  -1, 


a*  -  e  ,  e?  -  0,  ec  -  |e| 

On  the  other  hand,  if  T2  »  1,  T  »  t,  T  » 
♦/2«(1+y)  but  yT  >>  1,  the  error-factors  are, 
for  e  >  -1, 

«li  •  c  ,  Op  •  1  ,  «e  ■  (1+e2) 1/2 

7.  B2(T,t)  for  E2(T,t)  «  1  and  B2(T,t)  «  1 
r  ■  p 

Froa  (2)  and  (7) 

«*<T,t)  -  C2(T,t)  +  1 

|G(T,t)  H2(T,t),  ®cb(T,t)  >  0 
|-€(T,t)  H2(T,t>,  ^(T.t)  <  0 

The  introduction  of  (8)  into  this  then  yields 
8*(T,t)  -  E2(T,t)  -  [3+2Ea(T,t)]  B2(T,t) 


+  4(1+8  (T,t)J  8  (T,v)  for  »  (T,t)  >  0 

a  P  ca 


E*(T,t)  -  B2(T,t)  +  (1+28  (T,t)]  E2(T,t) 
r  e  b  p 


+  4(1+8  (T,t)]  (l-B  (T,t)]  for  »  (T,t)  <  0 
■  p  ca 


which  produces,  for  E2(T,t)  «  1  and 
E2(T,r)  «  1,  (9).  “ 
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DISCUSSION 


Mr.  Coulter  (Ballistic  Research  Laboratory);  If 
you  had  a  single  pulse,  would  your  magnitude 
error  be  proportional  to  the  Impulse?  You 
seemed  to  Imply  that  It  would  be  proportional  to 
the  magnitude  part  of  the  error.  I  am  thinking 
about  applying  this  to  a  single  blast  pulse.  He 
have  records  just  like  yours,  only  they  are 
single  blast  pulses.  Would  you  use  the  same 
kind  of  acceptable  errors,  (52,  101  or  201)  as 
you  would  with  other  measures?  I  am  searching 
for  something  that  would  be  acceptable. 

Mr.  Geers:  That'  Is  where  the  subjectivity  comes 
In.  At  least  you  can  make  the  subjectivity 
whatever  you  want.  You  can  bring  It  In  at  one 
point  with  this  technique,  because  once  you  have 
chosen  an  error  measure  that  you  consider 
acceptable,  then  the  computer  does  the  rest. 

But  It  Is  up  to  the  person  to  make  that 
subjective  judgement.  That  Is  strictly  a 
judgement  call.  My  personal  reaction  has  been 
that  anything  better  than  201  Is  really  good. 
When  you  get  to  around  20  or  302,  It  Is  getting 
fair.  When  you  get  above  the  30  to  402  range, 
that  Is  rather  poor. 

Mr.  Coulter:  So  If  you  shoot  for  302,  or  maybe 
202,  you  are  doing  well? 

Mr.  Geers:  If  you  get  within  202,  you  are 
close. 


Mr.  Strauss  (Rocketdyne) ;  I'd  like  to  go  hack 
to  your  next  to  the  last  sample  of  data.  In 
this  example  It  looks  like  your  phasing  was  very 
close,  and  your  amplitude  was  way  off.  In  a 
case  like  this,  or  In  general,  wouldn't  It  make 
sense  to  separate  the  phase  and  the  amplitude? 

If  you  have  the  phase  right,  it  Is  a  simple 
error  to  correct.  Whereas  If  your  phase  Is  off, 
you  have  to  recalculate  something. 

Mr.  .Geers:  Yes,  that  la  a  good  joint.  T  am 
glad  you  mentioned  that.  That  In  why  I  show  all 
three.  But  when  we  have  many,  mnny  comparisons 
tc  make,  we  cannot  do  It  on  a  global  basis  with 
multiple  errors.  I  was  seeking  one  single 
number  for  a  given  comparison,  and  that  Is  the 
top  level.  You  can  go  down  to  t’ie  next  level, 
and  you  can  look  at  the  magnitude  and  the  phase 
errors  separately.  You  can  go  down  to  various 
levels,  and  I  think  that  ia  a  good  idea. 


Mr.  Barsoum  (U.S.  Army  Materials 
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Research  Center):  If  you  are 
responses  In  various  locations 
you  will  have  hundreds  of  number^ 
should  look  at  energy  which  has 
of  norms  as  these.  From  an  engl 
view,  you  are  looking  at  the  res 
critical  locations.  How  do  you 
the  experiments? 


Mr.  Geers:  You  could  set  up  a  cjrltlcal  group. 
If  you  had  transducers  that  showed  responses 
Chat  were  large,  or  that  would  subject  the 
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structure  to  incipient  failure,  perhaps  you 
could  select  those  as  a  subgroup  of  special 
interests.  Then  you  could  make  the  comparisons 
between  the  calculations  and  the  measurements 
for  that  group  and  draw  the  histograms  that  I 
showed.  You  could  say  this  Is  for  subgroup 
critical,  and  this  Is  an  evaluation  of  the 
errors  made  by  the  calculations  at  the  critical 
points.  So  you  can  make  any  kind  of  selection 
that  you  want  In  the  subgroups  and  evaluate  the 
error.- 

Mr.  Frydman  (Harry  Diamond  Laboratories,  Session 
Chairman) :  This  kind  of  technique  seems  to  be 
very  useful  for  shaker  waveform  synthesis 
operations.  We  spend  an  enormous  amount  of  time 
trying  to  compare  responses  with  predicted 
results,  and  we  essentially  rely  on  manual 
techniques.  This  would  enable  us  to  do  It 
electronically. 

Mr.  Geers;  This  doesn't  suit  everybody.  Some 
people  don't  like  It  because  they  like  to  look 
at  peeks.  They  are  only  Interested  In  the  peak 
response.  But  what  worries  me  about  peaks  Is 
that  you  can  have  a  measured  response.  You  can 
Imagine  a  case  where  the  calculated  response 
would-  just  go  flat,  up  a  spike,  down,  and  then 
hit  the  peak  right  on  the  nose,  and  that  Is  one 
hundred  percent  accurate?  That  wouldn't  satisfy 
me.  The  first  thing  I  considered  was  just 
looking  at  peaks.  But  I  ruled  that  out  because 
I  saw  too  many  cases  where  a  person  could  do 
well  on  hitting  the  peak,  but  the  frequency 
content  just  was  not  there.  .  The  time  of  the 
peak  wasn't  any  good.  It  gets  flakey  fast  with 
peaks. 

Voice;  Have  you  considered  applying  this  to 
random  vibration  which  may  have  a  coherent 
component  to  It? 

Mr.  Geers;  Ho,-  but  It's  your  pleasure.  I  was 
Interested  In  the  transient  response  problem  and 
that  Is  whet' I  focused  on. 
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ALTERNATIVE  SHOCK  CHARACTERIZATIONS 
FOR  CONSISTENT  SHOCK  TEST  SPECIFICATION* 


Thomas  i .  Baca 
Sand i a 'National  Laboratories 
Albuquerque,  New  Mexico 


Mechanical  shock  environments  must  be  characterized  in  the  Boat  complete 
manner  possible  if  they  are  to  be  successfully  simulated  in  the  shock  test 
laboratory.  The  objective  of  the  research  described  in  this  paper  is  to 
evaluate  three  methods  of  analyzing  transient  acceleration  time  histories 
which  represent  promising  alternatives  to  shock  response  spectra  as  the 
basis  for  deriving  consistent  shock  test  specifications.  A  shock  test 
specification  is  defined  to  be  consistent  if  it  meaningful ly  relates  the 
operational  and  laboratory  shock  environments.  The  limitations  of  shock 
spectra  are  discussed  in  this  regard  before  presenting  the  advuntaws  of  the 
new  alternative  characterizations.  These  shock  analysis  techniques  include: 
1)  ranked  peaks  in  the  acceleration  time  history;  Z)  root-mean-square  . 
acceleration  as  a  function  of  tiara;  and  3)  root-mean-square  acceleration  as 
a  function  of  frequency.  These  shock  characterizations  provide  the  para- 
araters  necessary  to  develop  a  new  shock  test  specification  technique  which 
can  replace  the  current  practice  of  enveloping  shock  spectra.  Data  from  a 
simulated  field  shock  environment  are  analyzed  using  all  three  shock  charac¬ 
terizations  as  well  as  shock  spectra.  The  new  method  of  shock  test  speci¬ 
fication  is  demonstrated  using  drop  table  and  decaying  sinusoid  shock  test 
inputs.  Test  specifications  using  the  standard  method  of  shock  spectra 
ehveloping  are  also  derived.  The  resulting  shock  test  'specifications  are 
compared  and  the  implications  of  using  alternative  shock  characterizations 
in  deriving  consistent  test  specifications  are  identified.  Beneficial 
aspects  of  utilizing  these  slternative  shock  analysis  techniques  instead  of 
shock  spectra  are  presented  with  particular  emphasis  being  placed  on  the 
evaluation  of  conservatism  associated  with  different  shoes  test  specifica¬ 
tion  techniques. 


INTRODUCTION  enveloping  for  shock  test  specification.  The 

proposed  method  of  shock  test  specification 
Shock  tests  are  specified  to  simulate  requires  a  more  complete  characterization  of 

operational  shock  environments.  Aerospace  both  laboratory  and  field  shock  data.  This 

coaqioneiits  are  shock  tested  in  the  laboratory  to  method  requires,  calculation  of  root-swan-squarc 

develop  confidence  that  they  will  survive  the  accel'eration  as  a  function  of  frequency  and 

flight  shock  cnvironm'nt.  The  adequacy  jf  the  time,  as  well  as  the  sorting  of,  peak  hccalera- 

shock  test  as  a  consistent  substitute  for  the  .  tion  values  in  the  shock  time  history.  This  new 

field  shock  can  only  be  Judged  if  both  shock  test  specification  technique  is  implemented  for 

envirensrants  are  characterized  properly.  Shock  decaying  sinusoid  and  and  haversine  shock  test 

spectra  are  currently  used  in  the  aerospace  inputs  which  are'  two  .widely  used  types  of 

industry  to  characterize  shock  environments  and  laboratory  excitation.  ,  A  comparison  of  this 

to  subsequently  specify  shock  tests.  A  shock  method  with  the  standard  shock  spectrum  approach 

test  input  is  taken  to  be  acceptable  if  its  will  finally  be  undertaken  through  a  study  of 

shock  spectrum  envelops  the  shock  spectrum  of  both  the  test  inputs  and  analytically  derived 

the  field  data.  The  objective  of  this  paper  is  responses  from  a  simple  structure, 

to  develop  an  alternative  to  shock  spectrum 
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LIMITATIONS  OF  SHOCK  SPECTRA  IN  DERIVING 
CONSISTENT  SHOCK  TEST  SPECIFICATIONS 


A  discussion  of  tbe  limitations  of  using 
shock  spectrum  enveloping  as  the  sole  means  of 
specifying  shock  tests  is  useful  in  motivating 
the  development  of  a  test  specification  tech¬ 
nique  based  on  alternative  shock  characteriza¬ 
tions.  An  absolute  acceleration  shock  spectrum 
(SAA)  is  a  plot  of  the  maximum  value  of  the 
absolute  acceleration  response  of  a  single 
degree  of  freedom  system  (SDOF)  having  a  speci¬ 
fied  critical  damping  ratio  versus  the  natural 
frequency  of  the  SDOF  system  The  concept  of 
shock  spectra  was  conceived  by  Bio,t  [1.2]  as  a 
means  of  characterizing  the  strong  ground  motion 
of  earthquakes  by  their  effects  on  simple  SDOF 
model';  of  buildings.  The  key  aspect  of  the 
shock  spectrum  is  that  it  reflects  the  effects 
of  a  transient  on  a  certain  class  of  structures 
(i.e..  SDOF  structures  with  a  certain  damping 
ratio).  It  does  not  retain  information  about 
tbe  specific  characteristics  of  the  shock,  in 
spite  of  this  intended  use  of  the  shock  spectrum 
concept,  shock  spectra  are  widely  used  m  the 
aerospace  coamminity  as  an  acceptable  means  of 
characterizing  a  shock  environment  [3].  Shock 
test  specification  has  been  implemented  through 
the  selection  of  laboratory  test  inputs  having 
shock  spectra  which  exceed  the  shock  spectra  of 
available  field  data  [4].  Objections  to  this 
procedure  have  been  raised  previously  [5-6], 
particularly  in  the  context  of  assessl  g  shock 
test  conservatism  [6-6].  The  principal  reason 
for  the  acceptance  of  shock  spectrum  enveloping 
as  a  test  specification  technique  is  that  com¬ 
ponent  structures  which  can  survive  tests  speci¬ 
fied  in  this  manner,  e'-herally  perform  well  in 
the  operational  shock  environment. 

The  implications  of  shock  spectrum  envelop¬ 
ing  can  be  demonstrated  through  the  following 
example.  Consider  the  shock  time  history  shown 
in  Figure  la  which  was  measured  as  the  input  to 
the  fixed  end  of  a  12.7  cm  (5  inch)  long  metal 
cantilever  beam  mounted  in  a  support  structure-. 
Given  that  this  is  the  operational  shock  en¬ 
vironment^  what  kind  of  test  pulse  should  be 
applied  in  the  shock  laboratory?  The  most 
conun  answer  would  be  the  1300  g  x  0.33ms 
haversine  pulse  shown  in  Figure  lb. 

A  haversine  pulse  is  defined  by  the 
following  equation; 


(  5  (1  -  cos  )  .  0  <  t  <  TH 

«  (O  •  |  ™  (1) 

(  0  elsewhere 


Figure  la  Time  History  for  Field  Data. 


Figure  lb  Time  History  for  1300  g  x  0.33  ms 
Haversine  Shock  Test  Specification 
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where  A  is  the  amplitude  of  the  haversine  pulse 
and  TH  is  the  duration.  These  havprsine  pulse 
parameters  are  derived  by  selecting  the  haver¬ 
sine  pulse  having  a  'hock  spectrum  that  envelops 
the  shock  spectrum  of  the  field  data,  as  shown 
in  Figure  2. 


Figure  2  Comparison  of  Shock  Spectra  for 
Field  Data  and  1300  g  x  0.33  ms 
Haversine  Shock  Data. 
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While  th«  Min  ld*utt|<  of  the  haversine' 
pule*  is  ' het  it  can  be  created  repeatedly  on  a 
drop  table  shock  machine,  the  obvious  disad¬ 
vantage  ia  that  it  does  not  resemble  the  field 
shock  data  f.'  terms  of  its  peak  accel  ration, 
two-sidedness .  or  duration.  These  observations 
can  be  made  by  an  inspection  of  the  time  his¬ 
tories  in  Fi(ures  la  and  lb.  Since  the  shock 
spectrum  (Figure  2)  is  not  a  measure  of  fre¬ 
quency  content,  it  is  necessary  to  look  at  a 
comparison  of  the  energy  spectra  (Fourier 
amplitude  spectrum  squared)  to  see  that  the  two 
shock  excitations  vary  markedly  in  terms  of 
frequency  content  (see  Figure  3).  One  final 
approach  to  evaluating  these  two  shock  pulses  is 
to  calculate  the  response  at  the  end  of  a  finite 
elesMnt  model  of  the  beam  when  it  is  excited  by 
each  !»*<s«.  The  results  of  this  calculation 
performed  us. 14  MSC/HASTRAN  are  shown  in  Figures 
4a  and  4b.  A  such  higher  response, is  produced 
by  the  haversine  pulse  than  by  the  field  data 
pulse. 


FREQUENCY  (HZ) 


Figure  3  Comparison  of  Squared  Fourier 

Amplitude  Spectra  for  Field  Data 
and  1300  g  x  0.33  ms  Haversine 
Shock. 


ALTERNATE  SHOCK  CHARACTERIZATIONS 

The  alternative  shock  characterisations  to 
shock  spectra  employed  in  this  paper  were 
originally  introduced  as  significant  deacriptors 
of  field  and  laboratory  shock  envir’saSMnts  which 
could  be  used  to  meaningful ly  quantify  and 
actually  control  shock  teat  conservatism  [0.0]. 
These  characteristics  of  shock  transien's  aim  to 
describe  the  distinctive  features  of  a  par¬ 
ticular  shock  environment  so  that  these  same 
characteristics  will  be  preserved  in  a  labora¬ 
tory  test  shock  pulse.  Consequently,  these 
alternative  shock  characterizations  are  uni. tv 
the  shock  spectrum  which  quantifies  only  the 
effects  of  a  shock  on  SDOF  structures. 

Three  Min  characteristics  of  the  shock 
t ins  history  have  oeen  preserved  in  the  alter¬ 
native  shock  characterisations: 


7 AC  (SEC) 

Figure  4a  TiM  History  of  Calculated  Response 
at  End  of  Cantilever  Beam  to  Field 
Data  Input  (Figure  l). 


1)  the  variation  of  the  average 
amplitude  of  the  acceleration  t  1m 
history  as  a  function  of  tiM. 

2)  the  frequency  content  of  the  shock 
excitation. 

3)  the  Mgnitude  of  the  peaks  in  the 
acceleration  tiM  history. 

TiM  doMin  root-mean-square  acceleration. 
TRM3  (▼}.  is  defined  as  a  measure  of  the  first 
of  these  characteristics: 


ii2(t)dt 


0  <  r  S  TD  (2) 

where  TD  is  the  duration  of  the  shock  transient. 
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Figure  4b  TiM  History  of  Calculated  Response 
at  End  of  Cantilever  Beam  to  1300  g 
x  0.33  ms  Haversine  Shock  Input 
(Figure  2) . 
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At  tine  r  »  TD.  the  overall  RMS  acceleration  for 
the  time  history,  TRMSO.  i*  an  overall  indicator 
of  the  average  acceleration  level  experienced 
during  the  shock  event.  It  is  iaportant  to 
renes&er  that  each  TRMSO  value  Bust  have  a 
duration,  TD,  associated  with  it  to  be  neaning- 
ful .  Overall  TRMS  values  froa  two  different 
shock  events  aust  have  the  saae  analysis  dura¬ 
tion  before  any  coaparison  can  be  aade  between 
the  two  tiae  histories.  A  plot  of  TRMS  versus 
t ism  for  the  field  data  tiae  history  in  Figure  1 
is  shown  in  Figure  5. 

It  was  shown  previously  [6]  that  the  con¬ 
tribution  to  the  overall  TRMS  acceleration 
(TRMSO)  by  all  frequencies  less  than  the  fre¬ 
quency  of  interest  F  is  given  by  a  frequency 
domain  RMS  acceleration: 

FRMS(F)  m  | j  |X(f  )  |2df  j  /  (3) 

where  X(f)  is  the  Fourier  transfora  of  ii(t): 

x<f  >  -  xn  *  <*>  •~i2",t«*t  (♦) 

and  j  "  /-I. 


Figure  fl  shows  a  plot  of  FRMS  for  the  field 
data  shock  .(Figure  1).  Note  that  a  sharp 
increase  in  the  FRMS  level  is  indicative  of 
substantial  frequency  content  at  that  frequency 
(e.g..  *>1900  Hz  in  Figure  0).  The  FRMS  plot  has 
the  advantage  over  the  Fourier  aapl i tude  spec¬ 
trum  that  It  not  only  reflects  frequency  con¬ 
tent,  but  also  retains  a  readily  Interpretable 
nusMrical  value.  The  numerical  value  at  a  given 
frequency  of  the  Fourier  aapl i tude  epectrua  is 
not  as  directly  amenable  to  physical  interpre¬ 
tation.  It  should  Again  be  esiphasized  that  the 
FRMS  plats  of  two  shocks  can  only  be  coshered  if 
they  both  have  a  duration  equal  to  TD.  Keeping 
track  of  the  duration  of  a  transient  helps  to 
retain  an  iaportant  characteristic  of  the  shc.'k 
tiae  history.  (No  aore  effort  is  involved  than 
that  of  specifying  the  critical  damping  ratio 
associated  with  a  particular  shock  spectrum.) 
Finally,  calculation  of  FRMS  is  aceoaplished 
efficiently.  Fast  Fourier  Transfora  techniques 
(9]  allow  the  rapid  solution  of  Equation  (4), 
while  the,  integration  specified  in  Equation  (3) 
can  be  aceoaplished  msaerically.  . 

An  accelsration  peak  is  defined  to  be  the 
■aaxtaum  value  between  changes  in  sign  of  the 
tiae  history.  Once  positive  and  negative  peaks 
have  been  identified,  a  sorting  algorilha  (6] 
coin  be  applied  to  rank:  all  of  the  peak  values; 
the  positive  peak  values;  and  the  negative  peek 
values.  The  ranked  peak  accelerations  for  all 
peaks  in  the  field  data  tiae  history  in  Figure  1 
are  shown  in  Figure  7.  This  plot  serves  as  a 
swasary  of  the  extreme  acceleration  values  of 
the  shock  tiae  history.  Plotting  the.  positive 
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Figure  5  Tiae  Domain  RMS  for  Field  Data 
(Figure  1). 
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Figure  6  Frequency  Domain  RMS  for 
Field  Data  (Figure  1). 
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Figure  7  Ranking  of  Absolute  Peaks  for 
Field  Data  (Figure  1). 
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and  negative  ranked  peaks  on  the  saaa  curs*  (tea 
Figure  8)  provides  valuable  insight  into  the 
two-sidedness  of  the  shock  tisc  history. 
Comparisons  of  ranked  peaks  froa  two  tine 
histories  should  be  done  only  if  both  records 
have  been  filtered  to  ensure  that  each  will  have 
the  same  bounds  on  their  frequency  content. 


ALTERNATIVE  SHOCK  TEST  SPECIFICATION  WTHOO 

It  is  important  to  eaphasite  that  a  com¬ 
plete  understanding  of  a  shock  excitation 
requires  study  of  all  three  of  the  alternative 
shock  characterisations.  The  goal  of  consistent 
shock  test  specification  is  to  natch  the  shock 
characterisations  of  the  field  data  and  the 
laboratory  test  shock  input  to  the  greatest 
extent  possible.  Knowledge  of  the  failure 
nschanissm  of  the  structure  being  tested  nay  be 
of  use  in  Judging  the  significance  of  each  of 
the  shock  characterisations,  but  the  approach 
taken  in  this  paper  is  to  consider  each  of  then 
to  be  equally  important.  It  is  also  assumed 
that  the  time  histories  of  the  field  shock  data 
are  available  to  the  engineer  responsible  for 
shock  test  specification.  The  three  parameters 
used  in  the  proposed  shock  test  specification 
require  calculation  of  the  overall  RMS  acealera- 
t ion  (TRMSO).  FRMS(F) ,  and  the  Mints  peak 
acceleration.  No-mally.  it  would  be  expected 
that  all  of  the  shock  characterisations  pre¬ 
viously  mentioned  would  have  been  determined  for 
the  field  data. 

Test  specification  procedures  ere  given  in 
the  following  paragraphs  for  decaying  sinusoid 
and  havers tne  shock  test  inputs.  A  decaying 
sinusoid  shock  pulse  is  composed  of  a  sun  of 
decaying  sinusoids  of  the  forn: 

j  A,~2ntZ/Ttlo  Znt  (  ^  „ 

=<t)  t  (5) 

(0  t  <  0  . 

Methods  exist  for  specifying  decaying 
sinusoid  shock  test  inputs  on  the  basts  of 
enveloping  shock  spectra  (10).  The  intuitively 
attractive  feature  of  the  decaying  sinusoid 
pulse  is.  that  it  allows  the  shock  input  to  be 
nore  "realistic  looking"  when  one  is  attesting 
to  siamlate  pyrotechnic  shocks  which  are  two- 
sided.  decaying  types  of  shocks  (eg..  Figure 
1)..  The  main  restiiction  on  the  use  of  the 
decaying  sinusoid  shock  pulses  is  that  they  are 
limited  to  the  force  capability  of  the  shaker 
system  on  which  they  are  implemented.  Haverslne 
shock  test  inputs  (as  given  by  Equation  (1))  are 
cemsmnly  generated  on  drop  table  shock  machines. 
This  test  tschnique  has  the  advantage  of  being 
able  to  achieve  higher  peak  acceleration  levels 
than  those  of  decaying  sinusoid  pulses  produced 
on  shakers.  The  widespread  use  of  haverslne 
shock  test  inputs  motivates  development  of  a 
test  specification  technique  for  tlese  staple 
pulses  in  this  paper. 
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Figure  B  Ranking  of  Positive  and  Negative 
Peaks  for  Field  Data  (Figure  1). 


The  parasmteie  of  interest  in  the  test 
specification  processes  discussed  next  are  as 
follows: 

2  m  Decay  rate  of  the  exponential  term  in 
the  decaying  sinusoid  coop  alien  l 

A  »  Amplitude  of  decaying  sinusoid  or 
haversine  pulse 

T  “  Period  of  decaying  sinusoid  component 
(Tmi/f.  where  f  is  the  frequencyof 
the  sinusoid) 

TM  •  Baseline  duration  of  the  haverslne 
pulse 

TO  m  Analyst-’  duration  of  both  field  rhock 
qnd  test  shock 

TP  ■  Time  for  the  exponential  factor  in  the 
decaying  sinusoid  to  decay  to  P 
percent  of  Its  original  amplitude 
TSMSO  m  Overall  RMS  acceleration  for  duration 
TO. 


Selecting  an  appropriate  decaying  sinusoid 
shock  requires  that  values  of  A.  Z,  and  T  be 
selected  tor  each  frequency  which  is  Judged  to 
be  significant  in  the  FRMS  plot.  The  procedure 
described  here  Is  for  a  single  component,  but 
the  method  applies  to  any  number  of  decaying 
sinusoid  components.  (Note  that  a  low  frequency 
and  low  amplitude  compensating  pulse  (10)  must 
be  Included  to  make  the  shock  pulse  have  sero 
final  velocity  and  displacement.) 

The  value  of  T  is  first  selected  by  looking 
et  a  plot  of  FRMS  for  the  field  deta.  The 
predominant  frequency  of  the  field  data  will  be 
indicated  by  a  sharp  increase  in  slope  in  the 
FRMS  plot.  More  then  one  frequency  may  be 
evident  in  the  field  data,  so  that  more  decaying 
sinusoid  frequency  components  nay  be  needed 
The  contribution  to  the  overall  TRMSO  value  of 
each  predominant  frequency  cm  be  measured  from 
the  FRMS  plot  as  well. 

Observation  of  the  field  shock  data  will 
y:eld  the  tins  at  which  the  shock  has  decreased 


lo  P  percent  of  its  peak  level.  Defining  the 
ratio  of  TP  to  T  as . 


RP  » 


TP 

T 


(8) 


the  value  of  P  is  controlled  by  the  exponential 
decay  rate.  Z: 


,  .  -Z2»  v 

P  »  100  •  (e  ) 

so  that  m  general . 

10  <  155  >. 


(7) 


(8) 


Figure  9  shows  plots  of  Equation  (8)  for 
p«1.2.10.20.  These  curves  can  be  used  to  select 
a  value  of  Z  which  will  give  approximately  the 
sane  effective  duration  of  the  shock  for  a 
decaying  sinusoid  component  having  period  T. 


One..  Z  is  selected,  a  value  of  A  id  sought 
based  on  the  TKMSO  value.  This  can  be  accom- 
pl ■ shed  in  a  general  way  by  first  defining  a 


normalized  duration  for  the  decaying  sinusoid 
pulse: 


(9) 


Solving  Equation  (2)  in  terms  of  R  for  a 
decaying  sinusoid  as. defined  in  Equation  (5) 
gives  a  normalized  TRMSO: 

TRMSO(R)  1  |/1  2  4 

— *  -  .7IS»  1  l  -  1 


— 4nZR  1  1 
♦  •  <  2 + 


sin  4wR  -  Z  cos  4itR 
ZZ  +  1 


1/2 


.  R  >  0. 


(10) 


This  equation  is  plotted  in  Figure  10  for 
several  damping  values.  Knowing  the  desired 
TRMSO  value,  Z.  and  R  for  the  field  data.  A  can 
be  found  once  the  value  of  TRMSO(R)/A  is  deter¬ 
mined  from  Figure  10. 


Figure  9  Normalized  Duration  (RfNTP/T)  of  a 
Decaying  Sinusoid  vs  Decay  Rate  (Z) 
of  a  Decaying  Sinusoid  for  Different 
Values  of  P. 
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The  frequency  domain  RMS  for  the  decaying 
unuio  d  pulse  can  be  found  by  first  solving 
Equation  (4)  analytically  to  get. 


|i'(DI-^  Ci  c».  S  -  4  +  C2  si"  C3 


The  duration  c:'  the  haversine  pulse  is 
selected  by  taking  TH  as  the  period  correspond¬ 
ing  to  the  frequency  below  which  all  contribu¬ 
tions  to  the  overall  RMS  are  amde  in  the  FRMS 
plot.  I*  there  is  a  single  predominant  fre¬ 
quency,  F,  iu  the  FRMS  plot,  one  would  take  TH 
as  1/F. 


-  Dj  cos  C4  +  -£-  D2  sin  C4 


[AET 

-C1,,nC 


C3  +  C2  cos  C3  "  ~E 


♦  »,  *>*  C4  -  02  cos  C4  ♦  - 


Once  TH  is  selected,  then  the  noriali  ed 
duration  for  the  haversine  pulse  can  be  cal¬ 
culated. 


""-S 


Solving  Equation  (2)  for  a  haversine  pulse 
as  defined  in  Equation  (1).  the  following 
expression  for  nonaalized  TRMSO  versus  RH  is 
obtained: 


(ft  -  I)2  ♦  Z2  2  (fT  -  l)2  4  Z2 


C3  -  2w  R  (fT-J)  C4  .  2n  R  (fT+ll 


TRMSO(RH) 

A 


1  2  ♦ 

2  2 


li  f  J.  ] 

|  2  j  2RH  | 


,  0  <  RH  £  1 


.  RH  >  1  (13) 


(ft  -  l)2  v  Z2 


(fT  +  l)2  ♦  Z2 


and  then  solving  Equation  (3)  numerically  to 
produce  a  plot  of  normalized  FRMS  vcrsu*  1 
normalised  frequency  for  a  specified  R  value 
such  as  that  shown  in  Figure  11  for  various 
values  of  Z  ana  R»0.  The  values  of.  T.  Z.  and  A 
are  now  deterisined  for  this  decaying  sinusoid 
coa^onent  The  procedure  is  repeated  if  other 
coa^onents  are  neceaaary. 


Cj  ■  (g  sin  4nRH  -  sin  2nRH) 


Figure  12  provides  a  plot  of  Equation  (13) 
which  can  be  used  to  find  TRMSO (RH) /A  for  a 
given  value  of  RH  detersiinrd  fron  Equation  (12). 
The  value  cf  A  necessary  to  natch  the  TRMSO 
value  fron  the  field  data  can  now  be  found  by 
simple  multiplication 

.*  nonaalized  FRMS  plot  as  a  function  of 
nornalized  frequency  for  various  values  of  RH  la 
given  in  Figure  13.  This  plot  was  generated  by 
first  finding  the  Fourier  transform  (Equation 
(4))  vf  the  haversine  pulse  (Equation  (1)); 


One  final  step  in  the  definition  of  the 
entire  decaying  sinusoidal  pulse  is  equired  if 
the  peak  acceleration  of  the  test  input  is 
different  from  the  peak  acceleration  of  the 
field  data.  Should  this  be  the  case,  the  values 
of  A  are  scaled  by  a  constant  fsctor  so  that  the 
peak  acceleration  of  the  decaying  sinusoid  test 
pulse  matches  the  peak  acceleration  of  the  field 
data 


)X(f)l  •  AK  (sin  2hfTHj  ♦  )  A -X  (cos  2nfTH  -  1] 


4nl  l  I  -  (fTH)2 


FRMS.  FRMS/A  NORMAUZED  TRMS.  TRMS/A 


NORMAUZED  DURATION.  RH=TD/TH 


Fi|ura  18  Normal iiad  TRMS  (TRMS/A) 

Normal  Had  Duration  (RH-TD/TH)  (or 
a  Havaratna  Pulaa  with  Aaplituda 
(A)  and  Baaalina  Duration  (TH). 

(TO  -  Duration  of  Input  Tina 


NORMALIZED  FREQUENCY.  F*M 

rtfura  19  Manual  Had  FRMS  (FRMS/A)  *1 

Normal  Had  Fraquancy  (F»7H)  at 
Variooa  RH  Valuau  (RH-TD/TM)  for  a 
Haaarama  Pulaa  with  Anplituda  (A) 
and  Baaalina  Miration  (TH).  (TD  a 
Miration  of  Input  Tima  Hlatorv.) 
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This  result  was  then  used  in  Equation  (3) 
and  the  integration  was  carried  out  numerically. 

A  final  modification  to  the  value  of  A  is 
necessary  if  the  value  determined  by  matching 
TKMSO  differs  from  the  pea*  value  seen  in  the 
field  data.  The  two  peak  values  are  made 
identical  in  this  circumstance 


COMPARISON  OF  SHOCK  TEST  SPECIFICATION  METHODS 

A  comparison  of  the  shock  test  specifica¬ 
tion  method  introduced  above  and  the  standard 
method  of  shock  spectrum  enveloping  was  com¬ 
pleted  The  time  history  in  Figure  1  was  taken 
as  the  field  data  having  the  following 
parameters 

TRMSO  -  100  g 
TO  -  0  006  s 

T  »  0  00067  S  (t  /  1500  Hz) 

TP  »  0  0035  (P  -  10) 

MAXIMUM  PEAK  -  505  g 


Three  test  specifications  were  evaluated 
and  were  denoted  methods  A.  B,  and  C.  Method  A 
uses  the  proposed  method  without  the  final 
modification  for  the  peak  value.  Method  B 
includes  the  final  modification  for  the  peak 
value.  Finally.  Method  C  derives  test  inputs  by 
shock  spectrum  enveloping.  The  test  speci¬ 
fications  are  given  in  Table  I.  The  r<  suiting 
shodc  test  inputs  are  shown  in  Figures  14  and 
15.  The  corresponding  shock  characterizations 
are  shown  in  Figures  16-19.  For  purposes  of 
comparison  with  shock  spectrum  techniques,  the 
shock  spectra  for  the  derived  shock  test  inputs 
are  shown  in  Figures  20a-c. 

Two  approaches  were  taken  in  judging  the 
consistency  of  the  three  test  specification 
methods.  First,  the  shock  characteristics  in 
Table  1)  were  compiled  for  the  shock  inputs 
derived  by  each  method  For  ease  of  visual¬ 
ization.  Figure  21  was  created  to  show  the  shock 
input  characteristics  normalized  with  respect  to 
the  field  data.  Figure  21  shows  that. 

*  Only  Method  B  using  a  decaying  sinusoid 
input  is  consistent  in  all  categories. 

*  Method  C  generally  produces  conservative 
results  except  with  regard  to  the 
maximum  negative  peak  criterion. 

*  Methods  A  and  B  more  closely  match  the 
field  data  than  Method  C  in  general. 


Table  I.  test  Specifications  for  Methods  A,  B.  and  C. 


Shock  Test  Technique 

Decaying  Sinusoid* 

Hirers  me 

Method** 

A 

<«) 

i/T 

(Hz) 

z 

A 

'«> 

TH 

(s) 

A 

"  432 

1500 

0  07 

5 ’7 

. 00067 

B 

570 

1500 

0  07 

5(5 

00067 

C 

29C 

■■129,2— 

1550 

40uJ 

«■ 

laov. 

M3S9II 

*  A  compensating  pulse  nurt  be  added  to  ensure  tijat  the  i  taker 
displacement  and  velocity  are  zero  at  the  end  of  the  tent 
'  (see  Reference  10). 


••  Method  A  -  Matched  FHMS  and  TRMSO 

Method  B  -  Method  A  modified  to  match  maximum  peak  value 
Method  C  -  Current  method  of  shock  spectrum  enveloping.  . 


aton  (G)  acceleration  (G) 


r,jur«  14a  Test  Input  Derived  by  Method  A 
Using  Decaying  Sinuooid  Pulses 
(AD  i*  designation  in  succeeding 
character i*ation»  of  thia  pulse). 


Figure  15a  Teat  Input  Derived  by  Method  A 
Using  a  Havers Ine  Pulse  (AH  is 
designation  in  succeeding 
characterizations  of  this  pulse). 


Figure  14b  Test  Input  Derived  by  Method  B 
Using  Decaying  Sinusoid  Pul  sea 
(BD  is  designation  in  succeeding 
characterisations  ol  this  pulse). 


Figure  iSb  Test  Input  Derived  by  Method  B 
Using  iTKaversine  Puls*  (BH  is 
designation  in  succeeding 
characterizations  of  this  pulse). 


Figure  14c  Test  Input  Derived  by  Method  C 
Using  Decaying  Sinusoid  Pulses 
(CD  is  designation  la  succeeding 
characterisations  of  this  pulse). 


Figure  lie  Test  Input  Derived  by  Method  C 
Using  a  Haver stne  Puls*  (CH  is 
designation  in  succeeding 
characterization*  of  this  pulse) 
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PEAK  RANK  (ALL  PEAKS) 

Figure  18a  Ranked  Absolute  Peak  Value 

Comparison  betwe-n  Field  Data  and 
Method  A  Test  Inputs. 


PEAK  RANK  ( - POS, - :  NEG) 

Figure  19a  Ranked  Positive  and  Negative  Peak 
Value  Comparison  between  Field 
Data  and  Method  A  Test  Inputs. 
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PEAK  RANK  (ALL  PEAKS) 

Figure  18b  Ranked  Absolute  Peak  Value 

Comparison  between  Field  Data  and 
Method  B  Test  Inputs 
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Figure  19b  Ranked  Positive  and  Negative  Peak 
Value  Comparison  between  Field 
Data  and  Method  B  Test  Inputs. 
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PEAK  RANK  (ALL  PEAKS) 


Figure  18c  Ranked  Absolute  Peak  Value 

Comparison  between  Field  Data  and 
Method  C  Test  Inputs. 


•  ISM  0  CM 


o 


< 

£ 


PEAK  RANK  ( - POS. - -  NEG") 


Figure  19c  banked  Positive  and  Negative  Peak 
Value  Comparison  between  Field 
Data  and  Method  C  Test.  Inputs. 
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FREQUENCY  (HZ)  (DAMRNG  =  .03) 

Figure  20a  Shock  Spectrum  Companion  between 
Field  Data  and  Method  A  Test 
Inputs. 
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FREQUENCY  (HZ)  (DAMRNG  =  .03) 


Figure  20b  Shock  Spectru*  Comparison  between 
Field  Data  and  Method  B  Test 
Inputs. 


FREQUENCY  (HZ)  (DAMRNG  =*  .03) 

Figure  20e  Shock  Spectrum  Comparison  between 
Field  Data  and  Method  C  Test 
Inputs. 
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Table  II.  Conparison  of  Shock  Input  Characteristics  (TD  *  .006s). 


Shock  Characteristics  f 

Test  Spec 
Method* 

Iftigf 

gjgggl 

fclfriflHlii 

Max  Negative 
Peak  (g) 

— 

Field  Data 

108 

505 

505 

352 

.  A 

MvgTtTTmmm 

108 

383 

383 

315 

Haversine  (AH) 

108 

527 

527 

0 

B 

wzmiEmmm 

143 

505 

505 

416 

Haversine  (BH) 

104 

505 

505 

0 

c 

121 

822 

822 

250 

Haversine  (CH) 

178 

1300 

1300 

0 

•  Method  A  -  Matched  FSMS  and  TRMSO . 

Method  B  -  Method  A  modified  to  match  maximum  peak  value. 
Method  C  -  Current  method  of  shock  spectrum  enveloping. 
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Figure  21  Normalised  Shock  Input 

Characterization.  (Test  Specif ication 
Value  /  Field  Data  Value). 
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Table  111.  Comparison  of  Shock  Response  Characteristics  (TD  »  035s) 


Shock  Characteristics  j 

Test  Spec 

Shock 

TRMSO 

Max  Positive 

Max  Negative 

Method* 

1  Excitation 

<g) 

■M 

Peak  (g) 

Peak  <g) 

-  ' 

■Trrrnr 'h  — 

60 

242 

185 

A 

70 

232 

232 

165 

Haversine  (AH) 

242 

463 

463 

448 

B 

mrQjrrrmmm m 

bwbwbw 

92 

306 

306 

218 

Havers ine  (DH) 

231 

442 

442 

428 

C 

l^nni 

112 

301 

257 

301 

Haversine  (CH) 

274 

521 

521 

f~  553  | 

•  Method  A  -  Matched  FRMS  and  TRMSO. 

Method  B  -  Method  A  modified  to  match  maximum  peak  value. 
Method  C  -  Current  method  of  shock  spectrum  enveloping. 


RMS 

TO  -  .035s  £ 


(QMS)  <0 


4 


5 


ABSOLUTE 

ED 

0  m 

L  II 

© 

|®<© 

II,  1  , 

PEAKS 

0 

I 

2  3 

4 

5 

0 

lEHBl 

<S)®(0 

POSITIVE 

f- 

V  1 

11,1  . 

PEAKS 

0 

i 

2  3 

4 

5 

0  m 

E3  (8)0  0 

NEGATIVE 

PEAKS 

— M— 

J  . 4  -II  -1  ,  ■ 

_4 

j  wervco 

DECAYNG  SNUSOD 

HAVER9NE 

A 

—  1  ■ 

0 

B 

(HREQ/RMS/PKS) 

MPHEHHHI 

Figure  22  Normalised  Model  Response 

Characterisation  (Test  Model  Response 
Value  /  Field  Data  Model  Response 
Value). 


As  a  second  Beans  of  judging  the  consis¬ 
tency  of  the  shock  test- inputs  with  the  field 
data,  each  input  was  used  to  excite  a 
MSC/NASTRAN  Bode]  of  a  ~12  ?cn  (S  inch)  long 
cantilever  bean  Response  tiae  histories  at  the 
end  of  the  bean  Bode  1  as  well  as  shock  charac¬ 
terizations  are  shown  in  the  Appendix.  These 
data  are  suasaarited  in  Table  111  and  Figure  22. 
and  correspond  to  the  data  in  Table  II  and 
Figure  21.  The  nain  observations  from  these 
data  are  that . 

*  All  aethods  are  consistent  in  being  higher 
than  the  field  data  except  Method  A  which 
produces  response  peaks  slightly  lower 
than  the  field  data. 

*  Responses  produced  by  haversine  inputs  are 
always  higher  than  those  produced  by 
decaying  sinusoid  inputs. 


CONCLUSIONS 

A  new  awthod  of  specifying  decaying 
sinusoid  and  haversine  shock  tests  has  been 
developed  and  demonstrated  The  aethod  is  based 
on  the  sKire  ccaaplete  characterization  of  both 
field  and  laboratory  shock  environaents .  These 
shock  characterizations  include  tiae  and  fre-. 
quency  doaain  RMS  acceleration  and  ranked 
acceleration  peaks.  These  characterizations  are 
Shown  to  be  very  useful  alternatives  to  shock 
spectrua  characterizations  which  fail  to  retain 
valuable  information  about  the  field  shock  time 
history.  Such  information  is  essential  if  tiie 
field  shock  environment  is  to  be  siaulated  to 
the  greatest  extent  possible  in  the  shock 
laboratory . 

Decaying  sinusoidal  shock  tests  specified 
according  to  the  proposed  method  are  found  to 
produce  both  shock  test  inputs  and  responses 
which  are  consistent  with  actual  field  shock 
data  This  claia  cannot  be  Bade  by  the  single 
shock  test  inputs  produced  by  the  standard 
aethod  of  shock  test  specification  based  on 
shock  spectruB  enveloping.  The  characteriza¬ 
tions  in  this  paper  show  that  decaying  sinu¬ 
soidal  shock  test  inpuis  Bay  be  below  field 
environment  levels  while  those  produced  using 
.haversines  aay  be  considerably  higher.  The 
degree  of  conservatisa  associated  with  all  of 
these  test  specification  needs  to  be  studied  in 
•ore  detail.  The  aethods  of  Reference  0  provide 
the  basis  for  this  type  of  analysis. 
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APPENDIX 

This  appendix  includes  the  time  histories 
and  response  characterisations  which  were 
calculated  using  a  MSC/NASTRAN  finite  element 
model  of  a  12.7  cm  <5  inch)  long  cantilever  beam 
excited  by  the  test  inputs  derived  from  all 
three  test  specifications  techniques  using 
decaying  sinusoid  and  havorsine  inputs.  The 
rnsponses  are  calculated  at  the  free  end  of  the 
beam. 
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Figure  Ala  Calculated  Model  Response  froa  Test  Figure  A2a  Calculated  Model  Response  from  Test 

Input  Derived  by  Method  A  Using  Input  Derived  by  Method  A  Using  a 

Decaying  Sinusoid  Pulses  (AD)  Haversine  Pulse  (AH). 
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Figure  Alb  Calculated  Model  Response  IrU  Test 
Input  Derived  by  Method  B  Using 
Decaying  Sinusoid  Pulses  (BD) 
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Figure  A2b  Calculated  Model  Responre  froa  Test 
Input  Derived  by  Method  B  Using  a 
Haversine  Pulse  (BH). 
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Figure  Ale  Calculated  Model  Response  froa  Test 
Input  Derived  by  Method  C  Using 
.  Decaying  Sinusoid  Pulses  (CD) 
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Figure  A2c  Calculated  Model  Response  froa  Test 
Input  Derived  by  Method  C  Using  a 
Haversine  Fulae  <CH). 
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Figure  ASa  Ranked  Poaitive  and  Negative  Peak 
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and  Method  B  Teat  Reaponaea  (Model 
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Mr.  ItriMll  (lockatdyna):  Dm*  it  apply 
priaarlly  to  shock  or  tr«nal*nt  pal***  that  ara 
prlaarlly  a  single  frequency?  Many  tlaaa 
traaalant  palaaa  h»v*  a  Hroad  band  frequency 
coat ant. 

Mr.  lac*:  fe,  it  can  b*  appllad  for  aultlpla 
fra* nanc la*.  Tb*  asaapla  I  showed  aaa  for  on* 
fra* nancy  for  aiapliclty,  but  it  1*  poaalbla  to 
pick  oat  which  frequencies  ara  asking  tha 
cootrlbatioao  to  tha  oaarall  rr.a  laaal. 

Mr.  Stran««;  Would  you  than  apply  aultlpla 
decaying  alnuaold*  auparlapoaad  oa  tach  other? 

Mr.  Baca:  To*.  Currently,  whan  ta>  aynthaalta  a 
daeaylng  ainuaoid  pul*a,  «a  ara  selecting 
diffaraat  alnuaotdal  roaponanta  to  natch  tha 
peaks  in  our  ahock  apactra.  I  woull  natch  thia 
particular  frequency  whara  I  aaa  stpilf leant 
energy  appllad  In  field  data. 

Mr.  Strauaa;  One  of  tha  paper*  thli  aornlng 
addraaaod  eons  oaarteat  and  undart  a*  t  problana 
by  ualng  decaying sinusoids,  or  ahak.r  type 
taata,  aa  oppoaad  to  pyrotechnic  devices  which 
ara  the  real  aourca.  Ha**  you  caapa  -ad  tha 
different  kind*  of  raault*  fron  actual  teat 
caaaa  on  hardwnraf 

Hr.  lace;  We  ara  currently  gathering  data,  and 
w*  ara  applying  both  thl*  nathod  and  tha  ahock 
apactra  to  try  to  cona  up  with  non*  kind  of  an 
anal nation. 

Mr.  Gear*  (Lockheed) :  I  assume  tha  f  .ald  data 
In  thaaa  conparlaon*  looked  nore  Ilka  a  decaying 
alnuaold  than  a  hararalna.  Ia  that  right? 

Mr.  Iaca<  That  flrat  plot  la  fluid  data. 

Mr.  Caere i  That  1*  why  tha  decaying  alnuaold 
looked  ouch  bettor  In  thla  eaaa.  Ton  ha**  to 
look  at  the  aatur*  o'  tha  field  data  and  aaka  a 
jod gaunt  a*  to  dutlnr  you  will  taka  a  alngla 
pnlaa  type  representation  or  a  decaying 
alnuaold.  Ia  that  rlghtT 

Hr.  local  In  ay  aaparianc*  tha  dsclaloa  la 
often  and*  for  you.  Tlrat  of  all,  you  do  haw* 
that  jadgeawnt  to  aaka  Juat  ba causa  you  know  It 
la  a  pyrotechnic  type  ahock  versus  aayba  a 
traaaportatloa  ahock  which  haa  that  ooa-aldad 
nature ,  or  aayba  a  bleat  ahock.  lean  though  ** 
would  Ilk*  to  uao  a  decaying  alnuaotdal  pulse, 
easy  tlaaa  the  C  laaala  ara  such  that  wu  cannot 
roach  that  oa  a  shaker.  So,  *a  ar*  forced  to  go 
to  a  drop  table  typo  technique  Juat  to  reach 
aoao  of  the  6  levels  oa  ar*  concerned  about. 

That  la  why  I  foal  It  la  laportaut  to  ar  leaat 
addraar  tha  laaua  of  how  to  opacify  a  teat  ualng 
tha  als.pl*  pula**,  ***n  though  you  know  that  la 
not  tha  baat  way  to  do  It. 

Mr.  Oaerai  But  you  try  to  do  tha  boat  with  what 
you  ha**. 


SHOCK  RESPONSE  ANALYSIS  BY  PERSONAL  COMPUTER 
USING  THE  EXTENDED  IFT  ALGORITHM 

Char  Its  T.  Morrow,  Consultant 
Encinitas,  California 


This  is  tha  third  in  a  unts  of  paptrs  on  tha  development  of  tha  Indiract 
Fourier  Transfora  algorithm  for  spectral  -na lysis  and  shock  response-analysis. 
The  first  presented  the  basic  theory  and  explored  computation  times  and  memory 
requirements.  The  second  reported  the  development  of  a  program  for  shock  spec¬ 
tral  analysis  by  computer  and  disclosed  that  the  phase  characteristic  of  the 
undamped  residual  shock  spectrum  could  be  expressed  in  terms  of  an  Apparent 
Starting  Time  for  shock  transients.  The  present  paper  extends  the  algorithm  to 
response  analysis  by  computer  for  single-  and  multiple-degree-of-freedom  sys¬ 
tems,  with  specific  mathematical  development  through  two  degrees. 

In  his  report  THE  ENVIRONMENTAL  SPECIFICATION  AS  A  TECHNICAL  MAN¬ 
AGEMENT  TOOL,  the  author  first  recommended,  on  the  subject  of  shock  funda¬ 
mentals,  that  description  and  specification  of  a  shock  be  accomplished  by  the 
undamped  residual  shock  spectrum.  (Note  that  damped  residuals  are  not  uniquely 
defined  for  shocks  that  do  not  have  a  definite  ending.)  Lack  of  a  commercial 
Instrument  to  do  this  led  to  the  publication  of  a  paper  on  the  IFT  algorithm  im¬ 
plemented  on  a  personal  computer.  In  the  same  report,  the  author  also  recom¬ 
mended  that  response  computation  be  carried  out  by  a  computer  with  stored  pro¬ 
grams  for  various  configurations  of  interest,  so  as  to  permit  convenient  explor¬ 
ation  of  benefits  of  proposed  design  changes  in  shock  transmission  paths. 
Agam,  no  commercial  instrument  for  the  purpose  is  available  —  the  analog 
shock  spectrum  computer  is  limited  t«  the  simulation  of  only  one  degree  of  free¬ 
dom  and  does  not  coma  to  grips  with  the  design  problem  Extension  of  the  IFT 
algorithm,  as  in  the  present  paper,  can  permit  a  personal  computer  to  compute 
and  display  responses  of  an  arbitrary  mechanical  system  to  a  shock  excitation. 

In  mult  iple-degree-of -freedom  systems,  it  is  possible  for  the  response  to 
increase  after  shock  termination,  to  levels  that  may  cause  failure  or  malfunc¬ 
tion. 

Once  ’'.a  response  has  become  negligible,  and  the  user, has  made  an  exit  from 
the  plotting  routine,  the  computer  displays  the  plot  duration,  the  extreme  values 
for  the  plot,  the  difference  between  them,  and  a  fatigue  factor  that  is  an  indi¬ 
cation  of  the  number  of  cycles  of  increasing  stress.  This  display  is  referred  to 
as  the  Fatigue  Summary. 


Introduction 

THE  ENVIRONMENTAL  SPECIFICATION  AS  A  TECH¬ 
NICAL  MANAGEMENT  TOOL  ,  based  on  a  survey  of  the 
state  of  shock  and  vibration  design  as  influenced  by 
organizational,  considerations  resulting  inadvertently 
from  environmental  specifications  as  now  written,  had 
primarily  a  nontechnical  message.  However,  it  did  con¬ 
tain  two  technical  recommendations  concerning  shock. 
The  first,  that  description  and  specification  of  shocks 
be  accomplished  by  the  undamped  residual  shock  spec¬ 
trum  rather  than  a  damped  maximax  spectrum,  was  in¬ 
tended  to  provide  a  better  indication  of  shock  effect  on 
multiple-degree-of-freedom  systems,  (At  the  higher 
frequencies,  a  maximax  spectrum  cannot  fall  below  the 
maximum  acceleration  of  the  shock.)  The  second  techni¬ 
cal  recommendation,  that  mechanical  system  response 


computations  be  carried  out  on  a  computer  with  built-in 
subroutines  for  various  equipment  dynamical  configura¬ 
tions,  was  intended  to  make  it  sosier  to  carry  out  a 
systematic  approach  to  design,  especially ,  when  this 
must  involve  the  crossing  of  organizational  lines.  Tak¬ 
en  together,  these  recommendations  amount  to  saying 
that  shock  description  and  response  computation  have 
somewhat  different  objectives  and  should  be  optimized 
accordingly. 

However,  both  can  be  accomplished  by  variations  of 
the  same  algorithm.  The  Indirect  Fourier  Transform 
algorithm,  based  in  part  on  early  papers  by  Southworh 
and  O'Hara4,  takes  its  name  from  the  facts  that  the 
undamped  residual  shock  spectrum  can  be  computed  by 
sequential  consideration  of  data  points  in  a  shock  time 
history  and  tnat  the  Fourier  transform,  if  desired,  can 
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observed. 


_• .. -  - 


be  computed  indirectly  from  this,  with  consequent  sav¬ 
ins  in  computer  memory  requirements.  Extension  of  the 
algorftha,  permits  computation  of  the  shock  response  of 
any  hnear  mechanical  system  to  an  arbitrary  shocki 
without  making  an  inverse  Fourier  transformation.  The 
most  basic  fundamentals  for  both  applications  and  the 
development  of  a  computer  program  for  spectral  anal- 
been  discussed  in  depth  in  two  previous 


papers^  . 


In  the  absence  of  further  data  inputs,  Equatior  (1) 
would  still  be  valid  after  t.  +..  To  benefit  from  the  sim¬ 
plicity  of  Equation  (2),  it  a*t  least  receives  a  time  shift 
before  evaluation  of  the  next  instantaneous  response, 
except  when  there  is  an  initial  STEP  or  a  STEP  after  a 
RAMP.  A  shift  from  t-t.  to  t  -  t.  .  is  accomplished 
by  the  equations:  K  1 


In  brief,  if  a  shock  excitation  can  be  approximated  ' 
by  a  finite  series  of  RAMPs  plus  possibly  a  few  STEPs, 
and  if  the  response  of  a  linear  mechanical  system  to 
both  RAMPs  and  STEPs  is  known,  then  the  response  of 
the  system  to  the  shock  can  be  computed  m  terms  of  a 
general  equation  with  several  coefficients,  which  are 
updated  as  thee  passes  through  the  data  points.  Should 
the  mechanical  system  be  an  undamped  simple  resona¬ 
tor,  the  final  values  of  the  trigonometric  coefficients 
determine  an  undamped  residual  shock  spectrum,  simply 
related  in  both  magnitude  and  phase  (if  a  time  shift  is 
made  from  t-t.  to  t  in  the  exponentials  and  trigonomet¬ 
ric  functions)  to  the  Fourier  transform  of  the  shock. 

The  theory  starts  with  the  differential  equations 
for  the  mechanical  system.  Laplace  transforms  are 
taken,  term  by  term.  The  resulting  simultaneous  equa¬ 
tions  are  solved  algebraically  for.  the  transform  of  the 
variable  of  interest,  in  relation  to  that  of  the  accele¬ 
ration  of  the  base.  This  transform  is  evaluated  for 
both  RAMP  and  STEP.  Inverse  Laplace  transforms  are 
then  obtained  by  the  Heaviside  expansion  theorem.  An  . 
equation  sufficiently  general  to  express  the  response 
after  time  tk  to  any  succession  of  RAMPs  and  STEPs  is 


•(“Wck(t-V 


,4» 

°i,k*1  *  Di,k,‘‘^tc°*2TVt  +  Ei,k#‘a,At*'n2TfiAt  (5> 
and 

E.  *  0.  ,e'*iAtsin2Tf  At  -  E. .  e'“iAtcos2»f  At,  (6) 
i,k»l  uk  i  .*k  i 

whirh  follow  from  the  obvious  properties  of  'he  expo¬ 
nential  and  from  the  formulas  for  trigonometric  func¬ 
tions  of  sums  and  differences  of  angles. 


If  a  STEP  or  the  beginning  of  a  ^AMP  occurs  at 
time  tk<  there  must  be  a  corresponding  updating  of  the 
coefficients  of  Equation  1.  Neither  this  operation  nor 
the  time-shift  operation  appreciably  slows  down  re¬ 
sponse  computation  or .  plotting  as  system  complexity 
increases.  However,  for  each  mechanical  sysiem  there 
must  be  a  determination  of  system  natural  frequencies 
and  system  decrements  and  a  determination  of  the 
amounts  by  which  the  coefficients  must  he  changed  for 
each  RAMP  or  STEP  input.  This  one-time  computation, 
which  rapidly  becomes  more  complicated  with  increasing 
complexity  in  the  mechanical  system  of  interest,  is  the 
primary  focus  of  the  present  paper. 


♦  I  0  «**i(Hkcos2ff«*t.) 

\m}  **  IK 

♦  I  E.  le'*i<t'Vtin2ff  (t-t.) .  (1) 

im}  ,  k 

For  rMPOfiM  •valuation  at  t  ■  t^i  this  raducw  to  : 

•“•w£,\k  <2» 

In  this  form,  the  equation,  with  t-t.  in  .the  argu¬ 
ments  of  the  exponential  and  trigonometric  functions, 
is  suitable  for  a  cons  tent -time- increment  At*t. 
version  of  the' algorithm,  or  for  a'  hybrid  version 
data  inputs  for  so  aw  but  not  all  values  of  the  integer 
k.  The  difference  between  constant  and  hybrid  is  not 
primarily  in  the  spectral  or  response  computations  but 
in  the  data  inputs  required  by  the  computer  and  the 
prompts  supplied  to  the  user.  For  hybrid-time- mere-  . 
s«ni  inputs,  there  are  prompts  for  both  the  integer  k 
and  the  corresponding  acceleration.  For  constant-time- 
increment  inputs,  k  is  Incremented  automatically  as 
needed,  provided  the  user  identifies  the  input  as  a 
RAMP  or  STEP  by  adding,  for  a  STEP,  an  S  immediately 
after  the  number  representing  the  acceleration.  Only 
acceleration  prompts  and  acceleration  inputs  are  re¬ 
quired  for  const  ant -increment  time.  A  variable-time- 
incr ament  version  of  the  algorithm  is  also  available  in 
the  program,  for  spectral  analysis  only,  so  that  any 
significant  spectral  er'or  produced  by  confining  data. 
Inputs  to  multiples  of  a  constant  time  increment  can  be 


GENERAL  CONSIDERATIONS  concerning  complex  systems 

Fortunately,  there  are  a  number  of  »-prior1  re¬ 
quirements  that  can  be  used  to  check  the  validity  of 
numerical  responses  if  not  always  the  formulas  on 
which  the  computations  are  based: 

1,  A  RAMP  response  is  always  the  time  integral  of  the 
corresponding  STEP  response. 

Z.  A  STEP  response  in  always  the  time  derivative  of 
the  corresponding  RAMP  response. 

3.  A  STEP  of  acceleration  can  not  produce  in  re¬ 
sponse  an  absolute  acceleration  term  proportional  to 
time. 

4.  All  steady' absolute  acceleration  responses  In  re¬ 
sponse  to  a  unit  STEP  are  unity. 

5.  A  RAMP  of  acceleration  can  not  produce  a  steady 
response  acceleration. 

6.  All  absolute  accelerations  proportional  to  time  in 
response  to  a  unit -slope  RAMP  have  unit  slope. 

7.  In  any  response  to  a  STEP,  the  sum  of  the  Cosine 
coefficients  must  sum  to  tern  with  the  steady  response 
term  in  order  to  avoid  a  discontinuity.  (For  a  simple 
resonator,  the  cosine  coefficient  and  the  steady  re¬ 
sponse  term  must  sum  to  taro.) 
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8.  In  any  resonse  to  a  RAMP,  the  derivatives  of  all 
response  terms  Must  sua  to  zaro  at  tise  zaro  in  order 
to  avoid  a  slope  discontinuity.  In  other  words,  tha  sua 
of  tha  sina  coefficients,  each  divioad  by  tha  correspon¬ 
ding  system  angular  frequency,  minus  tr*  sua  of  tha 
cosina  coafficiaiHS,  aach  dividad  by  tha  corresponding 
systaa  dacraaant,  aust  equal  tha  coefficient  of  the 
time- proportional  tera.  (For  tha  siaple  resonator,  this 
reduces  to  a  relationship  aaong  three  coefficients.) 

9.  In  any  rasponsa  to  a  STEP,  tha  total  described  in 
Requirement  S  aust  be  zaro,  to  avoid  a  change  zl  slope. 

10.  In  any  response  to  a  RAMP,  tha  sua  of  tha  cosina 
coefficients  aust  be  zaro  in  order  to  avoid  a  disconti¬ 
nuity.  (For  tha  siaple  resonator,  tne  cosina  coefficient 
aust  be  zero.) 

11.  For  a  siaple  resonator  or  terainal  resonator  in  a 
series,  the  steady  relative  displacement  produced  by  a 
'  unit  STEP  is  m  /k  or  l/e  or  1/2rf^  .  where  1  is 

tha  undaaped  par?  resonance  frequ«£fiy.  Thera  *i8  no 
tera  proportional  to  time.  Requirement  9  also  applies. 

12.  For  a  siaple  resonator  or  terainal  resonator  .in  a 
series,  the  acceleration  proportional  to  time  produced 
by  a  unit-slope  RAMP  has  the  coefficient  1  or 
1/2rf__.  mere  is  no  constant  tera.  Requircaent  fa  Iso 
apph& 


RESPONSE  LAPLACE  TRANSFORMS  for  damped  siaple 
resonator 

If  the  displacaaent  differential  equation  for  the 
siaple  daaped  resonator  is  differentiated  throutfi 
twice  to  express  it  in  terms  of  acceleration, 

a1d2a1/dt2  +  c^d(a1-ao)/dtrk1ta1-a0l  ,  «> 

where  a,  is  the  response  acceleration  of  the  aasn 
and  a  is  the  excitation  of  the  base.  Take  the  Laplace 
transform  tera  by  tera  and  solve  for  L. ,  tha  transf  j  a 
of  a^ ,  in  teras  of  Lq,  the  transform  of  *0 : 

H  "  C(*p1  ♦  2#pi*,/(fZ  ♦  2V‘  *  %l,3Lo 

-  Cl  -  s2/(s2  ♦  2ap1s  ♦  a2,)^  .  »> 

Obtain  the  transform  of  the  relative  displacement 
by  subtracting  L  and  dividing  by  s  to  express  the 
effect  of  double  integration  with  respect  to  time: 

Ldl0--C1/<*2*2“p1*  +  ,Sl>:lLo*  n" 

The  roots  of  Denominator  are: 


*1  *  "*1  *  **1  '  *1  "  "*1 


-  ja.  , 


13.  For  the  j'th  resonator  along  a  linear  transmission 
path  with  n  resonators,  the  steady  relative  displace¬ 
ment  produced  by  a  unit  S  TEP  it 

n  2  n  2 

(1  ♦  I  m./.m.l/a  .  ■  (1  ♦  I  m/m  )/4tf  ,  ,  (7) 

'  *  ‘  1  )  P) 


►  I  m./.m.)/e  ,  ■  (1  ♦  I 

j+1  1  1  w  i+1 


where  f  .  is  the  undaaped  natural  frequency  of  the 
i'th  resonator.  Requirement  9  also  applies. 

14j  For  the  j'th  resonator  along  a  linear  transmission 
path  with  n  resonators,  the  relative  displacement  pro¬ 
portional  to  time  has  as  a  coefficient  the  expression  of 
Equation  (7).  Requirement  8  a lsu  applies. 


•r*pr%i  •  ,tS) 

These  roots  represent  the  natural  frequencies  of 
the  siaple  system. 

For  unit  STEP 


L  ■ 1/s  , 
o 


and  for’  unit-slope  RAMP 


Requtreaants  1  and  2  are  twr-  ways  of  expressing 
the  same  relationship.  In  checking  tha  validity  if  re¬ 
sults,  differentiation  My  often  be  more  convenient 
than  integration,  but  integration  My  be  aore  suitable 
in  deriving  some  relationships.'  These  requirements  lead 
in  turn  to  Requirements  3  and  3.  Requirement  4  is  a 
matter  of  statics,  which  apply  after  a  shock  is  over 
and  any  response  transients  have  decayed.  Any  discon¬ 
tinuity  of  response  or  response  slope  would  require  at 
least  a  discontinuity  in  the  displacaaent  of  the  base, 
to  make  a  sudden  compression  of  a  spring.  This  does 
not  happen  with  a  RAMP  or  STEP.  PequJreaent  6  follows 
from  Requirements  3  and  1.  Requirements  11  and  13  are 
again  a  matter  of  statics.  With  Requirement  1,  they 
lead  to  Requirements  12  and  14.  Requirement  13  de¬ 
mands  only  that  the  resonators  through  the  j'th  be  in  a. 
linear  transmission  path.  For  special  cases  that  do  not 
comply  with  this,  analogous  but  aore  complicated  ex¬ 
pressions  can  be  devised. 

In  practical  implementetion  of  the  algorithm,  the 
computer  inserts  a  RAMP  to  zero  slope  after  each 
STEP.  Should  the  actual  excitation  slope  be  otherwise, 
this  will  be  corrected  by  the  next  RAMP  input. 


L„  ■  1/s  ’ 
o 

RESPONSES  of  daaped  siaple  resonator 

Ft the  unit  STEP,  substitute  1/s  in  Equations  (9) 
and  (10)  and  apply  the  Heaviside  expansion  theorem  to 
obtain: 

a,  •  1  -  e"*ltcosa1t  ♦  C«1/a1«‘*ltsina1t  (1«> 


*1 '  V1^) 

♦  (q,/#2  a,)e'*lt8ina1t .  07) 

For  the  unit-slope  RAMP,  substitute  1/s2  for  L  in 
Equations  (9>  and  (10)  and  apply  the  Heaviside  expan¬ 
sion  theorem  to  obtain: 

a,  «t  -<1/a1>e‘*1lS1na1t  (18* 


x,  -  x  *  -t/e2.  -  (2a,/»4,  >e  a1tcosa»1t 
1  o  pi  1  pi  1 

+  C(p?-a?)/«*  »,3e  a1*sinu,t  .  (19) 

I  l  pi  i  i 

Replace  t  in  the  exponential  and  trigonometric  ar¬ 
guments  by  t-t.  for  a  RAMP  or  STEP  starting  at  t^  The 
resulting  equations!  multiplied  by  the  actual  step  or 
change  of  s1ope(  show  how  much  the  coefficients  0^  and 
Cj  in  Equation  <1  >,  for  absolute  acceleration  or  relative 
displacementi  must  be  changed  to  reflect  the  addition 
of  the  new  response. 

LAPLACE  TRANSFORMS  for  damped  double  resonator 


where  the  roots  represent  the  system  natural  or  reso¬ 
nance  frequencies  and  the  asterisk  denotes  a  complex 
conjugate.  The  mass  ratioi  m./m,  .  which  for  small  val¬ 
ues  can  lead  to.  dangerously  large  responses  in  m?( 
appears  only  in  the  relationships  between  part  and 
system  complex  frequencies.  After  evaluation  of  L  for 
STEP  or  RAMPi  according  to  Equations  (12)  and  (1 3),  in 
the  inverse  Laplace  transformation  of  these  equations 
by  the  Heaviside  expansion  theorem!  each  root  leads  to 
an  exponential  term  of  form 

«(-a+ju)t  .  ,-«t#j«t  (29) 


The  differential  equations  for  the  damped  two-de- 
gree-of-freedom  mechanical  system  are: 

2  2 

m^d  a2/dt  ♦  Cjdfaj-a^/dt  +  ky^-a^  ■  0  (20) 


»,d  aiV*c1dto7-«0>/dt*,c2d(a1-a2> 

*  kl  (al  'V  +  k2(al  ~V  *  0  *  (21 ) 

Taking  the  Laplace  transform  term  by  term  yields: 

m2s2L2  ♦  CjStLj-L, )  +  kj'Lj-L, )  *  0  (22) 

and 

m^  ♦c1s(L1-Lo)  ♦c2s(I.1-L2> 

+  kl(LrLo>  +  k2<h*L2)"°*  (23) 

Solving  these  two  simultaneous  equations  algebrai¬ 
cally  yields  as  the  transforms  of  the  absolute  acceler¬ 
ation!: 


S’  "  C("Sl+2%l*,(<*p2*2%2«>/«»<-0 


Ll  *  C(“p,  +2ap;*)(“p?+2«p2**2)/°3Lo .  (25) 

The  Laplace  transforms  of  the  relative  displace¬ 
ments  are  obtained  by  subtracting  L.  from  L_  and  L 
frons,Lj  i  and  then  dividing  the  two  resulting  equation? 
by  s  to  express  the  offset  of  a  double  integration: 

Ld21*-C(-Jl+2%,*>'D3'-0  (26) 


Ld10  *  -C(l  rmj^  )(«2  ,+2«p2*+s23L0/0  . 


The  denominator  o,!  the  last  four  equations  is: 

0  *  C“pl  +2«p,  ^  m,  jsScu^^PpjS)  , 


+  <“Ji+2*p1***2>*2 
*  (*“*7  Ki-s*)(s-s2Ks-i2) 


#(-«-j*)t  x  #-«t#-j«t 


with  the  same  complex  coefficients  for  complex  conju¬ 
gate  frequencies!  so  that  the  relationships 

.-«t„j«t_.-j.t)  „  2,-«tcowt  (31) 


e'*t(ei*,t-#-j'rt).2e-*t,inmt  (32) 

may  be  applied  to  yield  responses  in  the  form  of  expo¬ 
nentially  decaying  sinusoids.  The  variable  t  may  be 
replaced  by  t-t.  to  express  the  effect  of  a  RAMP  star¬ 
ting  or  a  STEP  occurring  at  time  t.  . 

INVERSE  TRANSFORMATIONS  for  the  double  resonator 

In  the  performance  of  the  inverse  transformation! 
the  double  resonator  presents  the  problems  of  more 
complicated  mechanical  systems.  Yet  it  is  simple  enough 
for  two  limiting  cases  to  provide  some  valuable  insight. 


If  the  mass  ratio  m. 


is  negligible!  the  transfer 


function  (ratio  of  transforms  of  input  acceleration  and 
output  acceleration)  reduces  to  the  product  of  the 
transforms  for  the  individual  resonators.  (A  similar 
limiting  relationship  holds  for  a  series  of  resonators 
arranged  sequentially  along  a  shock  transmission 
path.)  The  system  resonances  are  the  tame  as  the  part 
resonances.  This  can  be  used  as  a  check  on  the  validity 
of  computer  results  for  more  complicated  cases.  Of 
greater  interest  is  the  fact  that  th  <  'its  can  be 

found  in  closed  formi  algebraically!  if  I _  resonators 

are  undamped.  Setting  the  denominator  0  equal  to  zero 
still  yields  a  fourth-power  equation!  but  the  third-pow¬ 
er  and  first-power  terms  are  zero.  The  system  decre¬ 
ments  «.  and  «2  are  zero.  The  system  angular  frequen¬ 
cies  may  be  obtained  from  the  formula 

e2  *  b/2  ♦  (1  /2)Cb2  -  4c)1  /2  (33) 


*  b/2  -  (1/2)(b2  -  4c)1 /2  , 


•  (ste1-j*1Ks*«1-)e1)(s+e2-j»2Ks+«2+jp2j ,  (28) 


b  “  •plH^VV 


C  "  *pl*p2  * 


(Note  that  the  roots  are  actually  of  imaginary  form 


•  ■  fm  .  This  is  allowed  for  in  tha  signs  in  tha  above 
aquations.) 

In  Laplace  transform  thaoryf  it  is  pointad  out  that 
tha  Haavisida  expan-ion  thaoram  has  problams  if  two 
complex  roots  ara  idanticali  but  this  naad  not  ba  a  con- 
carn.  Tha  fraquancias  givan  by  Equations  (33)  and  (34) 
can  not  ba  idantical  uniass  tha  mass  ratio  m./m.  is 
zarot  and  a  similar  bahaviour  may  ba  axpactad  for  more 
complicatad  machanical  systams.  Tha  smallar  tha  ratio 
(as  in  tha  casa  of  a  small  sliding  contact  within  a  mas- 
siva  potantiomatcr)  tha  closar  tha  systam  fraquancias 
can  ba  in  tha  avant  of  bad  dasignt  and  tha  largar  tha 
consaquant  shock  rasponsa  in  tha  sacond  mass. 

In  tha  shock  rasponsa  program  as  it  now  standsi 
^ha  computar  prints  out  tha  numarical  coafficiants  for 
tha  various  powars  of  s  in  D  aftar  the  part  fraquancias 
and  Q's  hava  bean  put  in  by  tha  usar«  so  that  tha  roots 
can  ba  found  by  an  indapandant  purchased  SASIC  pro¬ 
gram.  If  this  has  alraady  baan  dona  or  tha  roots  hava 
baan  maasuradt  on  continuation  tha  coafficiants  disap- 
paar  from  tha  vidao  scraan  to  provida  a  mora  compact 
data  record,  and  prompts  appaar  for  tha  systam  fra¬ 
quancias  and  dacramants. 

SAMPLE  RESPONSES  for  simpla  and  double  resonators 

Figures  1  and  2  show  tha  data  inputsi  except  for  a 
one-millisecond  time  increment  already  selected  but  not 
illustratedi  with  hyfcrid  time  increment  data  processing! 
for  a  100-g  1 0-millisecond  terminal  peak  sawtooth) 
which  is  verified  for  accuracy  in  Figure  3.  Tha  shock- 
end  marker  at  tha  lefti  marking  tha  last  data  inputi  will 
also  appear  on  all  response  plots.  Figure  4  shows  tha 
fatigue  summary  that  would  ba  applicable  if  tha  plot 
were  representative  of  the  actual  stress  in  tha  test 
item.  Tha  fatigue  factor  is  obtained  by  summing  tha 
absolute  values  of  all  acceleration  changes  that  would 
increase  stress  and  dividing  by  tha  difference  of  tha 
qxtreme  values.  If  there  ware  two  sawtooths  in  succes¬ 
sion!  tha  fatigue  factor  would  ba  two.  On  tha  other 
handi  if  the  second  sawtooth  wera  in  tha  negative  di¬ 
rection!  the  difference  of  tha  extrema  values  would 
doublet  but  the  fatigue  factor  would  be  unity.  For  tha 
rasponsa  plots  to  follow!  tha  fatigue  factors  ara  only 
approximate!  as  responses  ware  not  comletely  negli¬ 
gible  by  the  ends  of  tha  plots.  It  should  ba  possible  la¬ 
ter  to  devise  a  computar  correction  for  termination 
error.  Response  fatigue  factors  tend  to  ba  more  char¬ 
acteristic  gf  the  damping  of  tha  test  item  than  of  tha 
character  of  th*  shock,  but  they  serve  to  remind  one 
that  a  single  large  stress  may  not  causa  failure  or 
malfunction.  (Hava  you  aver  triad  to  break  an  obsolete 
credit  card  by  a  single  folding?) 

One  can  at  this  point  examine  tha  undamped  residu¬ 
al  shock  spectrum  of  Figure  3  to  obtain  some  feeling 
for  the  probable  affect  of  tha  shock  on  the  test  item 
andi  if  one  wishasi  examine  tha  Apparent  Starting  Tima 
of  Figure  6  to  be  sure  that  there  is  a  degree  of  simul¬ 
taneity  of  the  effects  of  the  shock  at  various  frequen¬ 
cies. 

Figure  7  shows  data  inputs  for  a  sample  test  item 
with  a  single  resonance  at  100  Hz  and  a  Q  of  20.  The 
absolute  acceleration  response  of  the  mass  is  plotted 
in  Figure  8.  Most  of  the  response  of  interest  occurs 
well  aftar  the  shock  is  over.  If  the  plot  is  allowed  to 
scroll  upward  to  provide  a  frame  such  as  Figure  9(  the 


response  eventually  decreases.  The  fatigue  summary  of 
Figure  10  shows  a  fatigue  factor  approaching  7  be¬ 
cause  of  the  continuing  oscillations.  The  relative  dis¬ 
placement  response  is  shown  in  Figure  11,  with  a  Fa¬ 
tigue  Summary  in  Figure  12.  Note  that,  even  at  100  Hz, 
the  displacement  amounts  to  a  significant  fraction  of 
an  inch. 

This  version  of  the  extended  algorithm  could  readi¬ 
ly  be  made  to  yield  maximax  shock  spectra  in  absolute 
acceleration  or  relative  displacement.  Computation 
time  would  be  somewhat  longer  than  for  the  undamped 
residual,,  and  maximax  spectra  are  less  indicative  of 
the  continuing  response  after  shock  termination,  espe¬ 
cially  in  multiple-degree-of -freedom  systems.  However, 
maximax  relative  displacement  spectra  could  be  useful 
in  the  design  of  shock ,  isolators  for  adequate  sway 
space. 


Figure  1.  Data  for  Sawtooth  Shock,  Prompt 
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Figure  2.  Data  for  Sawtooth  Shock 


Figure  3.  Plot  of  Sawtooth  Shock  Figure  6.  Residual  Apparent  Starting  Time 


Figure  4.  Fatigue  Summary  t  Sawtooth  Shod- 
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Figure  7.  Description  of  Simple  Resonator 
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Figure  8.  Resonator  Initial  Response 


Figure  9.  Later  Response  of  Resonator 


Figure  12.  Fatigue  Summary,  Relative  Displacement 


Figure  10.  Fatigue  Summary)  Absolute  Acceleration 


Figure  11.  Relative  Response  in  Simple  Resonator 


Before  proceeding  to  two-degree-of-freedom  sys¬ 
tems)  the  scale  is  changed  as  in  Figure  13,  to  permit 
plotting  larger  responses.  Figure  14  and  13  show  data 
inputs  for  a  double  resonator  with  a  frequency  of  100 
Hz  and  a  Q  of  20  for  both  resonators  and  a  mass  ratio 
m./m.  of  1/40.  The  angular  frequency  and  decrement 
vtlues  are  supplied  by  the  computer.  After  the  mass 
ratio  is  EhTERedi  the  computer  immediately  computes 
and  displays!  as  in  Figure  13)  the  coefficients  for  the 
various  terms  in  the  denominator  of  the  Laplace  trans¬ 
forms.  These  can  be  put  into  an  independer.t  root  com¬ 
putation)'  or  if  this  has  already  been  done  or  the  system 
complex  frequencies  have  been  measured)  pressing  the 
ENTER  key  clears  away  the  coefficient  information  and 
provides  prompts  for  the  root  values.  In  Figure  16.' 
these  have  been  inserted)  the  computer  displays  also 
the  system  frequencies  in  Hz  and  the  Q  values>  and  the 
user  has  selected  the  absolute  acceleration  of  the 
second  mass  for  plotting.  This  is  shown  in  Figure  17  as 
a  paper  printout  obtained  as  the  plot  scrolled  up  the 
video  screen.  To  make  the  curve  more  readable)  some  of 
the  points  have  been  connected  by  pencil  lines.  Note 
that  the  response  amplitude  actually  increases  after 
the  shock  is  over>  then  decreases  and  increases  again> 
and  so  on.  This  is  a  beating  effect  resulting  from  the 
fact  that  there  are  two  nearly  equal  system  frequen¬ 
cies  in  the  response  with  very  nearly  equal  initial  amp¬ 
litudes.  The  energy  for  increased  response  in  the 
second  resonator  comes  from  decreased  response  in  the 
first  resonator  —  the  decrease  does  not  have  to  be 
very  much  because  m.  is  much  larger  than  m.  and  can 
hold  more  energy.  Figure  13  shows  thm Fatigue  summary. 

Figure*  17  and  18  should  be  convincing  evidence 
that  shock  spectral  analysis  and  response  estimation 
have  been  too  obsessed  with  the  simple  resonator  and 
with  response  during  a  shock.  The  application  of  damp¬ 
ing  in  shock  spectra  has  blurred  the  fundamentals  of 
shock  description  while  not  necessarily  yielding  more 
realistic  estimates  of  test  hardware  stress.  Excessive 
emphasis  on  the  shock  spectrum  as  a  general  response 
esitmate  has  diverted  attention  from  beneficial. design 
changes  that  might  be  carried  out  with  negligible  cost 
and  schedule  penalties. 
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Fig ura  19.  Desertion  of  Oetuned  Resonator 


Figure  IS.  Fatigue  Summary,  Second  Mess 


Tc  dicrMM  the  shock  transmission  in  this  case, 
drawing  would  bo  attractive  in  principle.  It  would  lower 
the  fatigue  factor,  which  would  be  beneficial  if  the 
method  of  damping  did  not  decrease  the  fatigue  resis¬ 
tance.  But  da  awing  might  be  difficult  to  carry  out  in 
practice.  Figure  19  shows  data  inputs  for  a  detuning  of 
the  part  frequency  of  the  second  resonator  to  200  Hi. 
Figure  20  shows  the  resulting  plot  and  Figure  21  shows 
the  Fatigue  Summary.  Almost  the  same  results  would  be 
obtained  if  the  first  resonator  rather  than  the  second 
were  detuned  to  200  Hi  —  the  response  plots  would  be 
almost  undfstinguishabla.  Depending  on  the  circum¬ 
stances.  either  approach  could  result  in  a  beneficial 
redesign,  which  could  be  carried  out  with  confidence  in 
the  benefit  to  be  obtained.  If  the  second  mass  should 
not  be  accessible  for  instrumentation  during  shock, 
there  might  be  no  other  way  to  obtain  a  quantitative 
estimate  of  the  benefit  than  to  use  a  computation  algo¬ 
rithm  like  the  IFT. 


Figure  20.  Response  of  Detuned  Se  .<  nd  Mass 


Figure  21.  Fatigue  Summary,  Detuned  Hass 


r 


Terminal  resonators  at  tha  ends  of  shock  tr ins  mis¬ 
sion  path*  art  potentially  most  vulnerable  to  damage  or 
m  function,  and  tharafor#  thay  tend  to  ba  tha  ao*t 
interesting  rasonators.  However,  tha  algorithm  is  cap- 
abla  of  yielding  abtoluta  accalaration*  and  relative 
dfsplacaaant*  throughout  a  dynaaical  system.  Within  a 
multiple-resonator  tranmsmission  path,  ralative  dts- 
placaaant*  are  aore  indicative  of  potential  damage. 

FURTHER  DEVELOPMENT 

Many  thins*  reaain  to  ba  dona  to  tha  program,  soma 
iaportant  and  soma  more  cosmetic  in  nature,  before  it 
i*  suitable  for  use  by  other  engineers.  Of  course,  more 
subroutine*  need  to  oa  added  for  more  equipment  dy¬ 
naaical  configurations,  so  that  redesign  explorations 
can  ba  extended  to  configuration  as  wall  as  parameter 
changes.  It  would  ha  «  great  convenience  to  have  a 
built-in  program  for  finding  tha  roots  of  the  denomina¬ 
tor  of  the  response  transforms,  preferably  using  the 
parts  decrements  and  angular  frequencies  as  initial 
values  so  as  to  increase  tha  computation  spaed.  For 
tha  two-degree-of-freedom  system,  interpolation  from 
tables  of  complex  roots  could  ba  faster,  but  the  memory 
requirements  would  rapidly  become  excessive  with  in¬ 
creasing  mechanical  system  complexity. 

The  program  still  needs  further  improvement  of 
user  interaction  and  some  general  cleanup,  together 
with  provision  for  more  efficient  RAM  utilisation  in 
anticipation  of  added  subroutines.  The  present  inter¬ 
pretive  BASIC  program  was  achieved  in  part  by  combin¬ 
ing  on  disk  three  separate  programs  (variable-time-in- 
crament  spectra,  constant-time-increment  spectra  and 
hybrid-time-increment  responses)  that  had  bocn  subject 
to  the  limitations  of  16  bytes  of  RAM  memory,  in  a 
Radio  Shack  Model  1  personal  computer,  and  of  tape 
■  storage.  Together  with  disk  operating  system  and  ex¬ 
tended  BASIC,  it  js  now  running  into  the  limitations  of 
46  bytes  of  RAM.  Most  of  the  this  memory  is  not  in¬ 
volved  directly  in  the  algorithm  but  in  the  program  rou¬ 
tine*  for  prating,  plotting  and  user  interaction.  Edit¬ 
ing  will  help  some  to  decrease  the  memory  requirement. 
Compiling  My  help  even  more,  while  speeding  up  opera¬ 
tions  that  are  not  handled  by  machine-language  sub¬ 
routine*.  It  has  recently  become  possible  to  compile 
Machine  code  directly  from  programs  written  in  inter¬ 
pretive  BASIC.  Before  the  1FT  algorithm  is  completely 
reduced  to  practice  for  the  Z-80  (8-bit)  microporoces- 
sor,  it  will  undoubtedly  be  necessary  to  us*  some  over¬ 
lays  in  memory.  This  will  be  unnecessary  for  «  computer 
with  a  16-bit  microprocessor  and  ample  memory. 

The  author  has  compilers  for  several  computer  lan¬ 
guages,  .for  exploration,  measurement  of  computation 
times  etc.  So  far,  it  has  been  aore  important  to  develop 
the  program  further  than  to  translate'  it.  Compared  to 
PASCAL,  BASIC  presents  problems  in  the  development 
and  debugging  of  large  programs,  but  it  reMin*  the 
language  best  adapted  to  interaction  between  computer 
and  user.  At  the  other  extreme,  ASSEMBLY  language,  in 
the  hands  of  an  expert  programmer,  generates  the  most 
efficient  code,  but  it  is  extremely  tedious  and,  except 
for  occasional  subroutines,  entirely  unsuited  to  a  pro¬ 
gram  develQPMnt  whose  features  are  still  somewhat 
exploratory. 

The  response  plots  of  this  paper  have  intentionally 
been  made  with  few  points  along  the  time  axis  in  order 


to  make  the  illustrations  compact.  Higher-resolution 
graphics,  now  available  as  an  expansion  kit  for  TRS-90 
Model  III  and  4  computers,  would  ease  this  problem  and 
provide  more  resolution  in  acceleration.  However,  as 
aquipMnt  designers  are  often  off  by  a  factor  of  two  or 
more  io  their  impressions  of  shock  and  vibration  re¬ 
sponse  ,  and  sometimes  off  by  a  factor  of  tan,  the 
present  resolution  should  be  adequate  for  most  purpos¬ 
es. 

When  this  work  was  first  carried  past  the  restric¬ 
tions  of  a  programmable  calculator,  the  TRS-80  was 
almost  the  only  personal  computer  available.  Even  now, 
there  is  more  information  readily  available  on  program¬ 
ming  it  than  for  any  other  personal  computer.  Alternate 
computers,  perhaps  more  common  in  industrial  laborato¬ 
ries,  may  be  considered  after  the  program  is  more  fully 
developed,  if  user  interest  warrants  it. 

For  complete  reduction  of  the  IFT  algorithm  to 
practice,  it  is  necessary  that  a  computer  be  able  to 
accept  into  an  array  shock  data  from  an  A/0  convert¬ 
er.  This  can  be  very  nearly  the  last  refinement.  It  is 
much  more  satisfactory  to  develop  and  debug  the  pro¬ 
gramming  with  the  aid  of  simple  combinations  of  RAMP's 
and  STEP'*  from  the  keyboard,  whose  responses  are 
more  predictable,  at  least  for  limiting  casas  of  the 
mechanical  system. 

CONCLUSION 

This  paper  demonstrated  the  feasibility  of  using 
the  Indirect  Fourier  Transform  algorithm  both  for 
spectral  analysis  of  an  arbitrary  shock  and  for  explor¬ 
ing  any  benefit,  in  decreased  shock  transmission,  of 
possible  design  changes  in  a  mechanical  system.  The 
extended  algorithm  may  be  considered  a  supplement  to 
popular  modal  analysis  techniques  now  applied  primarily 
to  structural  problems.  As  the  work  still  to  be  don*  is 
mostly  too  detailed  for  effective  reporting,  the  present 
paper  may  be  the  last  of  the  series  for  a  while.  In  the 
meantime,  the  work  reported  here  on  the  two-degree- 
of-freedom  ,  mechanical  system  will  provide  a  program¬ 
ming  approach  for  more  complicated  system  responses. 

After  a  sufficient  number  of  subroutines  for  addi¬ 
tional  mechanical  systems  have  been  added,  it  snould 
be  possible  to  consider  multiple  excitations  or  the  ef¬ 
fect  of  a  nonlinearity  such  as  a  blowoff  valve  in  an 
automobile  suspension  or  shock  isolator.  Tha  latter 
would  require  changes  of  mechanical  system  configura¬ 
tion  in  the  course  of  shock  response  computation,  ac¬ 
cording  to  the  velocity  response  of  the  damper. 

The  present  paper  should  be  p  convincing  demon¬ 
stration  that  there  are  potentially  much  more  powerful 
tools  and  techniques  for  practical  shock  and  vibration 
engineering,  with  minimal  cost  and  schedule  penalties, 
than  have  been  used  to  date.  Part  of  the  challenge  fac¬ 
ing  the  aerospace  and  avionics  industries  is  to'  to  es¬ 
tablish  closer  cooperation  between  engineers  concerned 
with  functional  aspects  of  equipment  and  engineers 
concerned  with  shock  and  vibration.  On*  of  the  findings 
of  the  author's  previous  report  ’  was  that  environmen¬ 
tal  specifications  as  now  written  have  inadvertently 
tended  to  separate  these  two  groups  of  engineers  in 
such  a  way  that  the  approvals  required  for  the  cross¬ 
ing  of  organisational  lines  constitute  a  major  roadblock 
for  efficient  shock  and  vibration  design.  Reduction  of 
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algorithms  such  as  tha  extended  IFT  to  tactic*  should, 
Mr  parmlttlns  graphic  lor  coat  Illustration  of  benefit 
froa  a  routli  design  rhanga,  aako  approval*  easier, 
•*  that  organizational  boundaries  become  lata  of  an 
obstacle. 
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LEAST  FAVORABLE  RESPONSE  Of  INELASTIC  STRUCTURES 


Fashin  Craig  Chang,  Thcnas  L.  Paez,  Frederick  Ju 
The  University  of  New  Mexico 
Albuquerque,  NM  87131 


In  the  design  of  a  structural  system,  a  test  Input  Is  sought  to 
conservatively  represent  an  ensemble  of  measured  field  inputs.  Uhen 
a  structure  survives  the  test  input.  It  is  assumed  that  It  would 
survive  the  field  Inputs.  The  method  of  shock  response  spectra  Is  a 
technique  for  specifying  conservative  test  Inputs,  but  It  has  some 
disadvantages.  In  this  investigation  a  technique  Is  developed  for 
the  specification  of  test  inputs.  It  is  based  on  the  method  of 
least  favorable  response,  and  It  overcomes  some  of  the  shortcomings 
of  the  method  of  shock  response  spectra.  Numerical  examples  show 
that  the  present  technique  can  be  used  in  practical  applications. 


1.0  INTRODUCTION 

In  the  design  of  a  structural  system  the 
engineer  attempts  to  provide  a  plan  for  a  struc¬ 
ture  that  will  survive  one  or  more  Input  excita¬ 
tions.  To  do  this  the  engineer  must. have  some 
means  for  analyzing  structural  response,  and  f«r 
judging  whether  the  system  can  survive  an 
excitation  or  a  class  of  excitations.  Most 
realistic  situations  Involve  environments  that 
are  random,  and  In  such  cases  design  techniques 
are  sought  to  specify  structures  with  pre- 
established  probabilities  of  failure.  , 

Short  duration,  strong  motion  excl  Utlons 
excite  extreme  responses,  and  structural  failure 
can  occur  due  to  peak  response;  consequently  It 
Is  desirable  to  know  what  maximum  response  can 
be  caused  In  a  structural  system  by  a  dynamic 
load.  For  reasons  of  conservatism  and  design 
safety.  It  Is  desirable  to  establish  a  procedure- 
for  computing  a  bound  on  the  maximum  structural 
response  caused  by  a  shock  Input.  Buildings 
designed  to  survive  an  upper  bound  01  the  peak 
response  should  respond  satisfactorily  to  the 
actual  input. 

A  structural  Input  excitation  used  In  an 
analysis  or  physical  test  Is  considered  conser¬ 
vative  If  It  excites  a  more  severe  response  In  a 
structure  than  the  Individual  Inputs. it  Is  meant 
to  represent.  Therefore,  when  measured  environ¬ 
ments  representing  a  real  shock  source  are 
available,  and  It  is  necessary  to  design  a 
structure  to  survive  that  source,  a  conservative 
Input  representing  the  measured  shock  Is  sought. 


The  method  of  shock  response  spectra 
provides  a  technique  for  the  analysis  and  design 
of  structures  subjected  to  short  duration  shock 
excitations.  The  method  of  shock  response 
spectra  Is  used  to  establish  a  test  Input  that 
can  represent  an  ensemble  of  Inputs  conserva¬ 
tively,  In  the  sense  that  the  peak  response 
excited  by  the  test  Input  Is  greater  than  the 
peak  response  excited  by  any  of  the  underlying 
measured  Inputs.  References  1  through  5  provide 
reviews  and  some  recent  applications  of  the 
method  of  shock  response  spectra  In  structural 
analysis  and  design. 

The  method  of  least  favorable  response  was 
established  by  Drenlck  and  Shlnozuka  In  Refer¬ 
ences  6  and  7.  Its  applicability  was  extended 
to  use  In  analytical  and  physical  testing  by 
Smallwood  in  Reference  8.  The  method  of  least 
favorable  response  provides  an  alternate  method 
for  the  specification  of  test  Inputs.  The  tech¬ 
nique  allows  the  engineer  to  specify  a  test 
input  based  on  an  ensemble  of  measured  shock 
Inputs.  The  test  Input  will  cause  a  response  In 
a  linear  structure  that  Is  a  bound  on  the 
response  excited  by  the  underlying  measured 
inputs.  Therefore,  this  method  Is  equivalent. 

In  concept,  to  the  method  of  shock  response 
spectra.  Reference  9  compares  the  methods  of 
least  favorable  response  and  shock  response 
spectra  and  shows  that  the  former  has  some 
considerable  advantages  over  the  latter. 

One  of  the  main  disadvantages  of  the 
methods  discussed  above  Is  that  shock  environ¬ 
ments  are  often  represented  using  test  Inputs 
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that  are  different  In  character  fra*  the  origi¬ 
nal  shocks.  This  problem  Is  discussed  In  detail 
by  Baca  In  Reference  10.  He  shows  that  this 
problem  can  lead  to  overconservative  tests, 
especially  In  the  case  of  the  method  of  shock 
response  spectra  where  simple  waveform  test 
1  r.puts  can  be  used. 

Another  disadvantage  Is  that  the  techniques 
discussed  above  are  mainly  for  use  with  linear 
structures.  Of  course,  the  techniques  are  used 
In  connection  with  failure  analysis  of  struc¬ 
tures,  but  the  theoretical  developments  are 
usually  concerned  with  linear  equations.  One 
exception  occurs  with  the  method  of  shock 
response  spectra;  a  few  papers  concerned  with 
test  specification  for  nonlinear  structures  have 
been  written.  (See,  for  example.  References  11, 
12,  13.) 

In  view  of  these,  problem  areas,  it  Is 
desirable  to  develop  a  technique  for  the  speci¬ 
fication  of  test  Inputs  for  the  analysis  and 
design  of  structures  that  1)  yields  Inputs 
siml far  In  form  to  the  underlying  measured 
Inputs,  2)  accounts  for  the  potential  for  non¬ 
linear  response  In  a  structure,  and  3)  can  be 
used  when  failure  Is  related  to  peak  response. 

The  objective  of  this  study  Is  to  establish 
a  method  for  the  specification  of  a  test  Input 
based  on  an  ensemble  of  measured  1np>  ts.  The 
Input  will  have  the  three  propertlei  listed  In 
the  previous  paragraph.  The  approach  1$  based 
on  the  method  of  least  favorable  response; 
therefore,  the  linear  theory  of  least  favorable 
response  Is  reviewed  In  the  following  section. 
Next,  the  peak  response  of  bilinear  hysteretlc 
slngle-degree-of-freedom  (SDF)  structures  Is 
investigated.  Finally,  a  method  Is  established 
for  specifying  a  test  Input  that  will  cause 
maximum  displacement  response  In  a  structure. 


2.0  THE  LINEAR  THEORY  OF  LEAST  FAVORABLE 

RESPONSE 

The  method  of  least  favorable  response 
provlaes  a  means  for  defining  an  upper  bound  on 
the  response  of  a  linear  structure  excited  by  a 
sequence  of  shock  Inputs.  Consider  a  linear 
dynamical  structure.  When  It  Is  excited  by  a 
single  Input,  the  response  at  a  point  on  the 
structure  can  always  be  expressed  using  the 
convolution  Integral.  This'  Is 

y(t)  ■  f.  h(t  -  t)  x(t)dt  (2-1) 


where  x(t)  Is  the  Input  excitation,  y(t)  Is  the 
response,  and  h(t)  Is  the  system  Impulse 
response  function.  If  the  system  response 


starts  at  time  zero,  then  It  is  assumed  that  the 
initial  conditions  are  zero  velocity  and 
displacement. 

Now  assume  that  the  structure  has  positive 
viscous  dashing  and  the  input  can  be  Fourier 
transformed.  Then  the  response  has  a  Fourier 
transform,  and  the  input  and  response  Fourier 
transforms  are  denoted  XU)  and  YU),  respec¬ 
tively.  These  functions  can  be  inverse 
Fourier  transformed  to  obtain  the  Input  and 
response,  x(t)  and  y(t).  The  convolution 
Integral  in  Equation  (1)  can  be  Fourier  trans¬ 
formed.  The  result  is 

YU)  «  HU)  XU)  (2-2) 

where  HU)  Is  called  the  frequency  response 
function  and  is  the  Fourier  transform  of  the 
Impulse  response  function. 

Equation  (2-2)  can  be  Inverse  Fourier 
transformed  to  obtain  a  frequency  domain 
expression  for  the  structural  response.  This  Is 

y(t)  /  HU)  XU)  e1"*  dm  (2-3) 

The  objective  Is  to  bound  the  maximum  value  In 
the  absolute  value  of  the  response;  therefore, 
the  absolute  value  Is  taken  In  Equation  (3). 

This  yields 

|y(t)|  /*  HU)  XU)  e1-t  d«  |  (2-4) 

Parseval's  theorem  can  be  used  to  show  that  when 
the  absolute  value  sle-s  are  taken  Inside  the 
Integral  on  the  right,  above,  the  absolute  value 
of  the  response  is  bounded,  as:  follows. 

|  y(t)[  <  ^  /  |hU)J  |xU) )  dw  •  I  (2-5) 


The  expression  on  the  right  Is  a  constant. 
Independent  of  time;  this  constant  is  denoted 
I.  Since  the  absolute  value  of  the  response  Is 
equal  to  or  less  than  I,  this  Implies  that  the 
maximum  value  in  the  absolute  yalue  of  the 
response  Is  equal  to  or  less  than  I.  Let 

Y-**|y<t)|.  (2-6) 

then 

Y  <  I  (2-7) 

The  quantity,  I,  Is  known  as  the  least  favorable 
response  (LFR)  of  the  system,  corresponding  to 
the  input  with  Fourier  transform  given  by  XU). 
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The  LFR  fonts  a  bound  on  til  the  peak  responses 
of  the  system  whose  frequency  response  function 
Is  HU)  where  the  Input  hts  Fourier  trtnsfoni 
■odulus  bounded  by  |XU)|  .  A  test  Input  Is 
known  ts  a  least  favorable  Input  (LFI)  If  It 
produces  a  response  whose  absolute  Maxima  1$ 
equal  Xp  I. 

Let  xT(t)  denote  a  test  Input  with  Fourier 
transform  XTU).  .  This  Input  excites  a  response 
yT(t),  In  the  system  of  Interest,  whose  Fourier 
transfone  Is  YT(«)  *  H(»)XT(»).  A  bound  on  the 

absolute  naxlnua  of  the  test  response  Is  given 
by 

r  ■  h  /  v.i 

The  Fourier  transforms  of  the  test  Input  and  the 
frequency  response  function  can  be  expressed  In 
their  polar  fe-ss,  X-U) 

XT(w)  ■  ^(wlle1*7*-1  and  HU)  -  |HU)|e1*<*) 

When  the  expressions  are  used  In  Equation  2*3. 
the  response  function  yT(t)  Is  given  by 

yT(t)  - 

i-  f  !xtU)|  |h(w)|  e,(#TU)  *  *lm)  '  -^dm 
-4  •  (2-9) 

At  time  t  •  0.  the  above  expression  can  be  made 
equal  to  I,  the  LFR,  by  taking 

•T(»)  -  -♦(w>  and  Xjlm)  -  |xU)|  (2-10) 

In  this  case  the  test  response  at  time  zero  Is 

yT(0)  "  27  £  |«w)||H(w)|  •  I  (2-11) 

This  shows  that  the  test  response  can  be  Made 
equal  to  the  LFR  by  choosing  the  Fourier  trans¬ 
form  modulus  of  the  test  Input  equal  t o  the 
Fourier  transform  modulus  of  the  actual  Input, 
and  by  choosing  the  complex  phase  of  the  test 
input  equal  to  minus  the  phase  of  the  frequency 
response  function.  The  effect  of  this  choice  of 
phase  Is  to  cause  the  response  Fourier  compo¬ 
nents  to  add  constructively  at  time  t  ■  0. 


In  view  of  Equation  2-10,  the  Fourier 
transform  of  the  test  Input  Is  given  by 

XTU)  -  |xU)|  e,*U)  (2-12) 

This  function  can  be  Inverse  Fourier  transformed 
to  obtain  a  tine  domain  expression  for  the  test 
Input.  This  Input  Is  the  LFI. 

*T(t)  "  27  /  XTU)  e,“t  d“  (2*l?) 

This  Input  could  be  used  In  a  physical  test 
of  the  structure.  Since  the  response  It  excites 
Is  equal  to  or  greater  than  the  response  excited 
by  the  Input  x(t),  the  test  Input  produces  a 
conservative  test.  In  the  peak  response  sense. 

If  a  structure  survives  *j(t),  then  It  would 

also  survive  x(t). 

The  procedure  outlined  above  provides  a 
means  for  computing  the  LFR  and  specifying  a 
shock  test  based  on  one  measured  Input,  x(t). 

The  procedure  can  be  modified  to  define  an  LFR 
and  shock  test  Input  when  several  measured 
Inputs  are  available.  Let  Xj(t),  j*l,...n,  be  a 

sequence  of  measured  shock  signals  from  one  or 
more  shock  sources,  and  assume  that  a  structure 
of  Interest  will  be  subjected  to  one  or  wore 
shocks  from  each  source  In  the  field.  Then  an 
LFR  based  on  the  sequence  of  Inputs  can  be 
constructed  as  follows.  Compute  the  Fourier 
transform  of  each  shock  and  denote  the  results 
X j(w),  j»l,...n.  Compute  the  complex  modulus  of 

each  Fourier  transformed  signal,  |Xj(»)| , 
J»l,...n.  Let  X#(w)  define  the  envelope  of  the 
Fourier  transformed  moduli;  then  X#( u)  Is 

XeU>  •  |X4U)|  (2-14) 

The  LFR  based  on  the  sequence  of  Inputs  Is 
given  by 

I  *  27  /  ,X#U)  H(w)  dw  (2-15) 

This  Is  a  bound  on  the  peak  response  excited  by 
the  Inputs,  Xj(t),j«l,...n,  Individually,  since 

X#U)  bounds  the  Fourier  transform  moduli  of  the 
Individual  Inputs. 

A  test  Input  which  will  excite  the  LFR,  at 
time  t  *  0,  Is  given  by 

xT(t)  •  ^7  /  X#U>  |H(w)|e*“*dw  (2-16) 


This  Input  could  be  used  In  a  physical  test  of 
the  structure.  It  Is  conservative  with  respect 
to  each  of  the  Individual  Inputs  In  a  peak 
response  sense. 


constructively  at  time  t  *  0.  The  phase  Is 
chosen  as  minus  the  complex  phase  of  the  fre¬ 
quency  response  function  of  the  structure  under 
consideration. 


The  method  of  least  favorable  response  has 
a  few  features  that  make  It  practically  Impor¬ 
tant.  First.  It  generates  test  Inputs  and 
responses  that  are  conservative  with  respect  to 
a  collection  of  underlying  inputs  and  the 
responses  they  excite.  Second,  It  generates  test 
inputs  that  have  the  same  oscillatory  quality  as 
the  underlying  Inputs.  Third,  It  preserves  the 
power  of  the  underlying  Input  by  matching  X^tu) 

to  the  moduli  of  the  Fourier  transforms  of  the 
underlying  Inputs  and  slsply  rearranging  the 
phase  of  the  response;  , 


In  this  Investigation  It  Is  assumed  that, 
the  bilinear  hyste retie  structure  possesses  an 
LFR  and  an  LF1  which  generates  that  response. 
It  Is  assumed  that  the  LFI  of  the  bilinear 
system  has  the  same  general  form  as  the  LFI  of 
the  linear  system.  The  parameters  of  this  LFI 
must  be  determined. 


Consider  a  base  excited,  linear  SDF  sys¬ 
tem.  The  frequency  response  function  for  the 
system  Is  given  by 


3.0  A  DISPLACEMENT  RESPONSE  LOUNO  FOR  BILINEAR 
HYSTERETIC  SYSTEMS 


HU)  - 


-»  < 


♦  2  1C  w^m 


»  <  » 
(3-1) 


It  was  shown  In  Section  2.0  that  for  a 
linear  system  the  least  favorable  response  (LFR) 
can  be  obtained  from  Equation  2-3.  The  LFR  Is  a 
bound  on  the  Individual  responses  excited  by  a 
sequence  of  inputs.  The  least  favorable  Input 
(LFI)  given  In  Equation  2-16  Is  a  test  Input 
which  generates  the  LFR  In  a  linear  system.  In 
this  section  a  technique  Is  developed  to  compute 
the  LFR  of  a  nonlinear  slngle-degree-of-freedom 
(SDF)  structure. 

The  capacity  to  generate  the  LFR  of  an  SOF 
structure  Is  Important  since  It  can  be  used  by 
the  designer  to  est/.bllsh  a  bound  on  the  dis¬ 
placement  response  of  a  multi -degree-of-freedom 
(MOF)  structure  In  Its  fundamental  mode.  In 
many  practical  cases  the  fundamental  mode  of 
response  contributes  most  significantly  to  the 
overall  response.  Beyond  this,  the  results  of 
this  Investigation  may  prove  useful  for  applica¬ 
tion  In  the  definition  of  Inputs  at  several 
characteristic  frequencies,  simultaneously. 

The  technique  to  be  considered  is  based  on 
the  method  of  least  favorable  response.  The  LFI  • 
Is  an  input  characterized  In  terms  of  the 

complex  modulus  and  phase  of  Its  Fourier  trans- - 

form.  The  modulus  of  the  Fourier  transform  of 
an  LFI  reflects  an  envelope  on  the  moduli  of  the 
Fourier  transforms  of  the  underlying  inputs. 

When  the  shock  sources  represented  In  the  ensem¬ 
ble  of  Inputs  are  very  similar,  then  the  moduli 
of  the  Fourier  transforms  of  the  inputs  are  very 
similar  and  the  envelope  very  nearly  matches 
these.  The  complex  phase  functions  of  the 
Fourlt*  transforms  of  actual  Inputs  are  random, 
at  least  In  part.  And  the  complex  phase  of  the 
Fourier  tranform  of  the  LFI  Is  chosen  to  cause 
the  components  of  the  response  to  superpose 


where  ^  Is  the  iatural  frequency  of  the  system 

and  t  Is  the  damping  factor  of  the  system.  This 
function  can  be  Interpreted  In  terms  of  Its  real 
and  imaginary  parts  or  Its  complex  modulus  and 
phase.  The  phase  of  the  frequency  response 
function  Is 


-1 

♦(-)  •  tan  1  -g  "  .  —  <  m  <  •  (3-2) 

m„ 

This  Is  plotted  In  Figure  3.1  as  a  function  of 
circular  frequency,  w.  Note  that  f(w)  Is  an 
odd  function  and  varies  rapidly  In  the  vicinity 
of  Wji  and  slowly  elsewhere. 

It  Is  assumed  In  this  study  that  the 
complex  phase  of  the  Fourier  transform  of  the 
LFI  of  a  bilinear  hysteretlc  system  Is  given  by 


<  M  <  • 

(3-3) 


where  w(  is  the  characteristic  frequency  and  c# 

Is  the  characteristic  damping  factor.  These 
parameters  are  chosen  to  maximize  the  response 
of  the  bilinear  system.  The  parameters  must  be 
determined.  This  form  Is  chosen  for  the  phase 
In  the  hope  that  It  will  yield  a  response  In  a 
bilinear  hysteretlc  structure  that  is  near  the 
LFR. 

For  a  specific  bilinear  hysteretlc  system 
and  ensemble  of  Inputs,  the  paraemters  In  the 
phase  of  the  Fourier  transform  of  the  LFI  can  be 
determined  by  searching  the  peak  response  values 
as  a  function  of  w(  and  ct  to  obtain  a 

maximum.  The  response  of  a  bilinear  hysteretlc 


f(w)  ■  tan 
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SOF  system  Is  governed  by  the  equation 


y  ♦  2(an  y  ♦  i  R(y)  -  -*0 


Dependence  of  the  response  function  on  the 
parameters  of  the  Input  Is  emphasized  by 
Inclusion  of  these  parameters  as  arguments  In 
the  response  expression. 


where  c  end  «n  are  the  damping  factor  and  small 
displacement  natural  frequency  of  the  system,  m 
Is  the  EOF  system  mass,  x0  Is  the  base  motion 
input  excitation  of  the  system,  R(y)  Is  the 
bilinear  hysteretic  restoring  force  function. 

The  restoring  force  Is  a  function  with  an  infi¬ 
nite  number  Of  realizations.  When  y  is  small, 
R(y)  is  a  linear  function  of  y  with  stiffness 
k.  When  the  yield  displacement,  D,  Is  sur¬ 
passed,  then  permanent  set  accumulates  In  the 
system  and  the  stiffness  reduces  to  ky.  When 
the  velocity  reverses  sign,  the  stiffness 
increases  to  k  and  oscillations  occur  about  a 
new  equilibrium  displacement  (reflecting  the 
permanent  set)  until  yielding  occurs  again, 
etc.  Figure  -1-2  anows  a  potential  realization  of 
the  spring  restoring  force  function  for  a  bilin¬ 
ear  hysteretic  system.  Equation  3-4  can  be 
solved  using  a  numerical  procedure.  For 
example,  the  mmmrlcal  procedure  given  In  Refer¬ 
ence  14  can  be  used  to  solve  Equation  3-4. 

Let  xj(t).  j-l....n  be  an  ensemble  of 
measured  inputs  from  one  or  more  shock  sources 
to  which'a  structure  will  be  exposed.  The  LFR 
and  LFI  of  a  bilinear  hysteretic  structure 
corresponding  to  these  Inputs  are  defined  as 
follows.  Compute  the  Fourier  transforms  of  the 
inputs  and  denote  these  XjU),  j«i,...n.  Then 

compute  the  complex  moduli  of  the  Inputs  and 
find  the  envelope  of  the  moduli.  This  Is 


X#(w)  -  —  <«<-  (3-5) 

This  Is  the  modulus  of  the  Fourier  transform  of 
the  LFI.  The  form  of  the  complex  phase  of  the 
LFI  Is  given  In  Equation  3-3.  When  specific 
values  of  and  are  used  In  Equation  3-3,  an 

Input  whose  Fourier  transform  has  the  form  of 
the  LFI  can  be  established.  This  Is 


XTU)  -  X 
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e(w)  exp  1  tan  — j - 2  , 

[“e  *  “  J 
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A  time  domain  test  Input  can  be  established  by 
inverse  Fourier  transforming  this  function.  The 
result  Is 


V*)  “37  /  ^ 

Thls  function  of  time  can  be  used  as  Input  in 
Equation  3-4  and  the  response  can  be  computed 
numerically  and  denoted  yT(t,ue,ce). 


The  peak  value.  In  time,  of  the  response  is 

f(-e»  5e)  «  “*  yT(t.we,ce)  (3-8! 

The  peak  response  can  be  maximized  with  respect 
to  w„  and  by  solving  for  the  values  of  and 

Ce  which  satisfy  the  following  equations. 

£e  -0.jl  -0  '  (3-9) 

Denote  the  solution  to  these  equations  *e*  and 
ce*.  Use  of  these  values  In  Equations  3-7 

yields  the  LFI.  Evaluation  of  Equation  3-8  at 
ue*  u>#*  and  ce  ■  ce*  yields  the  LFR. 

Equations  3-9  can  be  solved  In  any  of  a 
number  of  ways.  In  the  present  Investigation 
they  are  solved  using  a  simple  search 
procedure. 


4.6  NUMERICAL  EXAMPLES 

In  the  previous  section,  methods  for  the 
approximate  determination  of  the  least  favorable 
Input  (LFI)  and  least  favorable  response  (LFR) 
of  a  bilinear  hysteretic  system  were  developed. 

A  computer  program  named  LFIR  has  been  written 
to  execute  the  computations  required  to  deter¬ 
mine  the  LFI  and  LFR.  Some  numerical  examples 
are  solved  In  this  section  using  the  computer 
program. 

Two  types  of  problems  are  solved.  First, 
the  LFI  and  the  response  It  excites  are  deter¬ 
mined  for  a  single  input  applied  to  a  slnqTe 
structural  system.  Second,  the  parameters  of 
the  complex  phase  of  the  LFI  are  determined  for 
a  sequence  of  Increasingly  severe  inputs.  This 
problem  Is  solved  for  three:  bilinear  hysteretic 
systems. 

The  type  of  Input  used  In  all  cases  Is  an 
oscillatory  random  Input  with  decaying  exponen¬ 
tial  amplitude.  The  Input  Is  denoted  Xg(t)  and 

Its  specific  form  Is  given  by 
•  t  N 

*0(t)  ■  e  °  T*  Cj  cos  Ujt  -  *j),  , 

^  0  <  t  <  T  (4-1) 

a  Is  the  amplitude  decay  rate  of  the  input;  R  Is 
the  number  of  components  In  the  Input;  Cj,J*l, 

...N  are  the  Input  amplitudes;  «  ,  J-1....N,  are 

J  • 

the  frequencies  where  the  Input  has  power; 
J*l,.,.N  are  mutually  Independent,  uniform 
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rcndom  variables  distributed  on  the  Interval 
(-*,»).  The  Input  Is  an  approximately  normally 
distributed,  nonstatlcnary  random  process. 

4.1  Example  One 

Consider  the  response  of  a  bilinear  hyster- 
etlc  SOf  structure,  whose  parameters  are  given 
In  Talble  4.1,  to  the  shock  Input  whose  param¬ 
eters  are  given  In  Table  4.2.  The  Input  Is 
shown  In 


Table  4.1 

Bilinear  Hysteretlc  System  Parameters 
m  •  1.0  mass 

k  «  (2»)2  stiffness 
ky  *  O.S  yield  stiffness 

c  »  1.256  damping 
0  »  0.0813  yield  displacement 
wn  ■  2»  natural  frequency 


Table  4.2 

Shock  Input  Parameters 

N  -  30 

Cj  ■'  2.0  J»l,...30 

-j  -  0.1  ♦  0.238U-1)  j-1,.,.30 

a  *  0.628 

Figure  4.1;  the  response  to  the  Input  Is  shown 
In  Figure  4.2.  Since  the  yield  displacement  Is 
0.0813,  the  response  Is  clearly  In  the  plastic 
region,.  In  this  examrl*.  The  peak  response 
caused  by  the  actual  input  Is  0.1651. 

The  LFI  and  LFR  were  computed  using  program 
LFIR.  The  parameters  of  the  complex  phase  of 
the  Fourier  transform  of  the  Input  were  found  to 
be  w#  -  5.056  and  c#  -0.109. 

The  modulus  of  the  Fourier  transform  of  the 
Input  tj  shown  In  Figure  4.3.  The  IF  I,  computed 
using  Equation  3-7,  Is  shown  In  Figure  4.4.  The 
response  exlcted  by  this  Input  Is  shown  In 
Figure  4.5.  This  time  history  shows  that  the 
LFI  Is  0.3012. 

This  example  demonstrates  the  process  used 
1..  finding  the  LFI  and  LFR  of  a  bilinear  hyster¬ 
etlc  struc*ure  when  a  single  input  Is 
considered. 

4.2  Example  Two 

In  this  numerical  example  several  problem 
sequences  are  solved.  In  order  for  the 


techniques  developed  in  this  study  to  be  useful 
in  the  practical  specification  of  tests.  It  Is 
necessary  to  express  the  results  In  a  form  that 
Is  easy  to  use.  Specifically,  when  the  engineer 
needs  to  test  an  equipment  item.  It  is  desirable 
Vo  specify  a  test  sequence  where  he  can  run  a 
few  tests  on  the  equipment  item,  and  use  the 
results  to  specify  the  LFI.  The  results  of  this 
numerical  example  will  show  that  such  a  sequence 
can  be  defined. 

In  the  first  part  of  this  example,  the 
bilinear  hysteretlc  structure  whose  parameters 
are  given  In  Table  4.1  Is  subjected  to  a 
sequence  of  16  Inputs.  The  inputs  all  have  the 
same  form.  Equation  4-1,  and  only  one  of  the 
input  parameters  is  varied;  this  Is  the  ampli¬ 
tude.  The  input  parameters  are  listed  in  Table 

4.3  and  the  amplitudes  for  all  the  inputs  are 

given.  The  c^  Is  the  amplitude  of  the  j°* 
component  of  the  1th  Input. 


Table  4.3 

Shock  Input  Parameters 
N  -  30  •  -  0.628 

wj  •  0.1  ♦  0.238CJ  -  1)  j  •  1....30 

Cjj  -  0.2(1  -!)♦!  j  -  1....30,  1  •  l,. ..16 


The  actual  structural  response  to  each  Input 
was  computed.  Based  on  the  responses,  the 
actual  peak  displacement  responses  were  deter¬ 
mined.  The  ratio  between  each  peak  response  and 
Lrte  yield  displacement  was  taken  to  establish 
the  ductility  ratio,  U,  of  each  response.  Next, 
the  parameters  of  the  complex  phase  of  the 
Fourier  transform  of  the  LFI  (using  peak  dis¬ 
placement  criterion)  were  determined  for  each 
Input.  These  parameters  are  graphed  versus  the 
ductility  ratio  and  are  shown  In  Figures  4.6, 
(w(parareter)  and  4.7  (ce  parameter). 

The  LFR  was  computed  for  each  Input.  This 
quantity  was  normalized  by  dividing  by  the 
actual  maxlmue  response,  and  is  graphed  as  a 
function  of  ductility  ratio  In  Figure  4.8. 

This  entire  process  was  repeated  for  two 
more  yield  stiffness  to  elastic  stiffness 
ratios.  These  are  ky/k  •  0.3  and  ky/k  -  0.1. 

The  results  of  these  analyses  are  also  shown 
In  Figures  4.6,  4.7,  and  4.8. 

All  the  results  show  the  same  general 
trends.  Consider  first  Figure  4.6.  Nhen  the 
ductility  ratio  Is  low,  the  frequency  parameter 
decreases.  All  the  curves  exhibit  an  erratic 
behavior.  The  reason  Is  that  the  Inputs  are 
random. 
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The  plots  In  Figure  4.6  raise  a  question  of 
Interest.  That  Is,  do  the  curves  asymptotically 
approach  limits?  The  answer  Is  probably  yes, 
and  earh  limit  Is  related  to  the  ratio  between 
the  yield  stiffness  and  the  elastic  stiffness. 

As  the  structural  response  displacement 
Increases  far  beyond  the  yield  limit,  each  SDF 
system  has  a  spring  force  versus  displacement 
diagram  that  resembles  a  linear  system  response 
with  stiffness,  ky.  Since  the  natural  frequency 

of  an  SDF  system,  with  mass  m  and  stiffness  k. 

Is  /k/m,  the  parameter  ug  must  approximately 

approach  the  value,  /ky/m,  In  the  limit.  And 

the  ratio  a»e/un  must  approach  /k~7k. 

An  analysis  was  performed  to  establish  a 
smooth  curve  for  each  sequence  of  data  In  Figure 
4-6.  Each  data  sequence  was  fitted  to  the 
mathematical  model 


where  (as/un.1s  the  ordinate  of  the  curve,  U  Is 

the  abscissa,  /ky/k  Is  the  asymptote,  and  A  and 

y  were  evaluated  using  the  least  squares 
method.  The  results  of  the  analyses  are  given 
In  Table  4.4 


Table  4.4 

Curve  Parameters  for  Data  In  Figure  5.8 


0.5 

0.3 

0.1 

A 

1.125 

0.995 

0.966 

Y 

0.572 

0.226 

0.112 

The  smooth  curves  are  shown  in  rigure  4.9. 
The  results  show,  that  the  curves  are  relatively 
close  to  one  another  over  the  range  of  U  values 
considered.  This  Implies  that  the  frequency 
parameter,  ue,  of  the  LF1  can  be  chosen,  approx¬ 
imately,  even  when  the  yield  stiffness  to 
elastic  stiffness  ratio  Is  not  known  accurately. 

Now  consider  Figure  4.7.  Based  on  these 
curves  a  few  statements  can  be  siade.  All  the 
curves  exhibit  erratic  variation  More  Impor¬ 
tant,  the  damping  parameter,  ce  '^e  LFI 
appears  to  remain  small  whdn  the  damping  In  the 
actual  system  Is  small. 


Figure  4.8  shows  that  the  ratio  between  the 
LFR  and  the  actual  peak  response  displays  a 
certain  degree  of  unpredictable  variation.  This 
variation  Is  due  to  the  fact  that  the  inputs  are 
random.  However,  the  ratio  appears  to  be 
constant,  on  the  average,  and  the  average  Is 
about  1.4.  This  indicates  that  an  LFR  about  40 
percent  greater  than  the  actual  peak  response 
can  usually  be  expected. 

It  was  stated  that  the  procedure  outlined 

in  this  numerical  example  would  make  It  easy  for 
the  test  engineer  to  find  the  LFI  for  an  equip¬ 
ment  item.  One  procedure  a  test  engineer  might 
follow  Is  now  presented. 

When  an  equipment  item. will  be  subjected  to 
a  class  of  field  Inputs  similar  in  character  to 
the  Input  of  Equation  4-1,  the  test  engineer  can 
specify  an  LFR  test  using  a  sequence  of  experi¬ 
ments.  First,  the  test  Item  must  be  Instru¬ 
mented.  Base  Input  Is  assumed,  and  the  response 
at  a  critical  point  Is  monitored.  Using  a  low 
amplitude  sine  sweep  (or  equivalent  method)  the 
fundamental  frequency  must  be  determined.  The 
frequency  response  function  near  the  fundamental 
frequency  must  be  established,  and  this  Informa¬ 
tion  must  be  used  to  determine  the  damping 
factor  in  the  fundamental  mode.  For  example, 
this  can  be  Inferred  from  the  half  power 
bandwidth. 

Next,  the  yield  point  must  be  established. 
This  can  be  done  using  a  sequence  of  experi¬ 
ments.  In  each  experiment  the  actual  input  Is 
multiplied  by  a  factor  q.  q  Is  varied  from  a 
small  value  (say  0.05)  to  the  value  1.0.  The 
structure  Is  excited  using  the  modified  Input. 
The  response  at  the  point  of  Interest  Is  moni¬ 
tored  and  the  peak  value  Is  determined.  The 
values  of  peak  response  are  plotted  versus  q. 

The  curve  generated  using  this  approach  remains 
linear  until  yielding  occurs.  After  yielding, 
the  slope  of  the  curve  Increases.  The  value  of' 
q  corresponding  to  the  yield  point  and  the  peak 
value  of  the  response  where  the  yield  displace¬ 
ment  Is  realized  can  be'  determined  from  the 
curve. 

Now  the  test  engineer  applies  the  actual 
input  to  the  equipment  item  and  observes  the 
peak  value  of  the  response  at  the  point  of 
interest.  The  ratio  between  this  quahtlty  and 
the  peak  value  of  the  response  where  yielding 
first  occurs  Is  the  ductility  ratio.  This 
ductility  ratio  can  be  used  to  enter  Figure  4.6 
(or  4.9)  to  determine  the  frequency  parameter 
for  the  LFI. 


The  test  engineer  determines  the  modulus  of 
the  Fourier  transform  of  the  actual  Input,  then 
uses  this  with  frequency  parameter  given  above 
and  the  actual  system  damping  factor  to  estab¬ 
lish  the  LFI .  The  test  Input  Is  computed  using 
the  above  Information  In  Equations  3-6  and  3-7. 

The  technique  described  above  can  be  used 
to  establish  the  LFI  parameters  for  other 
classes  of  random  Inputs.  The  analysis  sequence 
Is  simply  repeated  using  the  other  input  in 
place  of  Equation  4-1. 


5.0  SUMMARY  AND  CONCLUSION 

The  objective  of  this  paper  was  to  estab¬ 
lish  a  method  to  search  for  a  test  Input  that 
excites  a  conservative  response  in  an  equipment 
item  capable  of  Inelastic  response.  A  method 
for  specifying  a  conservative  test  Input  based 
on  measured  field  inputs  was  established.  The 
criterion  of  peak  displacement  response  was 
used. 

The  technique  developed  here  was  based  on 
the  linear  theory  of  least  favorable  response 
(LFR).  It  was  assumed  that  when  an  equipment 
item  Is  subjected  to  a  severe  excitation,  the 
response  may  be  inelastic.  An  equipment  Item 
executing  Inelastic  response  displays  a  dimin¬ 
ished  stiffness.  Therefore,  the  characteristic 
frequency  of  an  Inelastic  structure  Is  lower 
than  its  fundamental  frequency.  This  study 
specified  a  method  to  search  for  the  Input  that 
causes  the  '^elastic  system  response  to,  be  a 
maximum.  T:a  input  has  the  same  form  as  the 
linear  least  favorable  Input  (LFI). 

Equations  3-6  and  3-7  establish  the  form  of 
the  LFI.  The  Intensity  of  the  actual  shock 
Input  Is  accurately  reflected  in  the  test  since 
the  LFI  preserves'  the  modulus  of  the  Fourier 
transform  of  the  actual  Input.  Comparison  of 
Figures  4.1  and  4.4  shows  that  the  general 
character  of  the  actual  Input  Is  preserved  In 
the  LFI. 

The  potential  for  Inelastic  response  Is 
accounted  for  in  this  study  since  Equation  3-4 
is  assumed  to  govern  the  response  of  the  systems 
under  consideration. 

Example  One  demonstrates  how  the  techniques 
developed  In  this  Investigation  can  be  applied 
In  the  definition  of  an  actual  test  Input. 
Example  Two  shows  that  the  results  can  be 
generalized  for  easy  application  In  the  specifi¬ 
cation  of  test  Inputs. 


An  Important  result  of  this  study  Is  shown 
In  Figure  4-6.  This  shows  the  frequency  param¬ 
eter  to  be  used  In  specification  of  an  LFI  as  a 
function  of  ductility  ratio.  The  numerical 
Investigations  show  that  the  frequency  parameter 
Is  the  most  Important  factor  In  the  definition 
of  the  LFI.  Figure  4-6  permits  the  easy  Identi¬ 
fication  of  this  parameter  for  tett  definition. 

The  damping  which  corresponds  to  the  maxi¬ 
mise  displacement  response  was  also  determined. 
The  damping  variation  Is  shown  In  Figure  4-7. 

It  Is  concluded  from  the  computations  that  the 
change  of  damping  does  not  significantly  affect 
the  LFR.  Hence,  it  Is  recommended  that  the 
,  damping  parameter,  In  the  LFI  be  defined  as  the 
damping  in  the  actual  system. 

The  procedures  developed  In  this  study  can 
be  useful  In  practical  applications.  Example  2 
can  be  simplified  even  further.  For  example, 
note  that  the  LFI  depends  not  on  the  form  of  the 
actual  Input,  but  rather  on  the  complex  modulus 
of  the  Fourier  transform)  of  the  Input.  In  view 
of  this,  the  frequency  parameters  of  the  LFI  can 
be  written  as  a  function  of  the  ductility  ratio 
for  an  Input  whose  Fourier  transform  modulus  has 
certain  characteristics,  such  as  “increasing 
with  frequency  near  un“  or  “decreasing  with 
freqency  near  «„,*  or  “constant  with  frequency 
near  -o,,.*  Using  this  approach  the  parameters 
of  an  LFI  would  not  be  tied  to  a  specific  Input 
form,  but  rather  to  an  Input  whose  Fourier 
transform  modulus  has  a  specific  form.  Other 
simplifications  and  generalizations  may  also  be 
possible. 

The  results  obtained  during  this  Investiga¬ 
tion  are  limited  by  the  assumptions  of  the 
study.  Most  imortant,  only  single-dagree-of- 
freedom,  bilinear  hysteretlc  systems  were 
studied.  Further,  random,  inputs  were  used,  but 
the  probabilistic  character  of  the  response  was 
not  Investigated.  Only  one  form  for  the  LFI  was 
used. 

Future  studies  may  seek  to  Improve  the 
present  analyses  in  several  areas.  For  example, 
an  alternate  form  for  the  LFI  may  be  sought; 
specifically.  Inputs  which  generate  more  severe 
responses  may  be  developed.  Other  forms  cf 
Inelastic  behavior  may  be  considered.  Proba¬ 
bilistic  studies  may  be  performed;  these  can  be 
used  to  predict  the  probability  of  conservatism 
of  a  shock  test.  Most  important,  a  shock  test 
specification  procedure  which  explicitly 
accounts  for  the  characteristics  of  Inelastic 
multi -degree-of  freedom  systems  must  be 
pursued. 
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LOW  VELOCITY,  EXPLOSIVELY  DRIVE*  FLYER  PLATE  DESIGN  FOR 
IMPACT  PUZE  DEVELOPMENT  TESTING 


R.  A.  Bervhan 

Sand la  National  Laboratories 
Albuquerque,  Nee  Mexico 


I  A  new  design  of  an  explosive  ays tea  to  propel  a  thick,  aluminum 
flyer  plate  Into  a  reentry  vehicle  warhead  contact  fuse  syaten 
has  been  designed  and  tested.  This  design  produces  a  "reverse 
:  ballistic”  impact  environment  used  to  study  the  function  of 
contact  sensors  at  Impact  velocities  of  around  1525  mpa  (5000 
fps).  The  paper  presents  the  explosive  design,  calculations  of 
shock  wave  danage  to  the  flyor  plate,  and  results  of  an  experl- 
nent  in  which  this  design  was  utilized.  Use  of  nltromethane 
explosive  permitted  achievement  of  Impact,  with  a  thick  alumi¬ 
num  plate,  without  serious  plate  spall  danage  while  other 
widely  used  explosives  cause  considerable  danage  in  the  plate. 


INTRODUCTION 

Fuzing  options  for  ballistic  mis¬ 
sile  warheads  may  Include  a  contact 
sensor  to  provide  surface  bursts. 
Development  of  these  contact  fuzes  re¬ 
quires  laboratory  test  methods  which 
provide  a  wide  variety  of  Impact  veloc¬ 
ity  and  target  conditions.  Rocket 
night  tests,  rocket  sled  tests,  and 
explosively  driven  flyer  plate  tests 
have  produced  realistic  impact  environ¬ 
ments  for  observing  the  performance  of 
fuzing  designs.  The  explosively  driven 
flyer  plate  method  provides  a  less  ex¬ 
pensive  alternative  to  rocket  flight 
tests  In  the  velocity  ranges  above 
those  currently  attainable  with  rocket 
sled  techniques  [1830-24*0  ops  (6000- 
8000  fps)'j.  Plyer  plates  provide  a 
"reverse  ballistic"  test  In  which  the 
nose  tip  fuzv  system  Is  held  stationary 
while  the  plate  ( target )  material  is 
driven  Into  It  at  Velocities  from 
2350-3660  nps  (7700-12,000  fps).  These 
tests  produce  representative  Impact 
velocity  vectors  (therefore  stresses) 
while  allowing  high  quality  data  re¬ 
covery  using  hai*d  wire  Instrumenta¬ 
tion.  Previous  papers  [1-3]  described 
the  experimental  concepts  and  developed 
an  analytical  approach  useful  In  pre¬ 
dicting  the  behavior  of  the  particular 
explosive  flyer  plate  system  currently 
being  used  at  Sandla  National 
Laboratories. 


A  new  requirement  to  explosively 
drive  a  thick  aluminum  flyer  plate  to 
low  velocity  [1220-1830  nps  (4000-6000 
fps)]  has  prompted  the  investigation  of 
a  different  explosive  design.  These 
flyers  are  to  be  used  In  experiments 
which  Investigate  detailed  fuze  system 
operation  as  well  as  subsequent  nose  . 
tip  crush-up. 

The  same  explosive  and  desitnr  of 
thick  plate  systems  will  not  work  for 
,thln  plate  systems  because  the  driving 
pressure  pulse  becomes  short  with  re¬ 
spect  to  the  plate  thickness,  and  plate 
spallation  nay  result.  The  plate 
danage  may  range  from  microcracks  to 
najor  fractures  dividing  the  plate  into 
several  separate  layers.  The  plate 
must  be  Intact  to  produce  a  proper 
Impact,  test. 

The  hydrodynanic  shock  wave  com¬ 
puter  code  WONDY  V  [4]  was  used  to  cal¬ 
culate  the  spall  danage  far  various 
plate  thickness/velocity  combinations 
and  for  different  explosive  types. 

These  calculations  lead  to  the  choice 
of  nltromethane  liquid  as  an  explosive 
that  can  drive  the  plate  to  lower  ter¬ 
minal  velocity  without  causing  serious 
spall  danage.  The  lower  density  and 
detonation  velocity  (therefore  detona¬ 
tion  pressure),  as  well  as  homogeneity 
of  the  nltromethane,  increase  the  de¬ 
sirability  of  thlo  explosive  material. 


emevious  mci 

IS  BLANK 


A  snail-scale  experiment  was  de¬ 
signed  and  conducted  to  verify  proper 
operation.  This  paper  presents  the  re¬ 
sults  of  this  experiment  and  describes 
the  analytical  method  for  predicting 
the  explosive  system  performance.  The 
success  of  the  snail  experiment  led  to 
the  de3lgn  of  a  large  explosive  system 
using  68.1  kg  (150  lb.)  of  nltromethane 
to  drive  a  12.7  mm  (5  in.)  thick  aluml- 
nun  plate  [.292  H  (11.5  In.)  In  dia¬ 
meter]  to  Impact  a  nose  tip  fuze  system 
at  1585  nps  (5200  fps). 

The  exploslye  design  currently 
used  to  propel  metallic  flyer  plates 
consists  of  a  large,  thick  walled 
barrel  partially  packed  with  explo¬ 
sive.  The  flyer  plate  Is  placed  in  one 
end  of  the  barrel,  usually  with  a  foam 
rubber  cushion  between  It  and  the  ex¬ 
plosive.  The  flyer  plate  has  a  ma¬ 
chined  guard  ring  around  It  to  aid  In 
•preventing  plate  breakup.  The  plate 
thickness  may  also  be  tapered  across  a 
diameter  to  cause  end-over-end  rota¬ 
tion,  thus  allowing  Impact  at  any  de¬ 
sired  angle  between  0  and  70  degrees 
(between  the  nose  tip  axis  and  the 
flyer  plate  surface  normal).  Figure  1 
shows  the  barrel  design;  the  system  Is 
detailed  In  another  document  [2]. 


THEOrt Y 

Shock  wave  damage  caused  In  the 
plate  during  explosive  launch  may  be 
calculated  using  the  one-dimensional 
computer  code  WONDY  V  [A].  For  formu¬ 
lating  the  WONDY  calculation  (which 
does  not  consider  lateral  effects),  the 
explosive  thickness  was  reduced  so  that 
the  calculated  terminal  velocity  would 
natch  the  final  velocity  state  obtained 
during  an  actual  test,  thus  making  the 
calculated  driving  forces  In  the  plate 
slnilar  to  actual  forces  experienced 
during  a  test.  Figure  2  .shows  the 
results  of  a  WONDY  calculation  for  a 
high  velocity,  small  scale  design  con¬ 
sisting  of  an  8.5  mm  (.335  In.)  thick 
aluminum  (6061-T6)  flyer  plate,  driven 
to  a  terminal  velocity  of  3200  nps 
(10,500  fps)  by  1.42  kg  (3.125  lb)  of 
Composition  C-4  explosive  lr.  a  28.4  kg 
(62.5  lb)  tamping  barrel.  The  plot 
shows  the  state  of  stress  (pressure)  at 
points  in  the  explosive  gases  that 
drive  the  plate  as  well  as  points 
within  the  plate.  The  flyer  plate  had 
reached  terminal  velocity  by  the  time 
of  the  plot,  and  there  are  no  spall 
planes  evident,  as  desired. 
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Fig.  1  -  Barrel  Tamped  Explosive  Flyer  Plate  System 
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Fig.  2  -  One-Dimensional  Calculation  of  Shock  Driving  Pressures 
for  Standard  High  Velocity  Design 


•  If  the  sane  explosive  design  is 
used  (sane  explosive  type  and  same 
barrel)  but  the  flyer  plate  thickness 
is  increased  to  reduce  the  terminal 
velocity  to  1830  nps  (6000  fps),  calcu¬ 
lations  show  that  spall  planes  result. 
Figure  3  shows  the  pressure-position 
plot  for  the  shock  wave  calculations  of 
this  configuration.  The  overall  thick¬ 
ness  of  the  plate  has  Increased  (indi¬ 
cating  that  the  front  spall  plates  are 
moving  faster  than  the  back  plates).  A 
plate  in  this  condition  would  not  pro¬ 
duce  an  adequate  impact  fuze  test. 

The  spall  planes  in  the  flyer 
plate  are  generated  by  tensile  waves 
reflecting  from  the  free  face  (opposite 
the  explosive  loaded  face)  of  the  flyer 
back  into  the  plate.  Simple  spall 
failure  models  generate  a  spall  plane 
when  the  reflected  tensile  wave  reaches 
a  threshold  value,  while  other  more 
sophisticated  models  [5]  are  based  on 
accumulated  damage  generated  whenever 
the  tensile  pressures  rise  above  a 
threshold  value.  The  local  density  is 
lowered  to  refloct  the  damage.  Por  the 
purposes  of  this  paper,  only  relative 
spall  damage  is  of  importance,  so  the 
spall  model  is  not  extremely  impor¬ 
tant.  A  spall  damage  threshold  of 
20  x  10*  Pa  (20  kbars)  in  simple 
tension  was  chosen  after  the  work  of 
Jones  [6]. 


One  approach  to  lessen  spall 
damage  in  a  chosen  material  is  to  lower 
the  driving  pressure  which  must  then 
"push"  longer  to  obtain  the  same  Tlyer 
velocity.  Lower  stress  gradients  in 
the  plate  cause  reduced  reflected'  ten¬ 
sile  stresses  and  therefore  a  reduced 
tendency  to  spall.  The  detonation 
pressure  (C-J  pressure)  of  the  explo¬ 
sive  is  indicative  or  the  plate  driving 
pressure  and  is  related  to  explosive 
properties: 
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s  equation  It  is  readily  seen 
jlucing  p  (the  density)  and  D 
onatlon  velocity)  will  decrease 
pressure  (Pc-j).  The  ratio 
fie  heats  (r)  for  most  explo- 
between  2.5  and  3.  The  C-J 
for  Composition  C-4  is  278  x 
278  kbar)  (p  ■  1.59  gm/cis  ,  D  ■ 
T  ■  2.7). 


IP 


ronethane,  a  liquid  explosive 
h  a  low  density  (1.14  gm/cnJ) 
nation  velocity  (8240  nps)  and 
of  2.45  [the  C-J  pressure  is 
i8  pa  (128  kbars)]  [7,3]  is  a 
alternative  explosive  for 
thick  plates  to  lower  velocl- 
'able  1  shows  comparative  pro¬ 
of  explosives  considered  as  an 
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El.-.  3  -  One-Dlr.ensicnal  Calculation  'of  Shock  Drivin-  Pressures 
with  Corr.p.  C-4  Explosive  for  Low  Velocity  Design 


TABLE  1 

Properties  of  Candidate  Explosives 
for  Driving  Low  Velocity  Plyer  Plates 


Explosive 

Density 
(gn/crr  ) 

Detonation 
Velocity 
(rips ) 

T 

Range 

C-J  Pressure 
(x  10s  Pa) 
(Xbar) 

Comment 

'lltronethane 

1.14 

6240 

2.45 

128 

Liquid 

Anatol  60/40 
( Ammonium 
nitrate/TNT) 

1.50 

5760 

2.70-3.00 

134-124 

Solid 

Nitro guanidine 

1.55 

7650 

n 

245-227 

* 

TNT 

1.56 

6640 

n 

136-172 

»• 

Cyclotol  70/30 
(RDX/TNT) 

1.73 

80fi0 

n 

304-281 

N 

Comp.  C-4 

1.59 

8040 

2.70 

278 

* 

Properties  obtained  from  Arny  Material  Command  pamphlet  "AKCP  706-177 
Engineering  Design  Handbook  -  Properties  of  Explosives  of  Military 
Interest,"  January  1971. 

alternative  to  Composition  C-ft.  The 
explosive  performance  data  used  along 
with  nominal  barrel  dimensions  Indi¬ 
cated  an  expected  velocity  In  the  range 
between  152A-1830  raps  (5000-6000  fps). 
WONDT  V  calculations  show  that  or.ly 
minor  spall  damage  may  occur.  Figure  ft 
shows  the  results  of  the  shock  wave 
calculations.  Note  that  some  s^all 
cracks  exist;  however,  the  plate  thick¬ 
ness  Is  closer  to  the  Initial  thickness 
(compare  with  Figure  3),  and  there  Is 
no  appreciable  velocity  gradient  across 
the  plate  thickness.  The  result  Is  not 
exactly  as  desired  but  may  be  accept¬ 
able. 

For  proper  Initiation  of  nlt.-o- 
ne thane,  a  shock  pressure  of  greater 
than  the  C-J  pressure  [128  x  108  Pa 
(128  kbars)]  Is  needed.  Calculations 
Indicate  that  detonation  of  Composition 
C-ft  explosive  into  nltromethane  should 
generate  a  pressure  of  150  x  10*  Pa 
(150  kbars)  thus  causing  Initiation  of 
the  nltromethane.  Composition  C-ft  Is 
easily  Initiated  with  a  standard  de¬ 
tonator  and  booster  pellet.  The  design 
of  the  system,  shown  In  Plgure  5,  was 
expected  to  meet  the  test  require¬ 
ments.  A  pad  of  Composition  C-ft  was 
placed  at  the  end  of  the  barrel  with  a 
thin  aluminum  barrier  to  separate  It 
fron  the  nltromethane.  The  barrel 


contained  two  holes  near  the  barrier 
for  fill  and  vent  of  the  nltromethane. 

The  calculation  of  design  perform¬ 
ance  was  accomplished  by  determining 
the  equivalent  length  of  nltromethane 
which  would  cause  the  same  effect  as 
the  Composition  C-ft  Initiator.  This 
length  was  then  used  to  replace  the 
Composition  C-ft  to  give  a  simple, 
single  explosive  barrel  system  as  re¬ 
quired  for  calculation  [2j.  Lateral 
and  aft  gas  expansion  is  empirically 
accounted  for  In  the  method  pre¬ 
scribed.  The  equivalent  length  was 
determined  by  using  the  barrel  calcula¬ 
tion  nethod  to  determine  the  length  of 
nltromethane  [ft7  ami  (1.85  in.)]  which 
would  drive  the  aluminum  plate  to  the 
same  terminal  velocity  as  the  25. ft  mo 
(1.00  In.)  Composition  C-ft  initiator. 
The  calculated  terminal  velocity  for 
the  all  nltromethane  equivalent  system 
was  1612  nps  (5287  fps). 


EXPEKIMENTAL  VERIFICATION 

The  small-scale  explosive  system 
(Figures  5  and  6)  was  fabricated  and 
test  fired  In  order  to  determine  if  the 
nethod  for  predicting  final  velocity 
was  adequate  and  If  the  driving  pres¬ 
sures  were  Indeed  low  enough  to  cause 
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only  minor  spall  damage.  The  barrel 
axis  was  oriented  vertically  with  ,the 
nltronethane  fill  and  vent  tabes  at  the 
top  of  the  cavity  volume.  Nltronethane 
was  carefully  poured  Into  the  barrel 
cavity  to  Insure  that  no  air  bubbles 
were  trapped  within  the  barrel.  A 
single  bridge  wire  detonator  (Reynolds 
HP-2)  was  attached  to  the  tetryl  pellet 
booster  within  the  pad  of  Composition 
C-4.  The  flyer  plate  was  accelerated 
downward  for  1.19  ‘I  (47  ln.)where  a 
normal  Impact  with  a  simulated  nose  tip 
occurred.  Plash  x-ray  exposures  were 
made  at  three  equally  spaced  positions 
along  the  flyer  trajectory.  The  x-ray 
source  was  directed  perpendicularly 
across  the  trajectory  onto  three  x-ray 
rilns  housed  within  protective  cas¬ 
settes.  The  film  wad  located  0.46  n 
(18  In. )  away  from  the  trajectory. 
Figure  7  shows  the  test  setup.  Tne 
x-ray  pulse  length  was  70  ns,  which 
produces  clear  x-riy  shadow  graphs  of 
the  flyer  during  transit.  Figure  8 
shows  one  x-ray  exposure  taken  after 
the  flyer  had  traveled  half  the  trajec¬ 
tory  length.  The  x-ray  data  allowed 
accurate  measurement  of  the  flyer  velo¬ 
city  [1573  nps  (5160  fps)]  a3  well  as 
documentation  of  the  flyer  plate  condi¬ 
tion.  The  measured  terminal  velocity 
was  within  2.5  percent  of  the  calcu¬ 
lated  value,  which  Is  accurate  enough 
for  velocity  predictions.  Evidence  of 
spall  damage  Is  visible  at  the  edges  of 
the  flyer  plate;  however,  the  plate 
thickness  remains  unchanged  (within 


measurements  resolution).  Spall  cracks 
may  exist  but  no  large  voids  are  ap¬ 
parent,  which  agrees  with  the  spall 
calculations  shown  In  Figure  4.  The 
results  of  this  te3t  are  documented  In 
a  test  report  [9]. 


CONCLUSION 

A  method  ha3  been  devised  for  cal¬ 
culating  the  performance  of  an  explo¬ 
sive  system  designed  to  drive  thick 
aluminum  plates  to  relatively  low  velo¬ 
cities  [1573  mps  (5160  fps)]  for  con¬ 
ducting  ,lnpact  fuze  studies-  An  ex¬ 
periment  was  designed  based  on  thl3 
method  and  was  conducted  to  produce 
velocity  and  flyer  plate  condition  mea¬ 
surements,.  Calculation  predicted  the 
ternlnal  velocity  within  2.5  percent, 
and  the  flyer  had  some  spall  danage  as 
expected  (based  on  shock  code  predic¬ 
tion)  but  was  intact  and  the  plate 
thickness  remained  unchanged.  These 
results  support  the  design  of  a  68.1  kg 
( 150  lb)  nltromethane  explosive  system* 
which  will  drive  a  .127  n  (5  In.)  thick 
plate  to  a  velocity  of  1585  mps  (5200 
fps)  before  Impacting  a  contact  fuze 
systen. 


dealing  laws  for  complete  spall  are 
not  fully  developed;  however,  Rel . 
[10]  Indicates  that  relative  spall 
damage  may  not  be  mUch  worse  than  In 
In  the  snail. scale  systems. 
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Fig.  7  -  Test  Setup  for  Low  Velocity  Design 
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EXPERIMENTAL  INVESTIGATION  OF  VIBROIMPACT  OF  TWO 
CANTILEVER  BEAMS 


C.N.  Bapat  and  S.  Sankar 
Department  of  Mechanical  Engineering 
Concordia  University 
Montreal ,  Quebec ,  Canada 


The  damping  effect  of  collisions  occuring  at  only  one  point  along  the 
length  between  two  cantilever  beams  In  free  and  forced  vibrations  were 
experimentally  investigated.  The  use  of  a  snubber  made  from  neoprene 
pad  Instead  of  a  steel  stud  at  the  Impact  location  had  little  effect 
on  the  free  vibrations.  In  forced  vibrations  with  one  sided  clearance, 
displacement  amplitudes  were  reduced  considerably  when  the  resonant 
frequencies  of  beams  differed.  The  performance  with  steel  stud  and  a 
neoprene  pad  looked  like  that  of  a. highly  damped  system  with  positive 
shift  In  the  resonant  frequencies.  The  maximum  displacement  amplitude 
with  steel  stud  was  approximately  25X  smaller  than  that  for  the  neo¬ 
prene  pad.  However,  the  noise  level,  on  average,  was  10  dBA  higher. 

The  forced  vibration  response  with  two  sided  clearance  looked  like 
that  of  a  single  oscillator  and  displacement  amplitudes  were  larger 
than  that  with  one  sided  clearance.  The  tip  of  the  beam  as  an  impact 
point  and  smallest  possible  one  sided  clearance  produced  minimum  dis¬ 
placement  amplitudes  in  the  forced  vibrations  and  fastest  decay  of 
displacement  in  the  free  vibrations.' 


NOMENCLATURE 

d  «  gap  between  secondary  beam  and  Imoact 
point,  mm. 

I  «  distance  of  impact  point  from  base,  mm. 
S0  ■  base  displacement,  mm. 

n  ■  excitation  frequency,  Hz. 

X  *  tip  displacement,  mm. 

XQ  *  initial  tip  displacement,  mm. 

Xrms  *  rms  valge  of  tip  displacement,  mm. 

1.  INTRODUCTION 

Damping  of  resonant  vibration  can  be  achieved 
by  attaching  an  auxiliary  oscillator  such  as  a 
conventional  dynamic  neutraliser  to  the  main 
system.  However,  some  of  the  problems  asso¬ 
ciated  with  this  arrangement  during  forced  vi¬ 
brations  are:  a.  excessive  displacement  of 
the  secondary  system  and  b.  the  need  for  pre¬ 
cise  control  of  damping  stiffness  and  auxili¬ 
ary  mass  to  achieve  the  best  performance.  This 
system  Is  also  extremely  sensitive  In  the 
resonant  range  and  hence  there  Is  a  possibi¬ 
lity  of  large  displacements  due  to  either  In¬ 
crease  or  decrease  in  the  excitation  frequency. 
This  is  also  not  a  good  damper  in  free  vibra¬ 
tion. 


Many  of  the  disadvantages  can  be  alleviated 
by  fixing  the  properly  designed  secondary  unit 
to  the  base  of  the  primary  unit,  in  such  a  way 
that  during  vibrations  these  oscillators  colli-, 
de  producing  an  intermittent  force  which  results 
in  reduction  of  the  displacement  amplitude  of 
the  main  mass  [1],  There  are  many  practical 
applications  of  this  arrangement:  in  control¬ 
ling  displacement  amplitudes  of  piping  systems 
[2,3]  and,  in  printed  circuit  boards  [4]  where 
snubbers' with  small  clearances  are  used  between 
two  systems.  The  machines  used  in  compacting 
[5],  vibratory  feeding  [6],  and  pile  driving 
[7J,  and  the  problems  such  as  dynamic  drift  due 
to  Impacts  leading  to  mismeasurement  [8],  high 
stresses  In  gear  trains  and  collisions  between 
independent  structures  f}9],  can  be  modelled  In 
the  first  approximation,  as  vibrolmpacts  of 
two  oscillators. 

In  the  vibration  control  aspect  considered 
theoretically  by  Cempel  [1],  only  one  unit  is 
forced  excited  while  in  Ref.  4,  the  simplified 
design  procedure  is  given  for  the  particular 
application  without  theoretical  or  experimental 
verification.  Masri  studied  a  similar  system, 
theoretically  for  massless  secondary,  and  ex¬ 
perimentally  [2,3]  for  a  quite  stiff  secondary 
system.  ■ 
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The  aim  of  the  experimental  investigation  is 
to  study  only  the  displacement  control  aspect 
of  the  vlbroimpact  system  in  detail.  The  effect 
of  excitation  frequency  and  amplitude,  different 
snubbers  made  from  steel  or  a  neoprene  pad, 
position  of  impact  point  from  the  base  and  one 
or  two  sided  clearance  on  the  free  and  forced 
vibration  will  be  considered. 

2.  FREE  VIBRATIONS 

A  schematic  diagram  of  the  experimental  appa¬ 
ratus  and  measuring  equipment  is  shown  in 
Fig.  1(a).  Two  identical  beams  each  weighing 
0.230  kg  machined  from  spring  steel  with  the 
dimensions  30.23  x  2.54  x  0.3175  cm  (11.9xl.0x 
0.125  in)  in  a  particular  shape  of  I  shown  in 
Fig.  1(b)  were  fixed  to  an  aluminium  block  at 
the  base.  A  specially  designed  slider  weighing 
0.054  kg.  was  used  to  adjust  the  position  of  the 
impact  point  along  the  beam  (Fig.  1(c)).  It 
could  also  acconmodate  a  pointed  steel  bolt  of 
0.625  mm  or  a  neoprene  snubber  shown  in  Fig.  1 
(d)  having  contact  area  645.16  mm  (1  xl  in.) 
and  thickness  12  mm  (0.5  in)  gluded  to  the  stud. 
For  convenience,  the  beam  with  slider  will  be 
called  the  primary  beam  and  the  other  a  secon¬ 
dary  beam.  The  gap  between  the  secondary  beam 
and  the  top  portion  of  the  snubber  can  be  adjus¬ 
ted.  It  can  be  seen  from  Fig.  1(c)  that  during 
vibration  impacts  cqn  occur  only  on  one  side  of 
the  secondary  beam  and  hence  this  is  called  an 
one  sided  clearance  case.  Uhereas  a  two  sided 
clearance  case  is  one  in  which  device  shown  in 
Fig.  1(e)  is  fixed  to  the  primary  such  that 
impacts  occur  on  both  sides  of  the  secondary 
beam. 

The  behaviour  of  beams  with  two  sided  clea¬ 
rance  will  be  considered  only  in  the  forced  vi¬ 
bration  case.  Additionally  an  aluminium  block 
weighing  0.087  kg  was  attached  to  the  top  por¬ 
tion  of  the  primary  beam  intentionally  to 
achieve  the  difference  in  their  natural  fre¬ 
quencies.  Both  beams  were  tightly  clamped  to 
the  aluminium  base,  item  4,  as  shown  in  Fig. 

1(a).  Two  temperature  compensated  strain  gauges 
were  gluded  to  the  beams  at  the  base  and  strains 
were  recorded  on' the  duel  channel  strip  chart 
recorder  and  were  calibrated  to  measure  the 
displacement.  The  Initial  dlspalcement  X0,  , 
at  the  tip  of  the  primary  beam  was  set  to  a 
certain  value  by  using  screw,  item  9,  and  the 
system  was  allowed  to  vibrate  freely  by  using 
a  release  mechanism,  item  8. 

Primary  beam  Impacted  the  secondary  beam 
whenever  Initial  deflection  was  greater  than  the 
gap  and  Impact  ceased  to  exist  orily  when  maxi- 
mun  deflection  was  less  than  the  gap.  The 
best  Impact  location  Is  one  which  produces  fast¬ 
est  reduction  in  the  maximum  displacement  during 
free  vibration.  To  find  this  location,  the 
distance  of  the  Impact  point  from  the  base  was 
varied  In  steps  and  the  results  are  shown  in 
Fig.  2  for  constant  X0-8.3  mm.  The  top  and 
bottom  trace  represents  the  deflection  of  the 
secondary  and  primary  beam  respecitvely.  Care¬ 
ful  examination  of  Fig.  2(a)  through  2(d) 
indicates  that  the  damping  effect  of  Impacts 
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increases,  as  compered  to  the  nonimpact  case 
of  Fig.  2(e),  as  impact  point  moves  away  from 
the  base  i.e.  towards  the  tip  of  the  cantilever. 
The  damping  produced  is  largely  due  to  energy 
lost  at  impact.  The  energy  loss  increases  with 
the  increase  in  the  relative  velocity  at  impact 
which  increases  as  impact  point  moves  towards 
the  point  of  maximum  velocity,  i.e.  tip  of  the 
beam.  The  effectiveness  of  damping  can  be  seen 
as  a  difference  in  Fig.  2(e)  and  Fig.  2(a),  (b), 
(c),  and  (d).-  Energy  Is  transferred  from  one 
system  to  another  due  to  Impacts  and  Inherent 
internal  damping  of  both  beams  consume  some  of 
the  energy.  Noise  produced  during  impact  and 
frictional  energy  loss  due  to  rubbing  between 
the  snubber  and  the  secondary  beam  also  adds 
to  the  energy  loss.  The  decrease  of  displace¬ 
ment  is  quite  fast  till  Impacts  occur  and  after¬ 
wards  In  the  Impactless  time  interval  systems 
vibrate  freely  with  very  little  damping.  Hence 
the  amplitude  In  the  impactless  vibration 
region  decreases  with  the  decrease  in  the  gap  as 
impacts  continue  occurring  till  the  maxima  de¬ 
flection  becomes  less  than  the  gap.  The  effect 
of  initial  deflection  when  impact  point  was 
230  mm  from  the  base  shown  in  Fig.  3(a),  (b) 
and  (c)  indicate  that  the  damping  produced 
depends  on  the  initial  deflection.  However,  in 
all  cases  deflection  decrease  was  very  fast 
initialy  when  impacts  occurred.  The  time  re¬ 
quired  to  reduce  amplitude  to  the  small  level, 
and  the  displacement  amplitudes  of  the  secondary, 
increase  with  initial  deflection,  X«.  However, 
the  system  still  maintains  good  amplitude  reduc¬ 
tion  characteristics  as  evident  from  the  compa¬ 
rison  of  Fig.  3(a)  through  (c)  with  Fig.  3(d) 
where,  due  to  a  large  gap.  Impacts  do  not  occur 
at  all.  The  behavior  of  system  with  neoprene 
and  steel  snubber  was  found  very  similar  and 
hence  separate  figures  are  not  given. 

3.  FORCED  VIBRATIONS 
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A  schematic  diagram  of  the  experimental 
model  and  measuring  equipment  Is  shown  in  Fig.  4. 
The  previously  discussed  setup  was  fixed  to  a  hy¬ 
draulic  shaker,  having  large  inertia,  to  reduce 
the  effect  of  Impacts  on  the  shaker.  Sinusoidal 
displacement  of  the  base,  S0  sin  fit,  was  produ¬ 
ced  and  was  monitored.  The  Impact  patterns  were 
monitored  by  observing  the  acceleration  of  the 
tip  which  showed  a  large  spike  at  Impact  which 
Is  clearly  seen  In  the  second  trace  from  top  In 
Fig.  5(b)  and  5(d).  The  base  displacement, 
acceleration,  and  the  tip  displacements  of  two 
beams  were  monitored  on  a  four  channel  oscillo¬ 
scope  and  typical  waveforms  of  these  are  shown 
respectively  from  top  to  bottom  in  Fig.  5  for 
two  different  frequencies  of  15.5  Hz  and  23  Hz 
and  with  Impacts  (Fig.  5(b)  and  5(d))  and  with¬ 
out  Impacts  (Fig.  5(a)  and  5(c)).  The  occur¬ 
rence  of  Impact  can  be  monitored  very  easily, 
which  In  Fig.  5(d)  is  some  what  erratic  while 
in  Fig.  5(b)  is  nearly  regular.  The  comparison 
of  tip  displacement  of  both  beams  at  23  Hz  in 
Fig.  b(c)  and  (d)  Indicate  that  the  amplitude  of 
the  primary  beam  was  reduced  by  a  substantial 
amount  vrfille  the  displacement  of  secondary  was 
slightly  Increased  due  to  Impacts.  However 


Figure  4:  Experimental  Set-Up  for  Forced 
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Figure  5:  Waveforms  of  Base  Displacement,  Tip  Acceleration  and  Displacement 
Base  Amplitude  »  0.254  mu,  gap  -  0.5  mm 
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due  to  Impacts,  there  was  slight  increase  arid 
distortion  of  displacement  waveform  at  15.5  Hz. 
The  waveform  with  Impacts  are  nearly  periodic 
hut  not  exactly  sinusoidal  and  hence  the  FFT 
analyser  was  used  to  find  out  the  rms  values 
of  displacement.  These  rms  values  of  displace¬ 
ments,  Xnns,  were  obtained  after  initial  tran¬ 
sients  had  died  and  the  time  period  was  selec¬ 
ted  as  8  seconds  in  which  at  least  120  excita¬ 
tion  cycles  were  complete.  Doubling  the  time 
duration  had  very  little  effect  or.  the  rms 
values  andhence  8  seconds  was  considered  ade¬ 
quate.  The  acceleration  at  the  tip, showed 
Increase  due  to  Impacts  as  compared  to  the  non¬ 
impact  case.  The  corresponding  FFT  spectrums 
of  displacements  of  the  beams  are  shown  in 
Fig.  6  without  and  with  Impacts.  The  largest 
peaks  which  match  in  the  top  and  the  bottom 
figures  correspond  to  the  excitation  frequen¬ 
cies  or  the  resonant  frequencies  of  the  beams. 
However,  the  creation  of  many  other  frequencies 
in  Fig.  5(b)  and  (d)  was  solely  due  to  impacts 
which  excited  higher  modes  of  the  beams  due  to 
broad  impact  spectrun. 

The  first  resonant  frequency  and  damping 
ratio  of  the  primary  and  secondary  beam  was 
found  to  be  approximately  14.25  Hz,  23.25  Hz, 
and  0.0052,  0.0082  respectively.  The  usual 
method  of  free  decay  and  sinusoidal  resonant 
tests  were  used.  Thus  systems  were  lightly 
damped. 
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The  arrangement  considered  here  is  basi¬ 
cally  used  to  suppress  the  resonant  displace¬ 
ment  amplitudes  of  both  beams.  The  variation 
of  rms  values  of  displacements  in  the  fre¬ 
quency  range  of  10  to  35  Hz  which  covers  the 
first  resonance  of  both  the  beams,  with  ar.d 
without  impacts  Is  shown  in  Fig.  7(a)  aqd  7(b) 
for  the  primary  and  secondary  bean  respectively 
with  one  sided  gap  of  0.5  mn  and  base  displace¬ 
ment  of  0.254  mn.  The  Impact  point  was 
230  mn  away  from  the  base.  The  Fig.  7  shows  that 
the  resonant  amplitudes  in  the  frequency  range 
of  14-16  Hz  and  22-24, Hz  of  the  primary  and 
secondary  beams  respectively  are  drastically 
reduced.  However  a  pseudo  resonance  with  peaks 
of  fairly  small  amplitudes  of  about  2.15  mm 
and  2.0  mn  occur  at  16.1  Hz  in  case  of  primary 
and  secondary  beams  respectively.  A  small  peak 
of  1.25  mn  at  28.5  Hz  car  be  seen  In  the  res¬ 
ponse  curve  of  the  secondary  beam.  The  vibrol 
Impact  system  considered  was  highly  non¬ 
linear  and  the  nonlinearity  is  of  hardening 
type.  And  this  is  reflected  by  the  pseudo  peaks 
at  somewhat  higher  than  the  natural  frequencies 
of  the  beams.  Otherwise  the  displacement  ampli¬ 
tudes  remain  fairly  small  compared  to  the  reso¬ 
nant  displacements  of  Impactless  beams.  The 
effect  of  excitation  level  on  the  displacements 
clearly  shows  the  complex  nonlinear  behaviour 
(see  Fig.  8).  The  for  both  beams  at  the 
base  displacement  of  0.508  mm  are  not  twice  that 
of  a  0.254  mm  and  these  are  compared  for  selec¬ 
ted  values  of  excitation  frequencies  for  both 
the  cases  of  Impact  point  at  180  mm  and  230  mm 
In  Table  1.  This  table  Indicates  that  due  to 
highly  nonlinear  hardening  type  behaviour  the 
deflections  at  0.508  mn  base  displacement  in 
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Most  of  the  cases  are  less  than  twice  the  value 
at  base  displacement  of  0.254  mm. 


Table  1:  Comparison  of  X_  at  different  and  t  for  Steel  Snubber 
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The  two  peak  behaviour  not  so  clear  bet¬ 
ween  16  to  17  Hz.  for  0.254  nm  base  displace¬ 
ment  Is  quite  clear  at  0.508  mm.  In  Fig.  8  the 
phenomenon  similar  to  the  jump  In  the  nonlinear 
hardening  spring  can  be  seen  around  28.5  and 
00  Hz  for  0.254  and  0.508  urn  base  displacement. 
The  effect  of  reducing  the  distance  from  the 
base  of  an  Impact  point,  t,  from  230  wn  to 
180  mm  Is  shown  In  Fig.  9.  Comparing  Fig.  7 
with  Fig.  9  Indicates  that  the  maximum  displa¬ 
cement  amplitude  of  the  primary  and  secondary 
beam  has  Increased  from  2.1  mm  to  5.5  mn  and 
from  2  mm  to  4.7  mm  respectively  and  the  fre¬ 
quency  at  which  this  occurs  has  also  Increased 
*rom  16.1.  Hz  to  17.8  Hz.  This  Increase  In  fre¬ 
quency  Is  due  to  the  decrease  In  the  effective 
mass  as  the  pointer  moves  towards  the  base 
while  effective  stiffness  remains  nearly  cons¬ 
tant.  The  maximum  displacement  amplitude  has 
Increased  because  the  energy  iost  at  Impact  Is 
decreased  due  to  the  decrease  In  the  relative 
velocity  at  Impact.  The  effect  of  amplitude 
of  base  excitation  on  the  response  when  Impact 
point  was  180  mm  from  base  Is  shown  In  Fig.  10. 
Comparison  of  results  for  t  •  230  and  t  ■  180 
shown  In  Fig.  6  and  10  Indicates  that  the  two 
peak  behaviour  In  the  frequency  range  of  16 
to  17  Hz  for  the  former  has  disappeared  and  the 
maxlrnu*  Xm  has  nearly  doubled.  It  seemed  that 
the  position  of  the  Impact  point  has  substantial 
effect  on  the  response. 

The  effect  of  the  position  of  Impact  point 
on  the  response  of  beams  excited  In  the  reso¬ 
nant  range  of  the  secondary  beam  at  23  Hz  1$ 
shown  In  Fig.  1,1.  It  Indicates  that  the  tip 
rms  displacement  of  the  secondary  beam  Increases 
with  the  decrease  In  the  distance  of  the  Impact 
point  frem  the  base.  However,  the  response  of 
the  primary  nonresonant  beam  remail  ns  nearly  . 
constant.  The  behaviour  studied  here  indicates 
that  the  tip,  which  Is  the  point  of  maximum 
displacement  In  this  frequency  range  1$  the 
most  sultaole  Impact  point  from  the  point  of  view 


cf  amplitude  reduction.  Similar  performance 
was  observed  when  the  excitation  frequency  was 
In  the  resonant  range  of  the  primary  system. 
Hence  In  most  of  the  cases  studied  the  connec¬ 
tor  was  fixed  to  the  beam  at  230  mm  from  the 
base  which  was  the  most  practically  possible 
position  of  maximum  distance  from  the  base. 

A  successful  attempt  was  made  to  reduce  the 
noise  level,  produced  due  to  metals  contacting 
during  Impacts,  by  using  neoprene  pad  of 
625.25  nm1  area,  as  an  impacting  connector.  The 
effect  of  using  the  hard  neoprene,  similar  to 
the  neoprene  pads  used  In  the  bearings  for 
bridges,  on  the  displacement  performance  can 
be  seen  In  Fig.  12(a)  and  (b)  lor  the  primary 
and  secondary  beams  respectively.  The  double 
peak  region  not  so  cldar  In  the  metal  stud 
case  becomes  quite  clear  even  at  0.254  mm  base 
displacement.  The  displacement  amplitudes  here 
are  In  general  larger  than  that  In  case  of  a 
steel  stud  for  the  primary  as  well  as  secondary 
beam.  The  two  peaks  at  15.5  Hz  and  17.5  Hz 
are  quite  clear  In  Fig.  12  In  the  response  of 
the  primary  system.  Similar  two  peaks  exactly 
at  the  same  frequencies  were  observed  In  the 
response  of  the  secondary  beam.  However  an 
additional  peak  of  approximately  1.5  nm  Is 
observed  at  31.25  Hz.  the  effect  of  base  ampli¬ 
tude  on  the  response  shown  In  Fig.  13  Is  similar 
to  the  case  of  a  steel  stud. 

The  comparison  of  noise  level,  measured 
using  A  weighting  network  of  the  sound  level 
meter,  for  the  steel  and  neoprene  connector  Is 
shown  In  Fig.  14.  The  microphone  of  the  sound 
level  meter  was  25  cm  away  from  the  point  of 
Impact.  The  noise  level  when  neoprene  connector 
was  used  Is  slightly  higher  than  the  noise  level 
produced  In  the  Impactless  system  and  the  maxi¬ 
mum  difference  Is  less  than  3dBA.  However,  the 
noise  level  when  steel  connector  Is  used  is 
quite  high  reaching  82  dBA  maximum  and  on  an 
average  Is  10  dBA  higher  than  the  neoorene 


connector.  Hence,  the  partial  disadvantage  of 
slightly  higher  displacement  amplitudes  is 
compensated  by  the  substantial  reduction  in  the 
noise  level. 

The  experimental  results  presented  above 
are  for  one  sided  clearance.  However  it  was 
possible  to  attach  a  connector  to  the  primary 
beam,  as  shown  in  fig.  1(e),  and  secondary 
beam  could  be  placed  maintaining  a  gap  of  0.5 
mm  on  both  sides.  In  this  case  impacts  occured 
on  both  sides  of  the  secondary  beam  and  so 
this  had  a  two  sided  clearance.  The  displace¬ 
ment  reduction,  with  two  sided  clearance,  with 
steel  stud  and  base  displacement  of  0.254  mm, 
can  be  seen  as  a  difference  between  full  and 
dotted  lines  in  Fig.  16(a)  and  <b)  for  primary 
and  secondary  beam  respectively.  The  large 
peaks  occuring  at  13.75  and  23.25  Hz  are 
replaced  by  peaks  of  4.2  and  4.8  nm  at  16.5  Hz 
for  the  primary  and  secondary  beams.  This 
frequency  of  16.5  Hz  was  found  to  correspond 
to  the  natural  frequency  of  the  system  when 
both  beams  were  connected  rigidly  at  the  tip. 

The  maximum  displacement  amplitude  in  this  case 
of  two  sided  clearance  is  nearly  twice  that  of 
one  sided  clearance.  Hence  from  the  point  of 
view  of  amplitude  reduction  the  one  sided 
clearance  system  seems  to  be  superior  to  the 
two  sided  clearance  system. 

4.  CONCLUSIONS 

The  vibration  control  aspect  of  vibroimpact 
of  two  beams  was  experimental  investigated. 

The  system  is  found  to  work  effectively  in  the 
free  and  forced  vibrations.  The  performance 
from  the  point  of  view  of  displacement  reduc¬ 
tion  of  the  system  with  one  sided  clearance 
was  found  to  be  superior  to  the  «ystem  with 
two  sided  clearance.  Loud  noise  produced  during 
impact  between  metal  surfaces  can  be  substan¬ 
tially  reduced  by  using  a  hard  neoprene  type 
material.  The  resonant  displacement  amplitudes 
of  both  beams  were  minimum  when  the  Impact 
point  was  near  the  tip  of  the  beam. 

ACKNOWLEDGEMENT 

The  authors  acknowledge  the  assistance 
rendered  by  Hr.  Anthony  Gee  (Mechanical  Engi¬ 
neering  Department,  Concordia  University) 
during  this  study. 


REFERENCES 

1.  Cz.  Cempel,  1971,  Rozprawy  Inzynierskie  19, 
301-307.  The  percussive  vibration  of  two 
independent  systems  (in  Polish). 

2..  S.F.  Masri ,  1978,  Journal  of  Mechanical 
Design,  Transactions  of  the  American 
Society  of  Mechanical  Engineers  100,  480- 
486.  Analytical  and  Experimental  Studies 
of  a  Dynamic  System  with  a  Gap. 

3.  S.F.  Masri,  Y.A.  Mariamy  and  J.C.  Anderson, 
1981,  Journal  of  Applied  Mechanics,  Trans¬ 
actions  of  the  American  Society  of  Mechani¬ 
cal  Engineers,  48,  404-410.  Dynamic  Res¬ 
ponse  of  a  Beam  with  a  Geometric  Non¬ 
linearity. 

4.  D.S.  Steinberg,  1977,  Machine  Design  71-73. 
Snubbers  Calm  PCB  Vibration. 

5.  V.S.  Metrikin,  1975,  Mechanics  of  Solids  10, 
36-41.  Stability  of  Periodic  Motion  of  a 
System  with  Impactive  Interaction. 

6.  W.H.  Park,  1967,  Journal  of  Engineering  for 
Industry,  Transactions  of  the  American 
Society  of  Mechanical  Engineers  89,  587- 
596.  Mass-Spring-Damper  Response  to 
Repetitive  Impact. 

7.  T.  Irie  and  K.  Fukaya,  1972,  Bulletin  of 
the  Japan  Society  of  Mechanical  Engineers  15 
299-306.  On  the  Stationary  imapct  Vibration 
pf  a  Mechanical  System  with  “.wo  Degrees  of 
Freedom. 

8.  A.  Ye  Kobrinskii,  1969,  NASA  Technical 
Translation  TTF-534.  Mechanisms  with 
Elastic  Couplings,  Dynamics  and  Stability. 

9.  R.K.  Miller  and  B.  Fatemi,  American  Society 
of  Mechanical  Engineers,  81-DET-16.  An 
Efficient  Technique  for  the  Approximate 
Analysis  of  Vibroimpact. 


IS  COS  SI  ON 


r.  la*  (Ohio  State  University);  Obclously,  you 
•ad  iliilir  notarial*.  Sava  you  triad  It  vlth 
Iff* rant  aaterlals,  on*  aluuinun  baaa  and  on* 
teal  baaa? 

r.  Bapat:  If  the  raaonant  fraquanclaa  ara 
lffarsnt,  thla  systsa  trill  work.  It  doaa  not 
attar  what  typo  of  notarial*  ara  uaad  in  tha 
taaa.  Boon  If  ooa  baaa  la  aada  froa  alualnua, 
nd  on*  baaa  la  aada  froa  ataal,  you  will  not 
at  auch  daaplng  If  tholr  reaonanc*  fraquanclaa 
r*  tha  aaaa .  lut ,  If  you  have  alalia r  boaaa, 
ut  with  dlffaroncaa  In  thalr  raaonanc* 
raquenclse,  you  will  pat  aor*  daaplng. 

r.  Gaara  (Lockheed);  I  would  think  dlffaront 
atari ala  would  raduc*  tha  af fact lvanaai  of  tha 
yatea.  For  axaaplo,  what  If  ona  of  tha  baaa* 
or*  ao  light  that  It  had  no  food back  affoct  on 
ha  ataal  baaa?  If  I  had  a  larg*  discrepancy  In 
ho  aaaa  density,  for  axaapla ,  tha  other  baaa 
oasts' t  daap  the  flrat  on*. 

'x.  Bapat:  Instead  of  aaaa  density  ve  found  tha 
■oat  lnportant  paraaatar  la  tha  ratio  of  tha 
tlffnaaaaa  of  tha  ayataaa.  Wa  found  thla  In  a 
oaputar  slaulatlon  whan  tha  baaaa  war* 
one Ida  rad  as  a  single  degree  of  freed  aa 
yatau.  If  you  consider  one  systaa  la  vary 
tiff  coaparad  to  tha  other  systaa,  than  tha 
ceponae  of  each  systaa  will  ba  considerably 
ad* cad. 

Ir.  Caere;  Clearly,  whan  I  ask*  on*  of  tha 
■aaaa*  soro,  I  have  suddenly  loat  everything • 
la  that  right? 

It.  bapat:  That  la  not  ao.  If  you  aak*  ooa 
■ass  xaro,  that  asans  on*  baaa  acts  purely  as  a 
■prlng.  Tha  effectiveness  of  tha  systaa  dapands 
tor*  on  tha  atlffnaa*  of  tha  baaaa  than  on  thalr 
tase,  but  It  la  not  totally  Independent  of  thalr 
teas. 

Ir.  Caere i  Tea,  I  aa*.  So  the  atlffnaa*  la  tha 
soat  lnportant  paraaatar? 

Ir.  Bapat t  Stiffness  la  tha  aost  lnportant 
mraaatar,  but  aas*  will  have  an  offset.' 


MODELS  TO!  SHOCK  DAMAGE  TO  MAtINE  STKUCTUKA1.  MATERIALS 


David  V.  Nicholson,  Coda  K14 
Naval  Surface  Waapons  Centar 
Vhite  CaV,  MD  20910 


Tbia  paper  presents  a  simple  diacuaaion  of  varioua  types  of 
strain  rata  embrittlement  thought  to  occur  in  marine 
atructural  aatariala  uodar  shock  loading.  A  conatitutiva 
model  ia  briefly  akatcbad  which  illuatrataa  how  material 
flow  and  daaa|t  ara  measured,  thair  threaholda,  how  they 
coapata  to  diaaipate  available  alaatic  and  kinetic  energy, 
and  cooditiooa  under  which  thair  governing  procaaaaa  become 
unstable. 


I.  INTtODOCnOH 

Thia  paper  providaa  a  very  ainple 
diacuaaion  of  conatitutiva  aodela  auitable  for 
deacribing  varioua  forma  of  strain  rate 
aabrittlaaant  in  aarine  atructural  aatariala. 
The  ultiaate  concern  ia  the  capability  of  the 
finita  elcaant  codea  to  predict  atructural 
reeponae,  including  rupture,  to  aevere 
transient  loada.  Unfortunately,  the 
predictions  can  be  no  better  than  the 
underlying  conatitutiva  aodela.  In  thia 
regard,  the  aajor  finite  elaaent  coder  appear 
to  have  limitation*  in  reapect  to  the 
treataant  of  atrain  rate  dependence. 


II.  STRAIN  SATE  EMBRITTLEMENT 

In  aany  instances,  atrain  rate  haa  a. 
atiffaning  affect  on  atructurea.  Thia  aaana 
that  the  load  to  attain  a  given  deformation  ia 
higher  if  the  loading  rate  ia  increaeed. 

Straio  rata  any  alao  have  a  atrengthenihg 
effect  in  the  aenae  that  the  failure  loada  ara 
alao  increaeed.  Theae  featured  ara  faithfully 
accommodated  in  a  number  of  viacoplaatic 
conatitutiva  aodela  (1-6).  Of  theae,  the 
aodela  diecueaed  in  (1-3)  appear  to  be  the 
primary  ooea  implemented  in  the  major  finite 
element  codea  eucb  as  MAM,  ABAQUS  and  ADINA. 

However,  there  are  important  inatancea  of 
atraio  rate  embrittlement  for  which  it  appeara 
that  auitable  conatitutiva  aodela  have  not  yet 
been  implemented.  Three  example#  of  thia  are 
given  in  the  next  aection. 


1.  Direct  Embrittlement 

It  ia  well  known  that  aoae  materials, 
particularly  ateela,  undergo  a  transition  from 
ductile  to  brittle  fracture  aa  the  temperature 
ia  lowered  below  a  critical  temperature  T^. 

It  appeara  (7)  that  thia  traneition  ia 
promoted,  i.e.  the  affective  critical 
temperature  ia  raiaed,  by  high  atrain  ratea. 
Soaa  direct  evidence  in  tbia  reapect  ia 
provided  in  (8),  which  above  the  dynamic 
fracture  toughoeaa  of  a  ateel  alloy  decreaeing 
abruptly  in  the  high  atrain  rate  range. 

The  aechaoiaa  ia  illuatratad  in  Pig.  i 
(la,b).  Note  that  yield  atreae  increases  when 
fracture  toughness  decreases.  Thia 
illuatrataa  how  fracture  and  plabtic  flow 
compete  to  diaaipate  stored  alaatic  and 
kinetic  energy.  That  ia,  if  the  loading 
occura  in  tinea  email  compared  with  the 
chdracteriatic  retardation 
tinaa  for  flow,  the  etored  elastic  energy  may 
instead  be  dissipated  by  fracture  or  some 
other  inelastic  process. 


.2.  Daaage  Softening 

In  ductile  materials,  final  catastrophic 
crack  propagation  is  preceded  by  various 
microscropic  damage  procaaaaa,  among  which  we 
focus  on  the  nucleation,  growth  and 
coalescence  of  microvoids.  Figures  2(a,b,c) 
illustrate  a  possible  version  of  this  process 
aa  follows.  Initially,  voids  ara  formed  by 
detachment  of  inclusions.  Hast,'  they  grow  at 


!  pervious  pa  or 

IS  BLANK 


i  n 


a  steady  rate.  Finally,  after  sufficient 
growth  they  interact  in  an  unstable  Banner. 
That  is,  the  asterial  between  the  voids  is  so 
severely  stretched  that  it  fails,  with  the 
result  that  the  voids  are  linked. 

The  strain  rate  effect  on  this  process  is 
as  follows.  MUclestion  and  growth  of 
nicro voids  appear  to  occur  by  a  sort  of 
elsstic  cavitation  process  [9].  The 
thresholds  nay  be  high,  but  the  processes 
appear  to  occur  rapidly  (in  tines  liaited  by 
elastic  wave  speeds).  For  low  strain  rates, 
plastic  flow  efficiently  dissipates  stored 
elastic  energy.  But  plastic  flow  is  slow 
(retarded),  and  thus  high  strain  rates  lead  to 
high  instantaneous  vs lues  >f  stored  elastic 
energy.  It  is  easy  to  iaagine  that  void 
nucleation  and  growth  thresholds  can  be 
exceeded  under  such  conditions,  leading  to 
rapid  dissipation  by  daaage. 


3.  Theraoplastic  Testabilities 

It  is  well  known  that  the  energy 
dissipated  by  plastic  flow  is  largely  turned 
into  heat.  Also,  aetals  show  theraal 
softening,  thus  reducing  the  threshold  for 
further  plastic  flow.  But,  as  the  threshold 
is  reduced,  further  plastic  flow  is  proaoted, 
with  the  effect  of  greater  heating  on d  thus 
greater  softening.  Thus,  the  strains  and' 
teaperatures  continue  to  rise  until  a  critical 
condition  is  reached,  for  exaaple  producing  a 
phase  transformation.  This  is  clearly  an 
unstable  process,  and  it  is  thought  to  be 
aanifested  in  the  fora  of  shear  bands. 

The  role  of  strain  ratee  aay  le  described 
as  follows.  First,  the  situation  is  aore. 
nearly  adiabatic  since  loading  tiaes  are  short 
coapared  to  heat  transfer  tiaes.  Secondly, 
the  stresses  and  therefore  the  rate  of  plaatic 
work;  and  hence  the  race  of  heating,  are 
increased  by  strain  rate. 


III.  ELEMEMTAIIY  MATHEMATICAL  MOOT!  S 

For  the  sake  of  illustration,  we  now 
offer  aiaple  examples  of  constitutive  aodeis 
for  describing  soae  mechanisms  for  strain  rate 
enbrittlcaent .  Strains  are  aesuaed  to  be 
saall  and  the  aaterial  is  aesuaed  to  be 
isotropic. 

The  aain  features  of  the  aodeis  are  as 
follows.  The  aechanisas  are  viewed  as 
inelastic  processes  which  dissipate 
appropriate  parts  of  the  excess  stored 
(elastic  and  kinetic)  energy  relative  to  a 
threshold  enerc7'.  The  race  of  dissipation  is 
controlled  by  a  retardation  tins. 

This  situation  is  evident  in  conventional 
viscoplastic  formulations.  The  flow  work  is 
given  by 


•ij  *  ®ij  *  *kk*ij/3 


•  f  _  *f  .f  .  x, 
«ij  *  Hj  -  %k«ij/3 


where  ojj  and  cjj  are  the  stress  and  the 
flow  strain,  with  deviatoric  parts  s$ j  and  e£j. 
We  are  assuaing  flow  ineoagnessibility,  su 
that  tjlg  "  o.  Alto,  repeated  indices  imply 

The  constitutive  equation  for  flow  strain 


«ii  *  "f  <  Mtf  "  *f  *  ■ij^WW'  <2> 


*ef  "  'i^ii/** 


it  the  elastic  strain  energy  associated  with 
shear,  vhila  *  is  the  elastic  shear 
aoduius.  Also,  the  ayabols  <•>  are  defined 
*>y 


»<«  . 


and  the  quantity  Sf  is  a  threshold  energy 
related  to  the  conventional  yield .stress. 

Combining  (1)  and  (2)  furnishes 


and  hence  flow  dissipates  excess  elastic 
energy  at  a  rata  dsterained  bv  nf,  which 
nay  te  called  the  (recipiocal  of  the) 
retardation  tins. 

We  represent  daaaje  as  an  internal  stats 

variable  which  aanifests  itself  by  modifying 
the  values  of  aaterial  properties  such  as 
If.  In  analogy  with  flow,  we  eeauae  that 
the  energy  absorbed  (dissipated)  by  daaage  is 
given  bv 


"d  *  nd  <  "ed  -  «d  > 


(3.2) 


Technically  there  are  four  possible  cases: 


where  vet]  is  a  part  of  the  stored  elastic 
energy  driving  the  damage  process.  For  the 
sake  of  illustration  we  assume  that 


wed  “  (<s>)2/3k  (4) 


where  s  is  the  isotropic  stress  and  k  is  the 
bulk  modulus.  Equation  (4)  is  suitable  for 
cases  in  which  damage  is  caused  by  hydrostatic 
tension,  which  may  be  characteristic  of  void 
mechanisms. 

Finally,  to  describe  thermal  effects  we 
invoke  the  conventional  assumption  [10]  that 
all  flow  work  is  converted  into  heat. 
Accordingly, 


•  I 

Wf  «  pcT 

and  hence 


T  ■  ~  <  v.f  -  *f  >  (5) 

where  p  is  the  mass  density  and  c  is  the 
specific  heat,  assumed  constant. 


IV.  SIMPLE  STABILITY  ANALYSIS 

For  the  sake  of  illustration  we  now 
asautae  that  Hf,  Cj ,  v,  c  end  p  are  all 
constants,  but  that  if  and  8d  depend  on  flow 
work,  damage  and  temperature: 

•f  •  9f(wf,  we,  T)  (6.1) 


«d  *  fldfwfi  *e»  T)  (6.2) 


We  also  assume  that  we{  and  ved  are 
imposed  and  maintained  at  constant  values 
indefinitely.  Under  some  conditions  to  be 
investigated  shortly,  wef  and  wed  will 
always  exceed  the  flow  and  damage  thresholds. 
The  result  is  that  flow  and  damage  will 
continue  indefinitely  and  the  tempe-.-xture  vi:  l 
rise  monotonically.  A  condition  will 
eventually  be  reached  which  reprosents  some 
type  of  failure,  such  as  void  coalescence  to 
form  cracks,  or  shear  band  formation. 

Such  a  process  represents  failure  of 
bounded  input  -  bounded  output  (BIBO) 
stability.  That  is,  finite  values  of  wef 
and  wed  lead  to  infinite  values  of  vf, 
wd  and  T. 


i.  wef  <  #f0  wed  <  «do 

ii.  wef  >  »£o  wed  <  »do 

iii.  »ef  <  »fo  «ed  >  »do 

iv.  wef  >  »f0  w^  >  Sdo 

where  #f0  and  »do  are  the  initial  values  of 
tf  and  ftd. 

Nothing  happens  in  (i),  while  (ii)  only 
involves  flow  and  has  been  treated  elsewhere 
(10).  The  ease  (iii)  seems  unlikely  since 
damage  thresholds  are  typically  higher  than 
flow  thresholds.  Thus  (iv)  appears  to  be  the 
most  interesting  case. 

Ignoring  inertia,  equations  (3.1,  3.2) 
can  be  integrated,  at  least  numerically.  The 
resulting  values  of  wf  and  wd  may  then  be 
substituted  into  (6.1,  6.2)  to  furnish 
functions  of  the  form 


•f  -  4f(t;  wef,  wed) 
•d  “  M*!  “ ef,  wed) 


Clearly,  BIBO  fails  for  wef  and  wed  such  that 
wef  >  wjf 
wed  >  wed 

where  vjf  and  w£d  are  the  solutions, 
assumed  to  exist,  of 

wef  "  max  l^(t j  we£,  wed) 
t 


wjd  -  max  kd(t ;  wjf,  wjd) 
t 


A  similar  stability  analysis  for  flow  alone 
was  presented  in  [10],  ih  which  specific 
examples  were  considered. 


V.  CONCLUSION 

Various  types  of  strain  rate 
embrittlement  have  been  discussed.  A  simple 
constitutive  model  has  been  sketched,  vhich 
illustrates  measures  of  flow  and  damage,  their 
thresholds  and  rates,  how  they  compete  to 
dissipate  available  elastic  and  kinetic 
energy,  and  conditions  under  which  their 
governing  processes  become  unstable. 
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DISCUSSION 


■uch  as  rusting  out,  as  damage? 


Mr.  Lee  (Ohio  State  University);  I  guess  a  lot 
depends  on  how  you  define  the  damage.  In  my 
mind  I  thought  plasticity  Is  also  a  kind  of 
damage,  but  It  looks  like  you  tried  to  separate 
them  Into  a  flaw  and  the  damage.  Isn't  changing 
the  elastic  modulus,  due  to  damage,  In  conflict 
with  the  facts  of  basic  elasticity?  I  can  see, 
physically.  If  you  stretch  a  rubber  band  for  a 
long  time' and  let  It  go,  then  Its  elasticity  has 
changed  from  the  original  elasticity.  But,  that 
Is  due  to  the  Irrecoverable  process  of  the 
motion  that  was  piled  up  Inside.  When  that  went 
through,  obviously  you  can  characterize  that  ..s 
damage,  or  It  Is  because  of  a  plastic 
deformation. 

Mr,  Nicholson:  We  are  taking  the  same  point  of 
view  as  you  have  In  composite  materials.  If  you 
have  voids  forming  In  a  material,  you  can 
calculate  an  effective  elastic  bulk  modulus 
where  you  smear  out  the  voids.  You  are  not 
saying  that  the  elastic  behavior  Is  changing 
point-wise  within  the  material.  You  are  not 
talking  about  a  point-wise  property.  You  are 
talking  about  a  property  of  regions  of  material 
that  are  large  compared  to  the  voids.  So  when 
we  say  that  elastla  modulus  tensor  is  changing, 
we  say  that  the  effective  elastic  modulus  tensor 
Is  changing.  That  la,  it  Is  a  modulus  which 
refers  to  volumes  of  material  that  are  large 
compared  to  the  characteristic  size  of  the 
defects.  So  I  agree  with  you.  In  a  proper 
statement  of  a  point-wise  constitutive 
relationship,  we  shouldn't  say  the  elastic 
moduli  are  changing.  But  I  am  not  really  saying 
that;  I  say  that  the  effective  moduli  are 
changing.  I  think  that  Is  an  important 
difference.  Aa  far  as  plasticity  versus  damage 
Is  concerned,  I  am  talking  from  the  specialized 
language  of  the  people  who  play  this  game. 
Plasticity  contributes  to  residual  strain  so  It 
can  be  measured  microscopically,  In  principle. 
Damage  Is  something  that  doesn't  necefsarlly 
have  an  effect  on  the  permanent  strain.  If  you 
Introduce  a  small  crack  to  a  material  and  then, 
reduce  the  loads,  the  length  of  the  material 
trill' not  be  affected  by  that;  but  still  the 
defective  material  properties  are  different.  In 
some  respects  I  was  Just  defining  damage.  I 
think  of  It  more  this  way.  Physically,  damage 
Mans  defects,  and  I  know  the  defects  have  some 
effect  on  {the  effective  material  properties.  I  . 
would  like  to  use  that  effect  to  obtain  a 
macroscopic  measure  of  damage;  I  smear  out  a  lot 
of  the  details  of  damage  by  doing  that.  But,  I  . 
would  like  to  use  that  effect  to  measure  the 
damage,  rather  than  do  what  some  other  people 
have  done.  They  actually  cut  up  the  material 
and  count  the  voids,  which  Is  Impossible,  and 
then  try  to  characterize  the  orientations  and  so 
forth.  I  am  trying  to  avoid  that  whole 
operation  by  consolidating  all  of  the  effects  of 
damage  end  the  effect  of  the  elastic  moduli. 

Mr.  Lee;  Would  you  consider  embrittlement  due 
to  entrapped  hydrogen  and  chemical  reactions, 


Mr.  Nicholson:  I  was  trying  to  confine  my 
attention  to  stress-induced  damage.  In  some 
cases,  chemical  effects  have  a  relationship  to 
stresses.  Hydrogen  embrittlement,  as  I  know  It, 
tends  to  be  a  long  term  process  of  hydrogen 
migrating  through  materials  and  accumulating  In 
cracks,  and  so  forth,  where  they  reduce  the 
thresholds  for  further  crack  propagation.  That 
kind  of  effect  changes  the  elastic  properties, 
but  not  mechanically.  So  I  am  not  considering 
that  damage  for  the  purpose  of  formulating  a 
constitutive  model.  I  am  talking  about  the  kind 
of  damage  that  occurs  In  very  short  times  under 
very  high  stresses,  and  generally,  I  assume 
these  times  are  small  compared  to  chemical 
times. 

Mr.  lee;  Do  you  consider  that  as  a  form  of 
damage? 

Mr.  Nicholson:  Yes,  definitely.  Material  Is 
degraded  by  it,  and  Its  function  Is  changed  by 
it.  But,  It  la  not  a  damage  where  strain  rates 
are  particularly  relevant.  I  am  trying  to  deal 
with  a  case  where  you  take  two  pieces  of 
material,  one  which  you  test  statically  to 
failure,  and  you  find  It  exhibits  ductile 
failure.  You  test  another  piece  of  material 
dynamically  to  failure,  and  by  examlng  the 
cracked  surface,  you  find  It  looks  like  a 
brittle  failure.  But  the  question  Is  why  are 
those  two  different?  Ordinarily,  that 
difference  is  not  due  to  chemical  effects  but 
some  sort  of  strain  rate  embrittling  effect 
which  I  have  been  trying  to  talk  about  here. 
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The  weight  variations  in  noun  ted  subassemblies  have  re’ntlvely 
little  effect  on  the  pyrotechnic  shock  envlronaent  at  the  noun- 
tin*  point.  This  is  the  so-called  Bass  loading  effect.  This 
paper  presents  a  aechanical  aodel  which  attempts  to  explain 
theoretically  the  aechanism  of  the  mass  loading  effect.  A  drop 
‘test  and  a  s t’~c tural  striking  test  are  conducted  to  simulate 
the  pyrotechc  rhock.  The  experimental  results  agree  well  with 
the  predictions  of  the  aodel  analysis.  A  loon]  and  an  entire 
body  shock  envlronaent  of  a  system  and  their  shock  test  speci¬ 
fications  are  '  iefly  discussed. 


INTRODUCTION 

Thera  is  a  problem  often  encountered 
In  drawing  up  shock  specifications  of  a 
system,  whether  the  weight  variations  in 
mounted  subassemblies  affect  the  shook 
envlronaent  of  the  system,  and  how  it 
affects.  This  problem  haa  prompted  many 
pyrotechnic  shock  measurements  and  ana¬ 
lysis  (l-«) 

It  is  believed  that  mass  loading,  in 
general,  will  affect  the  shock  environ¬ 
ment.  But  the  experimental  results  show 
that  actually  the  contrary  is  the  case. 
The  weight  variations  in  mounted  sub¬ 
assemblies  have  relatively  little  effect 
on  the  pyrotechnic  shock  environment  at 
the  mounting  point.  This  la  the  so-called 
mass  loading  effect.  To  make  an  investi¬ 
gation  on  this  problem  will  help  to  teak* 
prediction  of  the  shock  environment  from 
the  weight  variations  by  conducting  only 
a  few  firing  teats.  The  investigation  of 
the  effect  of  mass  loading  on  the  shock 
environment  will  help  greatly  in  tho  de¬ 
sign  work  of  equipment  mounting  configu¬ 
ration  and  in  drawing  up  shock  specifi¬ 
cations. 

While  dealing  with  the  shock  specifi¬ 
cation  of  a  subassembly,  we  must  distin¬ 
guish  between  loc*  I  and  entire  shock 
specifications.  0-n# rally  spending,  if 
an  entire  shock  of  the  subas8«sjbly  is 
taken  to  be  a  local  shock,  the  specifi¬ 
cation  would  fc?  under-teat.  On  the  other 
hand,  if  a  local  shock  envlronaent  is 
taken  as  an  entile  shock,  the  shock  ape* 
clflcatlons  would  be  over-teat.  However, 
at  the  preeent  local  shock  environment 
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ts  often  confused  with  the  entire,  lend¬ 
ing  to  some  troubles. 

In  view  of  the  above  mentioned,  this 
paper  presents  a  aechanical  model  which 
attempts  to  explain  the  mechanism  of  the 
mass  loading  effect  theoretically.  The 
dynamic  aodel  consists  of  three  masses 
connected  In  Scries  by  two  springs,  l.e. 
"mass  0  -spring  1  -mass  1  -spring  2  - 
pass  ?K  system.  The  system  haa  free-free 
boundary  conditions.  The  mass  0,1  and  2 
represent  the  Supporting  structure,  the 
mounting  structure  and  the  mass  loading 
respectively.  The  springs  1  and  2  repre¬ 
sent  the  connecting  stiffness  of  the 
masses.  When  the  supporting  structure  ( 
mass  0  )  is  shocked  by  a  single ' impulse, 
the  response  at  the  mounting  point  (amas 
1  )  is  the  shock  environment  of  mass 
loading  (  mass  2  ).  The  maximum  reaponse 
of  the  mass  1  can  estimated  using 
Laplace  Transformation  method.  Several 
special  cases  are  calculated,  and  the 
results  are  assembled  and  tabulated. 

Because  of  the  scatter  of  pyrotechnic 
shock  data,  a  structural  striking  test 
was  conducted  in  the  laboratory  to  slau- 
1  ate  the  pyrotechnic  shock  together  with 
ii  drop  teat.  Both  tests  generate  appro¬ 
ximately  the  same  shock  environment  at 
the  mounting  point.  The  test  specimen  is 
n  cylindrical  shell  with  stringers  and 
ring  fraiae.  The  pyrotechnic  uhoak  envi¬ 
ronment  is  practically  a  IocaI  shock  of 
the  system.  However,  the  routlns  shock 
test  according  to  general  shock  specifi¬ 
cation  Is  usually  tut  entire  shock  of  the 
system.  In  fact,  the  shock  spectra 


Mthod  has  ths  conception  of  the  entire 
shook.  There  say  be  the  saae  shock  envi- 
ronasat  at  the  aounting  point  for  both 
local  and  entire  shock  of  the  systea,  but 
the  responses  of  ths  aass  loading  itself 
are  quite  different  froa  each  other. 


MODS!  ANALYSIS 


For  siaplicity.  we  shall  assuae  that 
the  ac-tural  structure  can  be  regarded  as 
a  threw  anas  systea  which  consists  of 
three  aassea  a.  a,  and  az  tied  in  aeries 
by  two  springs  shown  in  Figure  1.  where 
a  and  a,  are  connected  structural  aasans 
and  at  the  aass  loading,  ki  and  ka  are 
connected  stiffness.  The  shock  source  nay 
be  characterised  by  aoaentua  aV.  Bence, 
the  equations  of  notion  of  the  three-ansa 
systea  ignoring  daaping  are  written 

aX-k,  (X,  -X)»0 
n.X,  *k, (X,-X)-k,(X,-X, )-0 
a,X»4k,(Xt-X,)-0 
with  initial  conditions 

x(t)|t.0-x.-°  .  *.-v 

setting  X.-X ,-X  and  S,«XZ  -X, 

Equation  (1)  becnaes 

S,+k,j,  (a+a,  )/(aa,)-kjSz/a, -0 
-k,S,  /■.♦iatk,S1  (a,  ta1)/(alai  )>0 


(D 

(2) 


with  initial  conditions 

By  using  the  Laplace  Transformation 
aethod  the  aaxiaua  values  of  variables 
X(t).  X,  (t),  Xj ( t ) ,  f,(t),  $,( t)  are 
obtained  as  follows: 

X--«kC,V(04ti;7)/(0tJt) 

Zr'i,V(Cg*Ct)/(CfCt) 

X^«*V/(C*Cf) 

&.-v(o**Cr  )/(*>,  jtjt) 

Sa*»v/(«*  :«) 


(4) 


P) 

6) 


(7) 

(a) 


where  «,«(k,/a,)  ,  o>t-(kz/azr 
Ct-a,/a  ,  C4>a«/a  ,  C, -a, /a, 

Cq-kt/k,  .  Oy-W-u.  . 

C|«(1«0j)C#  ,  C#*(1eCi  eCqeC^^CfC*  ]p, 
Cf  -( letf ,  eC*  *Cj  -20,  0«  )’A 

Froa  above  general  folaulaa  the  fol{ 
lowing  speainl  coses  can  be  derived 


9) 


Case.  1,  a»a,  ta* 

XM»A>,V(nt.V)/C» 

(10) 

Xw%»&4'1* 

(11) 

S»»V(1*C,  )/(®>»Ce) 

(12) 

Sj«-v/(<o,Cn) 

(13) 

Caae  2.  m»  ■>»■* 

In-  SmJ  i* 

(14) 

#i»»V  /  ( ilii'i.) 

(15) 

L.  eiiV/u  •» 

(16) 

Stm* nd  Xtm  both  depend  on 

the  equations 

(7)  and  (9). 

Cane  3,  a*a^*a. 

X»»  Sm^\ 

(17) 

WAV/0.* 

(18) 

S«e"V/(  >l»Ci») 

(19) 

Sj»»v/(  CifLe) 

(20) 

where  (( 1  *  »(£ Oj*4, 

Ce-ftl-C,)*.!*^.  G»«(k,/a)rt  . 
C,i«0t*/a)'4r  J*.  C,t-(l*C.  )* 

Cm*(w(<£ 0,,-  [i+i/(o)\c?fj? 

The  aaxiaua  2,mand  lam  are  tabu¬ 

lated  in  table  1  for  various  cases  com¬ 
bined  with  a,  a,,  sq.  k,  and  k*. 


LOCAL  AND  ENTIRE  SHOCK  TESTS 

A  cylinder  structure  with  skin- 
stringer-ring-frnae  is  shown  in  Figure 
2.  The  two  ends  of  an  aiuauniua  beaa 
are  fixed  on  the  ring-frame  of  the  cy¬ 
linder.  The  aass  loading  a  is  located 
at  the  center  of  the,  alualniua  beam. 

The  weight  variations  of  tha  aass  loa¬ 
ding  a*  are  0,  1,  2.  9.  7.  10  and  12 
kilograaaes.  The  echeaatie  of  the  atri-. 
king  teat  is  shown  in  Figure  3.  B  and 
0  are  hang  points  at  the  ring-fraae  of 
the  cylinder.  X»  and  X*  are  the  accele¬ 
ration  measurement  points  (axial  direc¬ 
tion).  :»  is  the  striking  point.  The 
shock  source  is  produced  by  suddenly 
releasing  a  strong  beam  to  S  nolnt.  The 
releasing  distance  are  kept  the  saae  so 
that  the  shock  source  can  be  reproduced. 

The  cylinder  structure  also  was  con¬ 
ducted  n  free  drop  test  as  shown  in  Fig. 
4.  The  cylinder  was  fixed  on  s  heavy  drop 
human r  The  haaaer  was  dropped  freely  on 
the  anvil.  The  hnaaer  and  anvil  both  are 
rigid.  The  drop  height  was  kept  the  saae 
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k5h).  This  is  an  satire  shock  test. 

The  soce le roasters  at  tLe  mounting 
lints  X,  and  X*  are  fixed  on  the  top  of 
is  bolts.  Por  conveyance,  ths  maxima  of 
m  X,  (t)  and  £*(ti  wars  read  out.  Each 
ist  is  repeat 'a  by  three  to  five  times, 
be  average  of  the  measure sent  data  is 
sed.  The  experimental  results  of  the 
triking  and  drop  tests  are  listed  on  the 
able  2.  The  typical  ties  histories  are 
hown  in  figures  5-1 8. 

It  is  known  from  111,{8J  and  our  own 
eaearch  information,  if  the  transient 
a ve forms  are  similar,  their  shock  spec- 
ra  are  similar  too.  Thus,  the  differen- 
es  between  the  local  and  entire  Shock 
nvironment  is  not  identified  by  the 
raasient  waveforms  or  the  shock  spectra 
hemselves. 


iISCUSSIOM  AMD  CONCLUSION 

1 .  The  weight  variations  of  the  mass 
.oading,  in  general,  have  some  effects  on 
die  shook  environment  at  the  mounting 
tolnt,  see  equation  (6). 

2.  If  ms  a, sms,  no  matter  how  the 
sonneoting  stiffness  k.  and  kj*ay  be,  X<« 
lolds  the  order  of  V«i,  i.e.  the  weight 
mr 1st ions  in  mounted  subassemblies  have 
relatively  little  effect  on  the  shock 
invironment  at  the  mounting  point. 

3.  If  ms  mi  and  k|»k*.  regardless  of 
the  variations  of  mlt  X.*, holds  the  order 
>f  Vco, .  In  this  case.  The  weight  varia¬ 
tions  in  mounted  subassemblies  has  rela¬ 
tively  little  effect  on  the  shock  envi¬ 
ronment  too. 

4.  If  a»ai+ai,  the  shock  test  re¬ 
veals  the  characteristics  of  entire  shock. 

5.  If  m«ai*a«,  the  shock  teat  re¬ 
veals  the  characteristics  of  local  shock. 

6.  The  differences  between  the  local 
and  the  entire  shock  environment  is  not 
Identified  by  the  transient  waveforms  or 
the  shook  spectra  themselves. 


7.  When  the  locntions  of  the  measure¬ 
ment  points  for  shock  environment  are 
chosen,  or  the  results  of  the  shock  mea¬ 
surement  are  adjudged,  not  only  will  the 
rigidity  around  the  measurement  point  be 
taken  account  of,  but  the  size  of  masses 
around  the  measurement  location  must  be 
taken  note  of  too. 

8.  The  shock  specifications  are  not 
only  determined  by  the  shock  spectra  and 
by  the  waveform,  but  the  impedance  method 
has  to  be  taken  into  consideration  also. 
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TSBie  1 


CASES 


Oaneral 


Results  of  fheoritieal  Nodal  Analysis  (X*) 


CONDITIONS 


MAXIMUM 


Casa  4 


k,«k. 

a«a,«a* 

W|K»i 

k,»*k* 

ki«kA 

«!■*“*»* 

O.^UV*o, 


0.71  Vu, 


0.41  Vw, 


Table  2 


Results  of  Striking  Teat  and  Drop  Test  (Pig.  5-18) 


■a* 

kg 

Xim 

High  frequency  Peak 

K 

Lott  Frequency  Peak 
ft 

Striking 

Teat 

Drop 

Teat 

Striking 

Teat 

Drop 

Teat 

Striking 

Teat 

Drop 

Test 

0 

130.2 

131.3 

45.8 

47.1 

21.7 

1 

120.2 

107.7 

12.3 

16.3 

2.2 

11.5 

2 

119.2 

127.3 

8.4 

11.4 

2.3 

7.5 

5 

114.2 

107.1 

3.0 

15.2 

1.1 

12.7 

n 

123.4 

113.6 

11.7 

13.6 

0.7 

12.6 

Lio 

119.5 

122.8 

,  3.6 

12.5 

0.7 

11.0 

KOI 

122.8 

128.6 

2.9 

14.0 

0.7 

13.1 

'  x(t)  X,(t) 

X.-O  XM.0  X»>0 

i,-v  x*-o  x^-o 

Fig.1-  Three-, lass  3yntea 


Pig.3-  Striking  Teat 
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Plffcll-  Striking  Test 


BLAST  AND  G10UND  SHOCK 

ASSES9CMT  OF  SEISMIC  SlRVI LABILITY 

by 

Rcbtrt  E.  Modelled 


The  1971  Sft.i  Fernando  earthquake  showa d  tint  aodem  civil-architectural 
structures,  designed  to  the  mm  legal  cods  raoulraaer*.*,  can  have 
seismic  survivabilities  which  vary  ficm  near  l'XX  to  exactly  zero. 
Codified  aaeisalc  design  orocedures  (however  dlsgjised  as  dynamics) 
actually  use  static  lateral  loads  ait.  assuead  linear  orooerties  for 
Materials  and  structures.  Rigorous  assessment  of  selsaic  survivabil¬ 
ity,  altnough  not  required  by  existing  codes  for  civil-architectural 
structures,  is  oossibxa  by  rational  analytical  aethods  ahich  enable 
derivation  of  a  structure's  tiae  history  of  distertion  ahen  it  is 
subjected  to  base  notion  of  given  dlsolacsaant  tiae  history.  The 
Mtnods,  ahich  account  for  real  noo-linear  aaterlal  and  structure 
orooerties,  as  sell  as  the  effects  of  envious  earthquakes  on  structure 
ductility,  ere  demonstrated  in  aoolication  to  high-rise  buildings,  and 
Inferences  regarding  the  effect  of  soma  commonly  used  jtructural 
details  on  seismic  survivability  of  high-rise  buildings  ate  discussed. 


xjctign 

ri*£  ductility 

jctill»«*  Is  the  property  possessed  Oy 
fly  designed  structures  enabling  them  to 
t  inelastic  deflection  without  ftllure. 

load-deflection  curves  of  practical 
tores  have  an  Initial  essentially  1  Wir 
tic)  load-deflection  rclatlcn  up  to  *'<• 
deflection  followed  by  a  non-lines: 
is'lc)  load-deflection  relation  to  failure, 
^elastic  part  of  a  load- deflection  relation 
eve,  depending  on  the  structural  materials 
onflgoratlon,  many  continuous  curve  rep  ra¬ 
tions;  however,  for  configurations  normally 
in  clvll-archiUctural  scruct'ires,  the 
Stic  part  of  the  load-deflection  curve  can 
proxlaated  by  a  straight  line  of  suitable 
,  end  the  total  load-deflection  relation 
m  represented  by  one  of  the  two  bl-llnrer 
xiaetions  as  shown  in  Fig  ire  1. 
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lure  1.  bi-Unear  Approximations  of  Struc¬ 
ture  loed-Oeflectlon  Curves 
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The  deflection  in  figure  1  rsfers  to  the 
coordinate  of  aaxleui  deflection  with  regard  to 
the  governing  failure  rechanis*,  e.g. ,  the  aid- 
span  deflection  of  a  uniformly  loaded  slxple 
beam,  or  the  total  drift,  roof  to  base,  of  a 
hlgh-rlsa  building  in  first  mode  seismic 
response.  The  area  under  the  load-deflection 
rrrvt  has  tha  units  of  force  times  distance; 
therefore,  the  total  area  under  the  load- 
deflection  curve  to  the  failure  deflection 
relates  to  a  structure's  total  work  absorption 
capability  to  f  si  lure,  (there  structures  are 
found  to  respond  in  tha  elastic-deflection  soft¬ 
ening  Banner,  it  is  almost  always  required  that 
they  fc*  modified  to  achieve  elasto-plaetrc  re¬ 
sponse  in  order  to  upgrade  their  survivability. 

Ideal  elesto-plsstlc  behavior  is  shown  on 
figure  2.  The  loed-deriectlon  curve  has  an  ini¬ 
tial  elastic  line  up  to  yield,  efter  which  the 
curve  is  purely  plastic  (constant  lead  resis¬ 
tance  for  continued  deflection).  If  deflection 
goes  pest  yield,  unloading  and  reloading  follow 
lines  parallel  to  the  initial  elastic  line. 
Elasto-plesttc  behavior  is  a  good  approximation 
of  the  response  of  well  designed  steel  or 
reinforced  concrete  structures  to  earthquakes. 


Dell  (ction  — * 


figure  2.  Elesto-Plast'c  Load-Deflect  lor. 
Relation 


encviouf  aaoe 


Response,  in  elasto-plastic  behavior,  Is 
described  in  terms  of  the  dimensionless  ductil¬ 
ity  ratio,  /i.  This  ratio  is  defined  as 


s  maximum  response  deflection 
M  deflection  at  incipient  yield  1 


It  is  emphtsized  that  V  is  referenced  to  deflec¬ 
tion,  not  to  stress  or  strain.  The  values  of  M 
from  0  to  1  measure  energy  stored  elastically 
and  recoverable  by  rebound;  u  values  in  excess 
of  1  measure  non-recoverable  plastic  work  on  a 
structure.  The  deflection  defining  u  *  1  for 
any  given  response  of  an  elasto-plastic  struc¬ 
ture  has  a  unique  value  that  is  independent  of 
the  nuttier  of  responses,  short  of  failure,  into 
the  inelastic  region. 

There  is  a  maximum  amount  of  plastic  wor«c: 
characteristic  of  any  given  structure  configura¬ 
tion  and  material,  that  can  be  absorbed  before 
failure.  It  is  therefore  seen  that  an  ideal 
elasto-plastic  structure  fails  when  either 
single  or  multiple  response,  into  the  inelastic 
region  are  such  that 

1  ♦  £<  U  -  1)  2  Failure  U  (2) 


where  Failure  fi  « 


Failure  H  values,  based  on  rupture  sr  r\'Xl-pse, 
can  range  from  near  1  for  brittle  struc*-«s  to 
more  than  20  for  structures  beslgr-r  /  to  respond 
in  a  ductile  manner.  Some  degree  of  inelastic 
response  occurs  for  any  civil-architectural 
structure  in  e  severe  earthouake  Hence  it  is 
important  for  survivability  ths*.  structures  be 
designed  to  achieve  large  FaU-re  u. 

T«  0UCTIL1TY  OF  HICH-RISE  tDCRS 

Evidence  of  damage  to  hulldlr.-.*  which  r«ve 
survived  severe  lateral  distortion  oi'-.a.;  1'di- 
catas  that,  as  built,  they  had  load-oaf ijctkn 
curves  as  shown  on  Figure  3.  ,  Such  curves  show 
that  brittle  elements,  e.g.,  masonry  curtain 
walla  or  concrete  elevator  siwfta,  were  con¬ 
nected  in  parallel  with  flexible  structural 
frames.  Under  light  loads, they  responded  along 
line  0  •  1.  Under  severe  loads,  their  stiff- 


deflection  at  incipient  failure 
deiiection  m  incipient  yield 


^The  structural  term  "stage"  refers  to  pri¬ 
mary  horizontal  mentors  and  the  vertical  and 
lataral  load  resisting  mentors  which  frame 
into  them,  in  this  case  a  girder  and  its 
immediate  supporting  columns.  The  architec¬ 
tural  terma  "story"  arj  "floor*  do  not  ut- 
■atoiguously  define  the  corresponding 
structure. 


nesses  were  abruptly  softened  when  responses 
reached  Chu,  the  rupture  distortion  of  the 
brittle  elements  or  their  connections  to  the 
flexible  frames.  This  softening  is  detected  as 
a  lengthening  of  the  natural  period  of  vibration 
after  a  building's  exposure  to  lateral  motion. 
After  b.ittle  elements  are  once  ruptured,  future 
elastic  responses  follow  line  0  -  2,  or  If 
response  exceeds  Oy,  unloading  and  reloading 
follow  lines  parallel  to  0  -  2.  ■ 


Figure  3.  Typical  Uui.ding  Load-Deflection 
Curve 


Buildings  without  brittle  and  flexible 
members  connected  in  parallel  (as  with  some 
newer  bui. dings)  exhibit  a  single  linear  load- 
drflection  relation  to  yield.  In  either  case, 
new  buildings  or  previously  exposed  old  build¬ 
ings,  the  load-deflection  curve  Is  essentially 
-'asto-plastlc,  and  the  survivability  now  Is  a 
function  of  the  previous  history  cf  cumulative 
inelastic  distortion  and  of  Ok.,  the  cumulative 
distortion  at  Incipient  failure.  Stated  in 
general,  a  structure  can  have  only  a  finite 
number  of  inelastic  responses  before  the  cumula¬ 
tive  work  absorbed  will  result  In  unforewamed 
failure,  and  that  finite  number  can  be  as  small 
as  1. 

Seisrlc  survivability  is  Increased  as 
Fiil  're  ;i  ,  Dy/Dy,  is  increased.  Design  of 
*u'W-  ‘1**  buildings  for  large  Failure  n  requires 
;»?*•  ‘on  to  oroblems  which  are  Inherent  in 
r»Tie*  type  structures,  of  which  frames  of  high- 
rUe  towers  are  a  type.  Practical  high-rise 
tewers  have  only  a  narrow  range  within  which 
tha  relative  values  of  their  floor  to  floor 
structural  parameters  vary,  so  It  is  possible 
f<j  examine  their  Inherent  problems  In  achieving 
large  Failure  n  by  using  reasonable  choices 
of  the  parametric  relations  involved. 

Consider  a  high-rise  tower  of  m  stages^  in 
number  with  all  stage  heights  and  stage  masses 
identical,  and  where  the  lateral  stiffness  (K) 
of  eech  stage  is  proportional  to  the  load  tri¬ 
butary  to  it.  Taking  first  mode  lateral  distor¬ 
tion  as  the  critical  response  makes  the  forces 
at  each  floor  act  in  phase,  and  eech  force  will 
have  a  magnitude  which  is, ,  to  a  good  approxi¬ 
mation,  proportional  to  the  distance  of  its 
-  floor  above  the  base  of  the  structure.  The  pre¬ 
ceding  conditions  are  illustrated  in  Figure  a.  , 
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figure  4.  Example  Tower  frame 


If  the  response  of  the  tower,  goes  inelastic 
due  to  yielding  in  the  kth  stage,  then  the  tri¬ 
butary  load  to  the  kth  stage  at  incipient 
yield  can  be  expressed  as 


^Kyk)  ♦  <■  -  l>pl(yk)  ♦  •••  ♦  ^lCyk) 


rftere  the  subscript  (yk)  designates  the  value  of 
Pi  at  this  condition.  The  k^  stage  drift 


at  incipient  yield  is 
“kiyk)  -■ 


(m2  ♦  m)  P. 


2  K. 

and  the  free  eno  deflection  of  the  tower  at 
Incipient  yield,  Dy,  is 


The  lateral  force  at  the  kth  stage  floor 
is  Pu  *  k?i  and  the  total  load  tributary  to 
the  kth  stage  (the  shear  at  the  kth  stage) 
is 


vield  in  the  kth  stage  limits  drift  in  the 
stages  above  it  to  that  occurring  at  k"1  stage 
yield.  Stages  below  the  kth  can  still  receive 
Increasing  drift. 


n#>l  •  (m-l)Pi  ♦  (m-2)Pi  ♦  ....  ♦  kPi 


Letting  k  *  1  gives  the  total  tributary  load  tb 
the  first  stage  (the  base  shear)  as 

(m2  ♦  m) 


kith  the  assured  conditions  on  stage  stiff¬ 
ness  and  lateral  force  distribution, the  drift  in 
each  stage  is  the  same.  The  drift  in  the  first 
stage  is 


(m2  ♦  m)  f  | 


If  the  elastic  drift  below  the  k^h  stage 
is  small  coring  the  interval  from  k”1  stage 
yield  to  its  failure  (this  is  equivalent  to 
saying  the  kl”  stage  is  low  in  the  structure 
or  that  the  k*h  stage  plastic  drift  to  failure 
is  small),  then  the  free  end  deflection  at 
incipient  tower  failure  can  be  expressed  as 


t\j  .  Oy  ♦  (duf  -  tVCyfe))  (5) 


where  d^f  a  kth  stage  drift  at  kth 
stage  failure. 


The  tower  failure  ductility  ratio  is  then 


The '  preceding  expression  relates  free  end  dis¬ 
placement  and  base  shear  during  first  mode 
elastic  response  of  the  example  tower. 


It  is  seen  that  as  more  stages  are  placed  in 
series  (as  more  stories  are  added  to  a  tower), 
Oy  becomes  large  compared  to  far  - 
and  the  Failure  /j  approaches  the  limiting  value 
of  1.  That  is  to  say,  if  a  high-rise  tower  con¬ 
tains  a  sub-strength  stage,  the  load-deflection 
curve  of  the  tower  will  be  elasto-plastic,  but 
the  plastic  deformation  region  will  be  essen¬ 
tially  limited  to  the  plastic  drift  in  the 
yielding  stage.  Before  yield,  all  stages 
receive  work  due  to  lateral  distortion;  after 
yield,  the  yielding  stage  alone  receives  essen¬ 
tially  all  further  work.  For  a  high-rise  tower 
to  be  given  a  reasonable  degree  of  ductility, 
care  must  be  taken  to  design  all  stages  to  have 
indivi&jally  large  plastic  drifts  before  failure 
and  to  assure  that  no  weak  links  (sub-strength 
stages)  exist,  particularly  that  they  do  not 
exist  low  in  the  structure. 


A  schematic  reoresentation  of  a  tower  frame 
with  yield  in  the  k*h  stage  is  given  in 
Figure  4a.  If  yield  occurs,  it  is  usually  low 
in  the  structure,  often  in  the  first  stage  (e.g. 
Olive  View  Medical  Center,  San  Fernando  1971). 


Figure  4a.  Yielding  Frame  Schematic 
STRUCTURAL  RESPONSE  TO  GROUND  MOTION 


The  Response  Spectrum 

The  cyclic  motion  of  earthouakes  contains 
components  of  many  frequencies.  If  the  recorded 
amplitude  of  ground  motion  is  plotted  against 
frequency,  the  resulting  graph  is  the  ground 
motion  spectrun.  In'  general,  the  amplitude- 
frequency  plot  is  highly  Irregular  (shows  sharp 
peaks  and  yalleys)  with  largest  displacements 
occurring  at  low  frequencies  and  largest 
accelerations  at  high  frequencies.  As  a  prac¬ 
tical  matter,,  the  highly  irregular  plot  is  often 
smoothed  by  substitution  of  a  curve  enveloping 
its  peaks,  or,  alternatively,  running  through 
its  mean  values.  It  is  apparent  that  choice  of 
smoothing  process  strongly  affects  the  smoothed 
spectru*  values,  and  furthermore,  that  the 
ground  motion  spectrum  gives  no  information  on 
time  history  of  motion  as  required  for  dynamic 
analysis. 


With  a  given  ground  motion  spectrun,  the 
corresponding  spectrum  for  single  mode  linear 
elastic  response  is  constructed  with  amplitudes 
as  simple  multiples,  between  one  and  two,  of  the 
ground  spectrun.  The  response  spectrun  is  ex¬ 
tremely  useful  8S  a  rational  formalism  for 
deriving  loads  to  be  used  for  aseismlc  design. 
However,  attempts  to  use  it  for  "dynamic 
analysis"  of  response  of  real  structures  to 
real  earthquakes  involve  several  necessary 
assumptions  as  follows: 

1)  Time  is  not  a  parameter  of  concern  in 
dynamics  problems. 

2)  The  various  response  modes  are  uncou¬ 
pled;  i.e.,  response  in  any  one  mode 
will  not  excite  response  in  other  modes. 

3)  The  effect  of  phasing  of  modal  responses 
on  over-all  response  can  be  accounted 
for  by  an  arbitrary  formalism;  e.g.,  the 
over-all  response  is  assumed  equal  to 
the  square  root  of  the  sum  of  the 
squares  of  the  modal  responses. 

In  fact,  the  preceding  assumptions  are  seriously 
violated  in  the  non-linear  response  region  of 
interest  for  survivability  assessment,  so  while 
the  response  spectrum  provides  a  useful  means 
for  deriving  loads  to  be  used  for  design,  its 
use  does  not  constitute  an  analysis  of  the 
response  which  will  actually  recur  in  any  given 
earthquake. 


Time  Domain  Response  Analysis 
The  Limped  Parameter  Method 

Rigorous  solution  of  multi-mode  structural 
response  to  ground  motion  requires  analysis  in 
the  time  domain.  Time  domain  analysis  is  often 
attempted  by  use  of  the  lumped  parameter  method. 
This  consists  essentially  of  "lumping"  the 
structural  parameters  of  mass,  spring  rate,  and 
damping  and  then  determining  the  equations  of 
motion  for  the  system,  in  maprlx  form,  the 
equations  are  expressed  as 


HH  •  Hi*!  •  HH 


where,  for  response  to  ground  mot|l 
(F  (t)}  is  obtained  by  applying 
of  ground  motion  as  a  boundary  ci 


the 


obd. 


If  the  preceding  matrix  equ 
•it  can  be  solved  by  computer, 
the  responses  of  interest  for  ea. 
in  severe  non-linearity  in  the 
damping  matrices  and  preclude 
analysis  for  structural  responk 
problem  can  be  segmentally  lines;; 
procedure. 


lajtion  is  linear. 
Unfortunately, 
rjthquakes  result 
stiffness  and 
hse  of  matrix 
e,  unless  the. 
lzed,  a  costly 


(t,j 


on,  the  vector 
time  history 
itlon. 
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Limped  parameter  analysis  has  sometimes  been 
used  for  after-the-fact  investigation  of  damaged 
structures,  in  which  cases  "equivalent  linear" 
damping  and  stiffness  matrices  were  devised 
trf>ich,  used  in  the  matrix  equatldn,  would  cor¬ 
rectly  predict  the  observed  results.  Determin¬ 
ing  "equivalent  viscous  damping"  or  "equivalent 
spring  rate"  can  be  Informative  for  research, 
but  it  is  not  an  analysis  of  response 


The  Distortion  Mave  Method 


When  the  base  of  a  structure  is  subjected  to 
a  oulse  of  transverse  motion,  a  signal  of  the 
time-history  of  that  motion  is  transmitted  uo 
the  structure  as  a  transverse  wave  of  distortion 
whose  velocity,  for  wave  lengths  exciting  first 
mode  seismic  resoonse,  can  be  related  to  the 
structure  configuration  by  the  expression 


y  *H 

V  r 


(7) 


«rfiere  Vs  *  velocity  of  transverse  wave 
propagation  in  the  structure, 
meters/sec 

H  *  structure  height,  meters 


T  «  first  mode  period,  sec 


The  amplitude  of  the  structure  wave  induced  by 
base  motion  is  the  same  as  that  of  the  base 
motion;  however, the  wave  length  in  the  structure 
is  different  from  that  of  the  medium  in  which 
the  base  motion  occurs  by  the  ratio  of  the  wave 
velocities  in  the  structure  and  the  base  medium, 
l.e.. 


L»  *  V  Lm  (8) 

ill 


where  ,,  Ls  *  wave  length  in  structure, 
meters 

vm  ■  wave  velocity  in  base  medium, 
meters/sec 

la  a  wave  length  in  base  medlun, 
meters 


It  is  apparent  that,  for  a  given  amplitude,  the 
slope  of  the  distortion  wave  (the  drift  between 
floors)  is  Increased  as  its  wave  length  is  de¬ 
creased.  A  wave  reaching  the  free  end  of  a 
structure  is  reflected  toward  the  base  unchanged 
except  in  sign.  Structural  wave  amplitudes  are 
reOjced  exponentially  with  distance  traversed 
(l.e.,  with  time)  as  determined  by  damping.  , 

Structural  damage  in  earthquakes  begins  in 
local  tones  of  inelastic  resoonse.  Considering 
multi-story  buildings,  such  a  "local  zone" 
would  be  a  sub-strength  stage  in  yield  at  its 
points  of  maxiaua  moment  (the  column  to  girder 
connections),  and  it  is  aooarent  that  inelastic 
response  at  any  stage  limits  tte  seismic  shear 
load  which  can  be  transmitted  by  that  stage. 
The  presence  of  a  zone  of  inelastic  response  is 
a  boundary  condition  separating  the  elastic 
response  regions  on  either  side.  Whatever  the 
signal  transmitted  to  the  inelastic  resoonse 
zone,  the  signal  prooagated  through  that  zone 
to  the  elastic  region  beyond  consists  of  a 
nearly  constant  force  for  the  duration  of 
inelastic  resoonse. 

The  general  steps  of  determining  a 
structure's  response  to  a  given  earthquake 
ground  action,  using  the  distortion  wave 
method,  are  as  follows: 

1)  The  lateral  wave  propagation  velocity  of 
the  structure  is  calculated. 


2)  The  structural  waves  Induced  by  the 
known  ground  motion  time-history  (ground 
displacement  versus  time)  and  reflection 
from  the  free  end  are  determined. 

3)  The  amplitudes  of  the  structural  waves 
are  reduced  exponentially  with  time  as 
determined  by  appropriate  damping. 

a)  The  instantaneous  frame  distortion  at 
any  time  is  found  as  the  algebraic  sum 
of  the  separate  wave  distortions 
(including  reflected  waves)  present  in 
the  frame  at  the  given  time. 

5)  If  local  inelastic  response  occurs,  the 
over-all  structure  response  is  deter¬ 
mined  step-wise  for  the  time  intervals 
before  and  after  the  onset  of  inelastic 
response. 


The  response  obtained  by  the  preceding  technique 
yields  the  floor  to  floor  drift,  including  any 
inelastic  drift,  in  the  time  domain.  The  dis¬ 
tortion  nave  method  conforms  to  the  real  physi¬ 
cal  nature  of  structural  response  to  cyclic  base 
motion.  Survivability  assessment  requires  that 
the  effect  of  each  seismic  wave  capable  of 
inducing  inelastic  response  be  considered; 
however,  this  often  only  requires  use  of  a 
single  critical  cycle  of  ground  motion  which 
can  be  found  by  inspection  of  the  ground 
displacement  -  time  history  for  the  earthquake 
of  interest.* 

SURVIVABILITY  ASSESSMENT 

THE  CONCEPT  OF  SURVIVABILITY 

The  terms  "vulnerability"  and  "survivabil¬ 
ity",  tfilch  are  used  in  a  qualitative  sense  in 
Informal  conversation,  require  precise  and 
quantitative  definitions  when  used  in  systems 
analysis.  General  definitions  are  as  follows: 

Vulnerability  Is  the  degradation  of  system 
capability,  expressed  as  a  fraction,  expect¬ 
ed  to  occur  when  the  system  is  expcsed  to  a 
defined  hostile  environment  for  a  defined 
period  of  time. 

Survivability  is  the  portion  of  system  capa¬ 
bility,  expressed  as  a  fraction,  expected  to 
be  retained  when  the  system  is  exposed  to  a 
defined  hostile  environment  for  a  defined 
period  of  time. 


That  the  damaging  distortion  of  a  tall 
building  tends  to  appear  during  response  to 
a  single  critical  cycle  of  ground  motion 
occurring  at  the  building's  first  mode  per¬ 
iod  is  Herrick's  observation  (C.  J.  Derrick, 
Structural  Engineer)  based  on  evidence  of 
damage  in  the  Long  Beach  1933  and  subsequent 
events  In  Southern  California.  Derrick's 
observation  can  be  supported  by  statistical 
argument  based  on  the  randomness  or  earth¬ 
quake  ground  motion.  Distortion  wave  analy¬ 
sis  for  seismic  response  was  first  discussed 
by  Derrick  ca  1970,  but  Its  acceptance  was 
limited  by  the  then  lack  of  displacement¬ 
time  history  data  for  strong  ground  motion 
(Housner's  analysis  of  El  Centro  1940  was 
still  10  years  in  the  future).  Current  use 
of  distortion  wave  analysis  Is  primarily  for 
weaoons  effects,  e.g.,  to  obtain  the  time- 
domain  elesto-plastlc  response  of  structures 
subjected  to  combined  vertical  and  horizon¬ 
tal  ground  shock.  Host  such  work  cannot 
reach  the  open  literature. 


It  is  seen  that  these  concepts  are  related  as 


Survivability  =  1  -  Vulnerability 


Either  concept  can  be  used  for  analysis,  but 
since  structural  engineers  are  more  interested 
iii  "how  much  is  left"  than  in  "how  much  is  used 
up",  the  remaining  discussion  will  emphasize 
survivability. 

Considering  civil-architectural  structures 
and  earthquakes,  "system  capability"  is  a 
structure's  as-built  ability  to  accept 
Inelastic  deflection  without  failure,  i.e., 
system  capability  is  precisely  the  previously 
defined  "Failure  u  ".  The  "defined  hostile 
environment"  Is  the  expected  intensity  and 
recurrence  times  of  earthquakes  for  the  locale 
of  the  structure.  The  "defined  period  of  time" 
is,  as  a  minimum,  whatever  is  the  Intended 
lifetime  of  the  structure;  however,  longer 
times  might  be  chosen  in  particular  cases. 
Accordingly,  survivability  is  estimated  as 


Survivability  *  f^lure  ** Xf ^ **  (9) 

Failure  M 


where  Failure  It  for  any  structure  Is  a  calcula¬ 
ble  number,  and  the  term  £(n-  1)  includes  the 
effects  of  any  inelastic  response  which  has 
occurred  as  well  as  anticipated  responses  in 
the  remaining  expected  life  of  the  structure. 

The  concept  of  survivability  can  be  illu¬ 
strated  by  comparison  of  example  structures  in 
a  given  seismic  environment.  Assume  a  region 
of  seismicity  such  that  there  can  be  expected 
four  "major"  earthquakes  and  one  "great"  earth¬ 
quake  in  a  100  year  time  period  of  interest. 
"Major"  end  "great"  are  arbitrarily  assumed,  for 
this  comparison,  as  inducing  response  deflec¬ 
tions,  Df,  of  30  centimeters  and  40  centime¬ 
ters  respectively  in  the  example  structures. 

Assume  three  tower  structures,  architectur¬ 
ally  identical,  but  with  different  yield  deflec¬ 
tion,  CL,'  and  failure  deflection,  Dy,  as 
tabulated  below.  The  survivabilities  were 
assessed  for  the  100  year  time  period  with  the 
expected  five  earthquakes. 
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Tower  1 

Tower  2 

Tower  3 

Dy 

'  20  cm 

20  cm 

30  cm 

°u 

60  cm 

100  cm 

60  cm 

Failure  ft 

3 

5 

2 

"Major"  (4  times) 

1.5 

1.5 

1 

"Great"  n  (1  time) 

2 

2 

1.33 

EOi-1) 

3 

3 

0.33 

Survivability 

0 

0.4 

0.64 

The  example  survivabilities  indicate  that  Tower 
1  cannot  survive  the  defined  100  year  environ¬ 
ment,  although  it  could  survive  a  shorter  time 
period  with  a  reduced  number  of  events.  Tower  2 
retains  40*  of  its  original  capability;  i.e.,  it 
can  still  survive  one  more  "major"  event,  but  a 
second  major  event  or  a  single  treat  event  would 
cause  its  collapse.  Tower  3,  however,  can  sur¬ 
vive  several  centuries  of  the  example  seismic 
environment,  if  not  razed  to  make  way  for  a 
parking  lot. 

It  is  apparent  that  a  structure's  surviv¬ 
ability  is  re&jced  by  its  every  inelastic 
response  to  lateral  distortion.  The  point  at 
which  survivability  becomes  unacceptably  low 
logically  depends  on  several  factors,  including 
the  structure's  use  and  planned  remaining  life. 
It  can  be  argued  that  an  unsuspecting  public 
has  a  right  to  structures  which  will  protect 
them  inharmed  through  the  most  severe  earth¬ 
quake  credible  aurlng  the  public's  exposure. 
Notice  that  this  argument  does  not  require  that 
the  structure  itself  remain  undamaged.  In  any 
event,  as  far  as  building  codes  are  concerned, 
speculation  regarding  minimum  allowable  surviv¬ 
ability  is  academic,  since  design  by  codified 
static  ,  loads  to  codified  allowable  stresses 
gives  no  clue  to  survivability,  nor  is 
survivability  assessment  required  by  code. 

TVC  HOSTILE  ENVIR0M-EN7 

WcQlonal  Seismicity 

Seismicity  refers  to  the  magnitudes  and 
recurrence  intervals  of  earthquakes  historically 
characteristic  of  any  region.  The  concent  of 
seismicity  is  implicitly  recognized  in  the 
"seismic  zone"  categories  defined  in  building 
codes.  More  direct  statement  of  seismicity  is 
given  in  empirical  relationships  of  magnitude 
and  recurrence  time  such  as  reported  by  Dr. 
C.  w.  Housner  for  California  and  presented  in 
the  following  table. 


PROBABLE  NLH0ER  OF  EARTHQUAKES  IN  CALIFORNIA 


Of  magnitude 


m  greater 
than 

aar  25 

years 

Per  50 

years 

Per  100 

years 

Per  200 

years . 

6.0 

25 

50 

99 

198 

6.2 

16 

36 

73 

146 

6.4 

13 

26 

53 

106 

6.6 

9.3 

19 

37 

74 

6.6 

6.4 

13 

26 

51 

7.0 

4.3 

8.6 

17 

34 

7*2 

2.6 

5.2 

10 

21 

7.4 

1.7 

3.4 

6.7 

13 

7.6 

0.97 

1.9 

3.9 

7.8 

7.8 

0.51 

1.0 

2.0 

4.1 

6.0 

0.28 

0.56 

1.1 

2.2 

B.2 

0.13 

0.26 

0.51 

1.0 

6.4 

0.04 

0.08 

0.17 

0.34 

Regional  seismicity  descriptions,  such  as  the 
preceding,  help  define  the  "hostile  environment" 
required  for  assessment  of  seismic  survivabil¬ 
ity.  Full  definition  of  the  hostile  environment 
must  include  description  of  the  expected  ground 
displacement  time  history  (which  is  related  to 
Modified  Mercalli  Intensity)  for  the  building 
site  of  interest. 

Ground  Motion  Intensity 

The  "magnitude"  of  an  earthquake  is  a  numer¬ 
ical  grading,  on  a  logarithmic  scale,  of  the 
energy  released  during  the. event.  The  Modified 
Mercalli  Intensity  of  an  earthquake  is  a  numeri¬ 
cal  grading  of  the  damage  potential  of  ground 
motion  at  a  specific  site  during,  a  seismic 
eventi  It  is  apparent  that  the  intensity  at  a 
given  site  is  a  function  of  the  magnitude  of  the 
earthquake,  of  the  distance  of  the  site  from  the 
center  of  energy  release,  of  the  local  site  geo¬ 
logy*  and  of  the  intervening  geology  between  the 
site  and  the  origin  of  the  earthquake. 


The  most  useful  quantitative  description  of 
intensities  of  past  earthquakes  at  any  site 
would  be  strong-motion  seismograms  recorded  at 
the  site.  Local  site  geology  is  the  parameter 
of  major  influence  on  the  ground  motion  ampli¬ 
tude  and  period  relation,  so  such  records,  along 
with  the  corresponding  information  on  earthquake 
magnitude  and  location  of  origin,  could  be 
extrapolated  to  describe  expected  future  site 
ground  motion.  Unfortunately,  as  of  1984  such 
site  specific  records  are  rarely  available,  so 
it  is  usually  necessary  to  use  records  of  ground 
motion  from  sites  of  similar  local  geology  and 
seismicity  to  define  expected  future  ground 
motion  at  any  specific  site.  Past  ground 
motion  at  any  site  can  be  similarly  estimated, 
and  such  estimates  should  be  supported  by 
recorded  evidence  of  damage  to  structures  of 
known  properties,  if  such  evidence  is  available. 

RESPONSE  PARAMETER  EVALUATION 

The  structure  response  parameters  required 
for  survivability  assessment  of  high-rise  build¬ 
ings  were  explained  in  the  section  THE  DUCTILITY 
OF  high-RISE  TOWERS.  Evaluation  of  these 
parameters  requires  equating  the  drift  in  each 
stage  to  the  stage  column  and  girder  end 
moments.  This  permits  identification  of  the 
stage  in  trfiich  yielding  occurs,  and,  if  yielding 
occurs  in  the  kth  stage,  it  permits  quantifi¬ 
cation  of 


dk(yk)  ■  kth  stage  drift  at  kth  stage  incipient 

yield, 


c^f  ■  kth  stage  drift  at  kth  stage  Incipient 

failure, 


and  the  corresponding  Oy  and  t\,  can  be  found 
if  the  over-all  shape  of  the  structure's  seismic 
distortion  curve  is  known  at  incipient  yield  in 
the  kth  stage. 

t  'requently  used  assumption  is  that  the 
elastic  response  seismic  distortion  curve  of  a 
hlgh-rij/*  t>or  is  linear,  i.e.  has  a  constant 
slope.  theoretically  better  assumption  is 
that  the  distortion  curve  is  sinusoidal  with 
zero  slope  at  tne  roof  line,  and  the  slope  at 
the  kth  stggg  level,  at  kth  stage  incipient 
yield,  is  *  to  d^y^/t*  where  h*  is 
the  height  of  the  kth  stage. 

Yield  in  the  ktrt  stage  occurs  when  the 
k*h  jtgg,,  gnd  t<th  stage  shear  rela¬ 

tionship  loses  linearity.  Failure  in  the  kth 
stage  occurs  at  the  kth  stage  drift  where 
instability  or  rupture  (whichever  occurs  first) 
begins. 


STRUCTURAL  DETAIL  EFFECTS 

Regarding  yield  and  failure  of  structures, 
It  is  veil  to  recall  that  most  failures  start  in 
c  nnections  rather  than  in  undnr-designed  mem¬ 
bers.  For  steel  high-rise  frames,  the  column- 
girder  connection  details  can  be  critical, 
particularly  so  for  welded  connections. 

An  example  of  potentially  a  problem  connec¬ 
tion  Is  shown  In  Figure  5.  unless  the  column 
flange  is  stiffened  (5a),  or  thick  enough  to 
preclude  significant  column  flange  bending, 
stress  concentration  in  the  girder  flange  weld 
can  result  in  progressive  tearing  (5b)  and  an 
elastic-deflection  softening  response.  If 
stiffeners  are  used,  they  must  be  clipped  as 
shown  to  prevent  inducing  the  tri-axial  tension 
stress  and  consequent  loss  of  ductility  which 
would  occur  at  the  welded  intersection  point  of 
three  orthogonal  plates. 


Veld  tearing  due  to 
column  flange  bending 


5a  5b 

,  Figure  5.  Colum-Cirder  weld  Examples 


Many  high-rise  buildings  with  welded  rigid 
frames,  recently  built  or  being  built  in  Cali¬ 
fornia,  utilize  the  unstiffened  girder-column 
connection  as  shown  in  5b.  Considering  tha' 
these  buildings  hcvt  usually  not  been  given  a 
lateral  distortion  analysis  and  were  designed 
with  various  degrees  of  appreciation  for 
problems  of  stress  concentration  and  fracture 
mechanics,  it  is  reasonable  to  conclude  that 
they  will  exhibit  large  differences  In 
survivability  during  future  earthquakes. 
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As  with  steel,  concrete  structure  surviv¬ 
ability  depends  on  details  of  design.  An 
unreinforced  concrete  router  in  flexure  will 
fail  brittlely  when  its  ultimate  strength  in 
tension  is  reached.  However,  reinforced  con¬ 
crete  in  flexure  can  attain  an  elasto-plastic 
load-deflection  relation  if  failure  is  governed 
by  tension  steel  yield  rather  than  by  concrete 
compression  rupture. 

Accordingly,  the  traditional  "balanced* 
design  of  tension  steel  in  flexural  concrete, 
which  provides  for  nearly  simultaneous  com¬ 
pression  yield  in  concrete  and  tension  yield  in 
steel,  is  not  conducive  to  achievement  of  a 
significant  "plastic"  component  of  response 
before  failure.  Published  values  of  failure  ft 
for  concrete  beams  are  as  follow*  ’* 


Governing  failure  Mode  Approximate  failure  t i 

Reinforced  Concrete  in  flexure  12  tut  £  10 
(no  compression  steel)  ^ 

Reinforced  Concrete  in  Flexure  jo  but  s  20 
(tension  plus  compression  steel 
tied  against  buckling) 


where  4,  *  percentage  of  tension  rein¬ 

forcement  j 

*  percentage  of  compression 
rein  forcement . 
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riasto-plastlc  response  is  described  in  tens 
of  ductility  ratio  n  ;  that  is 


ft  • 


maximum  response  deflection 
ocilccucn  at  i.tcipient  yield 


(1) 


where  0-  and  0*  are  total  drift,  roof  to 
base,  c?  high-rise  structures  in  first  mode 
response.  Response  ft  <  1  represents  elastic 
response.  Response  ft  >  1  represents 

elasto-plastic  response  whose  inelastic 
component  is  ft  -1. 

As  built,  structures  have  a  raxlnun 
ShOunt  of  Inelastic  response  which  they  can 
accept  without  failure.  This  is  described  in 
terms  of  ductility  ratio  as 


Failure  M  * 


deflection  at  incipient  failure 
deflection  at  incipient  yield 


The  effects  of  Inelastic  responses  are 
cumulative;  therefore,  a  structure  will  fall 
when  either  single  or  multiple  responses  Into 
the  inelastic  region  are  such  that 


1  ♦£(#«- 1)  i  failure  #1  (2) 


for  comparison,  the  failure  ft  for  structural 
steel  Mf  shapes  In  flexure  (restrained  against 
lateral  buckling)  1$  approximately  26,  and 
structural  steel  In  pure  tension  has  a  failure 
ft  of  approximately  50. 

In  general,  the  failure  ft  (D^/Oy) 
for  •  structural  system  such  as  a  high-rise 
tower  is  lower  than  the  failure  ft  of  its 
component  members.  This  must  cause  concern 
regarding  the  seismic  survivability  of  rein¬ 
forced  concrete  towers  with  "balanced"  design 
flexural  reinforcing. 


Newmerk,  N.  M.,  et  al,  Design  of  Protective 
Structures  to  Resist  the  Effects  of  Nuclear 
weapons,  Air  force  Special  weapons  Center 
TOR-62-138,  December  1962. 


A  structure's  seismic  survivability  is 
that  fraction  of  its  ductility  it  is  expected  to 
retain  after  exposure  to  the  seismic  environment 
of  its  geological  locale  for  a  defined  period  of 
tiro.  Survivability  is  estimated  as 


<»> 


where  Fal."  rs  ft  is  the  as-built  (undamaged) 
ductility  f  the  structure.  Survivability  is  a 
f  motion  of  the  history  of  cumulative  Inelastic 
response  deflection  and  of  Ou,  the  cumulative 
deflection  et  incipient  failure.  A  structure 
can  have  only  a  finite  number  of  inelastic  re¬ 
sponses  before  failure  will  result.  Histori¬ 
cally,  for  brand  new  multi-story  buildings  this 
number  can  be  as  small  as  1  (e.g.  Olive  View 
Medical  Center,  San  femando,  1971). 
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It  is  characteristic  of  series  struc¬ 
tures  that  Failure  n  tends  to  decrease  toward  1 
(Du/0y  —*•  1)  as  the  nuaber  of  stages  is 
increased.  Accordingly,  high-rise  towers 
require  particular  csre  in  design  to  assure 
achievement  of  a  reasonable  degree  of  ductility. 

Failures  usually  begin  in  connections 
rather  than  in  uxter-deslgned  members.  Modem 
welded  connections  can  develop  the  full  ductil¬ 
ity  of  the  members  they  connect,  if  designed 
with  concern  for  problems  of  stress  concentra¬ 
tion  and,  fracture  mechanics.  Similarly,  rein¬ 
forced  concrete  connections  and  members  can  be 
given  the  character ‘sties  of  elasto-plastlc  re¬ 
sponse  if  designed  for  failure  governed  by 
steel  tension  yield  rather  than  by  concrete 
rupture. 


Although  often  categorically  maligned 
regarding  their  safety  in  earthquakes,  the  pre- 
1933  steel  frame  office  buildings  in  Southern 
California  were  built  with  nearly  "fool-proof" 
riveted  connections.  This,  and  the  high  damping 
provided  by  their  masonry  filler  walls,  can  give 
them  seismic  survivability  superior  to  that  of 
some  of  the  newer  high-rise  buildings  designed 
in  conformance  with  post-1933  codes. 
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GROUND  SHOCK  EFFECT  ON  SOIL  FIELD  INCLUSIONS 
R.  E.  McClellan* 

The  Aerospace  Corooratlon,  El  Segundo,  California 


The  displacement  resoonse  of  a  high  density  inclusion  to  ground  shock 
is  different  from  that  of  the  surrounding  soil  field.  An  expression 
for  inclusion-soil  field  oeak  relative  displacement  is  derived  in  terms 
of  the  soil,  inclusion,  and  ground  shock  parameters  of  interest.  The 
magnitude  of  peak  relative  displacement  is  examined  using  reasonable 
values  of  soil  and  Inclusion  parameters,  and  for  ground  shock  strengths 
commensurate  with  hardened  design  against  nuclear  weapons  effects.  It 
is  found  that  high  density  inclusion  ground  shock  resoonse  disolacement 
can  be  large  enough  to  damage  or  cut  nearby  buried  oower  or  communica¬ 
tion  cables  responding  with  the  soil  field. 


INTRODUCTION 


Most  soil  is  the  product  of  weathering  and 
erosion  of  rock  and  has  been  transoorted  bv  wind 
or  water  some  distance  fom  its  place  of  origin. 
Depending  on  its  geological  history,  a  soil 
field  can  contain  rocks  (high  density  inclu¬ 
sions)  of  sufficient  size  that  their  displace¬ 
ment  response  to  ground  shock  can  be  signifi¬ 
cantly  different  from  that  of  the  surrounding 
soil. 

Relative  displacement  of  f  soil  field  and 
high  density  inclusion  during  ground  shock 
occurs  due  to  Impedance  mismatch  and  inertial 
effects.  Inertial  effects  relative  displace¬ 
ment  is  stated  to  govern  at  high  overpressures, 
e.g.,  those  of  Interest  in  survlvable  basing  of 
weapons  systems.  Air  blast  Induced  (vertical) 
ground  shock  dominates  at  high  overpressures, 
and  the  corresponding  vertical  relative  dis¬ 
placement  of  inclusion  and  soil  field  can 
endanger  cables  burled  over  inclusions  and 
responding  with  the  soil  field.  Burled  cables 
for  power  or  communications  are  necessary 
components  of  most  systems  hardened  against 
nuclear  weapons  effects.  Accordingly,  the 
survivability  of  burled  cables,  as  affected  by 
the  presence  of  high  density  inclusions  in  the 
soil  field,  can  be  a  limiting  factor  on  attain¬ 
able  system  hardness. 

IMPEDANCE  MISMATCH 

Impedance  mismatch  affects  relative  dis¬ 
placement  in  two  ways: 
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1)  Distortion  of  the  soil  stress  weve  lee¬ 
ward  of  the  inclusion. 

2)  The  difference  in  compressibility  of  the 
inclusion  and  the  adjacent  soil. 

The  soil  stress  wave  distortion  Includes  both 
change  in  shape  of  the  stress  front  and  change 
in  soil  stress  magnitude  occurring  leeward  of 
the  inclusion.  This  is  shown  schematically  in 
Figure  1  for  one-dimensional  wave  propagation 
vertically  downward  from  a  horizontal  ground 
surface. 
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Figure  1,  Stress  Front  Distortion  Below  High 
Density  Inclusion  for  One-Oimen- 
slonel  weve  Propagation 


In  Figure  1,  the  stress  front  transit  time 
difference  over  inclusion  height  D  is 


o 


(5) 


•here  Ci  it  the  stress  front  speed  In  the  soil 
end  C2  is  the  stress  front  speed  in  the  Inclu- 
sion.  The  length  of  the  soil  block,  LSl  dis¬ 
torting  the  stress  front  is  then 


Reference  1  presents  sn  approxiratlon  to  the 
peak  relative  displacement  due  to  stress  front 
distortion  as 


•here  (  «  average  strain  of  distorting  soil 
block  in  Ls 

p0  «  peak  air  blast  overpressure 

«2  a  attenuation  factor  to  aldheight  of 
inclusion 

Es  a  soil  constrained  modulus  correspond¬ 
ing  to  stress  »zPo 

>7  a  stress  concentration  factor 


(P2C2  ♦PjC,? 
a  soil  density 
P 2  ■  inclusion  density 


The.  factor  *1  gives  the  fraction  of  shock 
strength  transmitted  by  the  inclusion  to  the 
soil  below,  for  soil  and  inclusion  Impedances 
of  interest,  V  usually  falls  somewhere  in  the 
range  of  0.33  to  0.45,  and,  of  course, V  — *1  as 
P2C2  •  — *•  PjCi.  The  stress  front  dis¬ 
tortion  ,  effect  illustrated  in  Figure  1  causes 
the  inclusion  to  move  downward  relative  to  the 
soil  field. 

The  peak  relative  motion  of  the  soil  field 
and  Inclusion  due  to  differences  in  compressi¬ 
bility  can  be  estimated  as 


*c  •  *  4;]°  u> 


where  Et  ls  the  constrained  modulus  of  the 
Inclusion.  For  both  the  soil  and  inclusion 
modulus,  C  «  PC2.  In  most  eases  of  Interest 
£,<<  EJ,  and  £c  can  be  approximated  by 


The  compressibility  effect  on  oeak  relative 
displacement,  £c,  occurs  at  the  top  of  the 
inclusion  which  moves  upward  relative  to  the 
soil  stratum  at  the  same  depth.  There  is  no 
relative  motion  between  the  soil  field  and  the 
bottom  of  the  inclusion  due  to  difference  in 
compressibility.  The  relative  displacement  due 
to  difference  in  compressibility  varies  linearly 
over  the  height  of  the  inclusion. 

INERTIAL  EFFECT 

The  Inertial  effect  on  relative  displace¬ 
ment  is  due  to  the  difference  in  mass  of  the 
inclusion  and  displaced  soil.  To  examine  this 
effect,  consider  a  bi-linear  ground  shock  as 
shown  on  Figure  2. 


The  parameters  of  the  bl-llnear  ground  shock 
Include  ty,  the  rise  time,  tn  the  positive 
phase  duration,  and  Pq,  the  air  blast  peak 
overpressure.  These  and  other  parameters 
affecting  inclusion  response  are  referenced  in 
the  SOIL  AND  WEAPON  PARAMETERS  section.  With 
the  ground  shock  defined,  inertia  effect  on 
relative  displacement  is  found  as  the  soil  field 
inertial  displacement  minus  the  inclusion  iner¬ 
tial  displacement. 

The  differential'  pressure  over  a  small 
vertical  length  of  soil,  AY,  during  ground 
shock  rls*  can  be  expressed  es 


4p  *  r£- 
vci 


<«> 


and  during  decay 


A?m 


AY  (V 
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and  the  total  soli  block  inertial  displacement 
during  time  t<j  is  sr  ♦  sg  which  is 


Tor  soil  field  inertial  displacement,  Integrate 
the  acceleration  of  a  soil  block  of  length  4Y 
over  time  t<j.  During  the  pressure  rise,  the 
differential  pressure  on  the  soil  block 


£p  »  "t^  (if)  ■  ^l(4Y)a  (8) 

V*! 


where  p  is  expressed  in  newtons/to2.  P  in 
kg/«Kf  y  in  meters,  and  a  in  m/sec2.  The 
soil  block  acceleration  during  pressure  rise  is 
constant  with  a  value 


meters 


(15) 


The  Inclusion  inertial  displacement  can  be 
found  by  proportioning  as 

Pi 

*2  *  K  meters  (16) 


a.  a  m/sec2 


r  PjC^ 


(9) 


The  peak  velocity  attained  is 


vr  *  Vr  “  m/sec 


(10) 


and  the  rise  time  displacement  of  the  soil  block 
is 


'  i  .  „  .2  „  V 

*r  ■  J  *r(tr)  *  x  “2 


meters  (11) 


Similarly,  during  pressure  decay 


UYI  ■  siuv)*‘>  <12> 


and  the  soil  block  acceleration  during  pressure 
decay  la 


•d  *  TvWJ 


(13) 


The  soil  block  displacement  during  pressure 
decay  is 


»d  • 


.  ^d  V  meters  (1*) 

Wl  ^ 


where  K  is  an  inclusion  configuration  factor  vd 
P^/Po  is  the  ratio  of  soil  and  inclusion 
densities.  The  configuration  factor  is  examined 
in  the  INCLUSION  CONFIGURATION  FACTOR  section. 

The  peak  relative  displacement  due  to 
inertia  effect  is  then 


*1  ’  *1  '  *2  (17) 


X  -f  [l  -  *  mere”  (18) 


This  relatl*  displacement  represents  the 
amount  by  which  the  inclusion  moves  up  relative 
to  the  surrounding  sell  field. 

TOTAL  PEAK  RELATIVE  DISPLACEMENT 

To  obtain  the  total  peak  relative  displace¬ 
ment,  the  separate  relative  displacements  exist 
be  added  with  due  consideration  for  time  phasing 
and  direction  of  motion.  In  this  regard,  the 
peak  relative  displacement  due  to  difference  in 
compressibility  occurs  early  in  time,  approxi¬ 
mately  when  the  peak  of  the  stress  wave  reaches 
the  level  of  the  bottom  of  the  inclusion  and 
represents  upward  relative  motion  of  the  inclu¬ 
sion.  Similarly,  the  peak  relative  displacement 
due  to  stress  front  distortion  occurs  even  ear¬ 
lier,  when  the  stress  front  reaches  the  bottom 
of  the  inclusion,  and  represents  downward 
relative  motion  of  the  inclusion.  Both  of 
these  impedance  mismatch  Induced  relative 
displacements  are  related  to  soil  compression 
which  achieves  a  peak  strain  and,  on  load 
removal,  retains  between  20*  and  30*  of  the 
peak  strain  as  residual  strain.  The  inertial 
effects  peak  relative  displacement  occurs  late 
in  time,  at  t  «  t«j,  when  for  conservative 
estimate  the  impedance  mismatch  effects  are 
reduced  to  30*  of  their  peak  values.  Accord¬ 
ingly,  assigning  positive  to  designate  upward 


MS 


% 


relative  motion  of  the  inclusion,  the  total 
fieak  relative  displacement  can  be  estimated  as 


♦  0J  <«c  ‘  V  tl9) 


In  Equation  19  it  is  seen  that  the  second  expres¬ 
sion  on  the  right  gives  the  impedance  mismatch 
affects  relative  disolacement  (correct  with 
regard  to  direction)  occurring  at  the  time  of 
peak  inertia?  effects  relative  disolacement 
given  by  the  first  expression  on  the  right. 

SOIL  AM)  WEAPON  PAfWCTERS 

The  derived  formula  for  peak  relative  dis¬ 
placement  (ft)  contains  the  soil  parameters 
dilatation  wav-  speed,  Cj,  soil  density, 

3,  soil  constrained  moAilus,  E#,  and  depth 
tenuation  factor,  az,  which  is  a  function 
of  the  soil  prooertles  and  the  weapon  parameters 
of  yield  and  overpressure.  These  parameters, 
the  ground  shock  rise  time,  tr,  and  the 
positive  pressure  phase  duration,  td,  are 
discussed  in  Reference  2. 

INCLUSION  CONFIOftATION  f ACTOR 

The  configuration  factor,  K,  is  related  to 
Indus*. 'n  shape  and  acoustic  impedance, 
P?C 2,  as  they  affect  the  acceleration  of 
the  inclusion.  Considering  a  square  section 
soil  field  block  of  height  0,  it  has  been  found 
that  the  net  accelerating  fore*  on  the  soil , 
block  during  overpressure  rise  Is  a  constant 
such  that 


the  preceding  soil  block.  The  inclusion  Ap 
varies  during  overpressure  rise.  Its  value  at 
any  time  is  the  instantaneous  difference 
between  ground  shock  pressure  on  top  of  the 
inclusion  and  the  pressure  transmitted  to  the 
soil  field  below,  l.e 


4P  *  P»-t>b  (23) 


where  end  pj,  are  instantaneous  values. 
The  transmitted  pressure,  p^,  is  a  function 
of  p«,  the  pressure  gracuent  in  the  inclusion, 
and  the  stress  concentration  factor  in  the 
form 


D]" 


whicr  gives 

AP  D  (25) 

a  *rc2 


where  o  is  the  peak  overpressure  at  the  deoth 
of  the  inclusion.  The  second  term  on  the  right 
is  a  constant.  The  term  pa  varies  linearly 
with  ,1m#  from  zero  to  p  during  tr.  Taking 
the  araqe  value  of  pa  durinq  tr  gives 

jp*?a-»7>e  tir-g-  0  (26) 

Y*2 


in  which  it  Is  seen,  for  usual  values  of  soil 
and  inclusion  acoustic  Impedances,  that  the 
first  term  on  the  right  dominates.  Conversely, 
If  the  soil  and  inclusion  properties  soorosch 
each  other,  then  »?  — -1,  Cj— *Cj,  and  4D, 
goes  to  that  found  for  the  example  soil  block. 


l 


Ap  .  -rg-  D 

V-i 


(21) 


rtere,  as  before,  p  is  the  peak  overpressure 
attained  at  the  deoth  of  the  inclusion.  Then 
the  acceleration  of  the  soil  block  during 
overpressure  rise  is 


•i* 


JL&, 


vw 


(22) 


The  acceleration  of  the  square  inclusion 
during  tr  it  then 


Considering  treat  n  *  0.4  and  the  product 
tfCo  ~  ^  meters,  >2  during  tr  can  be 
estimated  as 


To  find  A  0  for  an  inclusion,  consider  an 
example  with  square  section  and  height  0  aa  for 


*2* 


ojp  ♦  o.ip  d 


p20 


(28) 
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Similarly,  for  a  toll  block  of  height  0  and 
recognizing  trC}  ~  1  eater, 


ll* 


The  Inertial  effect  disolaceeents  of  soil  block 
and  inclusion  during  tr  are  prcoortlonal  to 
their  accelerations;  accordingly  the  soil  block 
displacement,  si,  and  inclusion  displacement, 
*2>  related  as 


*2  *  «7  *1 


which  is 


•2  *  [r  ♦  °-]t2  «i  <»> 


EXftm.£ 

To  examine  the  order  of  relative  displace¬ 
ment  occurring  between  a  soil  field  and  inclu¬ 
sion  subjected  to  ground  shock,  consider  a  stone 
of  approximately  cylindrical  shape  and  2  » 
diameter  buried  horizontally  in  densely 
compacted  granular  soil  with  1  e  of  cover. 
Assune  a  peak  air-blast  overpressure  of  6.895  x 
lt£  newtons/*?  from  «  1  Mt  bomb.  Then 

approximately 

f>l  »  U10  kj/m3 

p%  a  26*3  k*/m3 

Cj  a  379  m/sac 

C2  a  3333  m/sec 

«x  a  0.93 

E,  ■  1.03*  x  10*  n/m2 

n  •  0M 

t,  a  0X16  sec 

*  .  « 


In  this  relation,  the  parenthetical  ten  is  K, 
the  configuration  factor  for  an  inclusion  of 
souare  cross  section. 

Applying  the  sane  argument  to  an  inclusion 
of  circular  cross  section,  and  assisting  sinusoi¬ 
dal  distribution  of  grcxnd  shock  pressure  on 
tfM  projected  area  of  the  inclusion,  give 


«2  -  — —  a  *2  tor  square  (32) 


Substituting  the  pxacadlng  values  in  the 
expressions  for  f,  one  obtains 


e  0X0*  meters 


Then,  for  e  circular  inclusion 


*2  *  ®**[lT  *  »,  <») 


<c  a  — °'*3  *  *  2  »  OX'3  mqters 


^  .**“[•-«  *B] 


a  0X*3  meters 


and  the  configuration  factor,  k,  for  a  circular 
section  is  approx iaately  OCX  of  that  for  e 
square  section. 

the  preceding  arguments  for  eat  lasting  K 
ears  bated  on  the  overpressure  rise  phase  of 
the  ground  shock.  Parallel  arguments  for  the 
overpressure  decay  phase  of  e  bl-llneer  gnxrd 
shock  lead  to  the  same  estinetes  rot  K.  It  sill 
be  recognized  that  the  presented  derivation  of  K 
suporesaes  the  affects  of  variation  of  soli  and 
Inclusion  physical  parameters  and  veapon  parame¬ 
ters  whose  values,  far  examples  of  practical 
interest,  lie  within  limits  having  e  secondary 
effect  on  estimated  revonee. 


<t  •  0.0*3  ♦  0.3  (0.0X3  -  0.00*) 

•  0.0*37  maters  (1.6  Inches) 


The  tell  properties  used  in  the  preceding 
example  ere  neer  the  icoer  limits  of  those  that 
could  reasonably  be  expected  in  naturally 
compacted  soils.  Tor  an  exampla  of  inclusion 
response  in  e  less  favorable  natural  soli 
consider 
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pl  m  1762  kg/*’ 

Cj  »  303  «/s«c 

E,  »  310  x  10*  n/w? 

*7  «  0.22 


■ith  the  other  parameter*  unchanged. 
Then 

h  •  0.084  ♦  0.3  (0.043  -  0.008) 

•  0.0947  Mtirs  (3.7  Inches) 


It  Is  apparent  that,  In  either  of  the  example 
cases,  the  Inertial  effects  govern.  Hoxevar, 
•1th  larger  Inclusions,  for  example  D  Z  10 
meter.,  the  conpressibillty  effects  can  accroach 
or  exceed  inertial  effects,  particularly  in 
poorly  compacted  soil. 

PROTECTION  or  BURIEO  CABLE 

Burled  cable  Is  a  Hr*  target  which,  for 
consistent  survivability,  oust  be  designed  for 
the  effects  of  higher  overpressure  tnen  for  the 
point  targets  in  which  it  terminates.  It  would 
not  bie  unusual  to  reoulre  that  buried  cable  sur¬ 
vive  ground  shock  effects  an  order  of  magnitude 
higher  tnen  estimated  In  the  preceding  example. 
That  Is,  a  >  1  meter  may  sometimes  have 
to  be  considered  In  protecting  cable  against  the 
response  of  soli  field  Inclusions. 

The  derivation  and  examples  considered  air 
blast  Induced  vertical  ground  shock.  Ffcrsllel 
analysis  shows  that  contact  surface  bursts  or 
penetration  bursts  can  Induce  horizontal  ground 
shock  effects,  in  the  near  cratering  real on,  as 
largo  or  larger  then  air  blast  vertical  ground 
shock  effects  at  the  same  dlstarce  from  the 
point  of  burst. 

Protection  of  burled  cable  from  high,  density 
Inclusions  requires  over-excavating  the  cable 
trench  and  beck  filling  with  soil  froe  of  rocks 
of  damaging  size.  The  anoint  of  over-excavstlon 
required  deoends  on  the  expected  size  and  dis¬ 
tribution  of  Inclusions  and  the  intended  hard¬ 
ness  of  the  cable. 

Design  of  cable  protection  also  requires 
consideration  of  factors  outside  the  scooa  of 
this  paper,  e.g.,  cable  distortion  by  vertical 
grass)  shock  due  to  our  blest  propagating 
parallel  to  the  cable,  cable  distortion  by 
horizontal  ground  shock  intersecting  the  cable. 
Analysis  of  these  and  other  factors  affecting 
cable  survival  Is  four)  in  the  literature. 


1.  Sunnary  of  Soil  -  Structure  Interaction 
(U),  Allgood,  J.,  Naval  civil  £ngi.*ering 
Laboratory  Technical  Report  R-771,  July 
1972. 
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PENETRATION  OF  SHORT  DURATION  AIRBIAST  INTO 
PROTECTIVE  STRUCTURES 


J.  R.  8r1 tt*'  and  J.  L.  Drake* 

Applied  Research  Associates.  Southern  Division 
Vicksburg.  Mississippi 


This  paper  describes  a  combined  analytical  and  experimental  effort  to 
study  blast  wave  propagation  Into  the  Interior  of  rooms  from  short  dura¬ 
tion  alrblast  produced  by  conventional  weapons  detonated  near  entrances 
to  these  facilities.  Twenty-seven  small-scale  high-explosive  tests  were 
conducted  to  study  the  effects  of  opening  size.  Incident  blast  pulse 
duration  and  peak  pressure  levels  on  the  blast  transmitted  Into  struc¬ 
tures.  Two  structures  with  square  openings  were  used  In  the  program. 
Peak  entrance  pressures  ranged  from  0.07  to  1.5  MPa  (10  to  220  psl). 

A  computer  code— CHAMBER— was  developed  based  upon  a  modified  ray  theory 
combined  with  empirical  formulae  derived  from  the  experiment  and  non¬ 
linear  shock  propagation  and  shock  or.  shock  addition  rules  to  describe 
the  diffracted  shock  at  any  point  In  the  room.  An  existing  jet-fill 
code  was  Incorporated  to  account  for  the  quasi-steady  flow.  The 
CHAMBER  cooe  represents  th«  end  product  of  the  analysis  of  over  300 
records  of  blast  Inside  the  test  structrres.  Comparisons  of  calcu¬ 
lated  waveforms  using  CHAMBER  with  measurements  are  given.  The  code 
reproduces  the  blast  pressure-time  records.  Including  high  order 
reflections,  with  an  accuracy  comparable  with  the  beit  3-D  hydrocode 
calculations.  Since  fill  Is  Included,  the  code  can  also  compute  the 
complete  pressure  pulse  (diffracted  and  quasi-steady  flow)  for  long 
duration  blast. 


building.  This  wave  expands  Into  the  struc¬ 
ture  with  a  corresponding  drop  In  pressure  due 
to  geometrical  expansion  and  rarefactions.  The 
pressure  differential  between  the  exterior  and 
Interior  causes  an  inflow  of  air  which  results 
In  an  eventual  equalization  of  the  Interior 
pressure  with  the  exterior  blast  environment- 
so-called  'filling*.  It  is  convenient  to  con¬ 
sider  the  shock  propagation  and  subsequent 
Internal  reflections  separately  from  the 
filling  and  mass  flow,  even  though  they  occur 
simultaneously.  The  Injury  to  personnel  and 
damage  to  equipment  within  a  structure  associ¬ 
ated  with  each  of  these,  components  Is  depend¬ 
ent  upon  the  position  within  the  building,  the 
magnitude  and  duration  of  the  Incident  pres¬ 
sure,  the  room  dimensions  (volume),  and  size 
of  the  openings  Into  the  facility. 

Alrtfast  'filling*  or  "leakage”  Into 
chambers  from  long  duration  blast  loads  has 
been  studied  extensively  and  Is  well  under¬ 
stood,  particularly  for  large  structures  with 
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INTRODUCTION 

Personnel  areas  and  equipment  within 
hardened  military  facilities  must  be  protected 
against  the  blast  produced  by  explosions  out¬ 
side  entrances  and  ooenlngs  to  these  facili¬ 
ties.  Methods  for  predicting  the  Interior 
blast  pressures  are  not  well  developed  for 
short  duration  pulses  characteristic  of  those 
from  conventional  weapons.  Previous  research 
by  others  [1]  emphasized  the  quasi-steady  gas 
flow  (fill)  through  openings  Into  rooms  for 
long  duration  pulses,  simulating  alrblast 
from  nuclear  weapons.  Because  the  short 
duration  diffracted  pulses  that  accompany  the 
filling  process  are  not  Included  In  this  tech¬ 
nique,  Interior  peak  blast  pressures  can  be 
grossly  underestimated  for  conventional  size 
threats. 

The  transmission  of  the  blast  environ¬ 
ment  starts  with  the  diffraction  of  the  In¬ 
cident  shock  wave  through  the  opening  of  the 


small  openings.  Filling  Is  essentially  a 
quasi-steady  process  where  a  jet  of  air  flows 
through  the  opening  due  to  the  difference  In 
the  interior  and  exterior  pressure.  Initially, 
the  abrupt  rise  In  exterior  pressure  ceases  a 
high  velocity  jet  to  enter  the  chamber.  The 
average  Interior  pressure  gradually  builds  as 
additional  air  is  forced  into  the  structure 
until  It  eventually  attains  a  near  equilibrium 
condition  with  the  outside  blast  environment. 
The  time  at  which  equalization  occurs  (fill 
time)  may  be  estimated  by  the  formula  [1], 

Tfin(msec)  ■  (ft)*  (1) 

where  V  is  the  chamber  volume  and  A  is  the 
area  of  the  opening.  Thus  for  small  chamber 
volumes,  equilibrium  occurs  almost  immediately. 
An  excellent  review  of  the  important  research 
for  the  filling  problem  is  given  in  Ref.  Cl 3 
(Chapter  4).  Coulter  [2-6]  performed  experi¬ 
ments  in  a  shock  tube  using  model  rooms  to  . 
study  the  filling  process.  The  volumes  and 
entrance  areas  as  well  as  the  incident  pres¬ 
sure  and  opening  geometries  were  widely 
varied.  Primary  interest  in  most  of  these 
studies  was  on  long  duration  pulses  (typical 
of  nuclear  explosions)  against  civil  defense- 
type  structures  suet-  as  basements  and  parking 
garages. 

Several  theoretical  treatments  of  the 
filling  process  are  available  [1,  7-9,  16], 

Most  of  these  ignore  the  shock  wave  Inter¬ 
action  problem  and  focus  on  the  Jet  that  forms 
at  the  entrance.  Experimental  verification  of 
these  computations  is  quite  good  for  simple 
room  and  entrance  geometries  and  for  rela¬ 
tively  small  openings  [1],  However,  for  large 
openings  and  for  locations  near  the  entrance, 
the  interior  pressure  may  be  dominated  by  the 
shock  propagation  into  the  facility. 

The  incident  shock  generates  a  pressure 
wave  at  the  opening  that  subsequently  propa¬ 
gates  into  the  facility.  This  wave  expands 
geometrically  into  the  interior,  decays  in 
amplitude,  and  reflects  from  internal  sur¬ 
faces.  Oecay  rate  and  pulse  duration  of  this 
wave  are  governed  by  the  size  of  the  openings 
Into  the  structure.  The  attenuation  of  the 
peak  is  Inversely  proportional  to  the  opening 
diameter  (or  mean  opening  dimension),  while 
its  duration  is  proportional  to  the  opening 
diameter. 

The  shcck  diffraction  and  interior  re¬ 
flection  problem  was  recognized  in  early 
studies  [1-9],  but  little  experimental  data 
were  obtained  on  the  propagation  and  attenu¬ 
ation  of  this  wave  into  structures.  Some  data 
were  reported  for  the  expansion  of  a  blast  wave 
from  underground  tunnels  [10-12],  but  offer  no 


*Th(s  equation  can  be  made  dimensionally  correct  by 
factor  containing  the  sound  speed  In  air. 


convincing  data  to  verify  theoretical  computa¬ 
tions  for  the  complex  interaction  of  the  multi¬ 
ple  Internal  reflections,  particularly  for  the 
short  duration  pulses  transmitted  through  blast 
valves  and  small  openings. 

In  this  paper,  a  combined  analytical  and 
experimental  effort  Is  described  that  studied 
blast  wave  propagation  Into  the  interior  of 
rooms  from  alrblast  waves  Incident  to  openings 
In  rooms.  Twenty-seven  small-scale  high- 
explosive  tests  were  conducted  to  study  the 
effects  of  opening  size.  Incident  blast  pulse 
duration  and  peak  pressure  levels  on  the  blast 
transmitted  Into  a  structure.  Interiors  of  the 
model  rooms  were  heavily  Instrumented  to  mea¬ 
sure  both  the  blast  entering  the  room  and  the 
subsequent  reflections  at  several  locations  on 
the  walls.  An  analytical  method  was  developed 
based  upon  a  modified  ray  theory  combined  with 
non-linear  shock  propagation  and  shock  on  shock 
addition  rules  to  describe  the  diffracted  shock 
at  any  point  In  the  room.  Empirical  formulae 
for  the  non-linear  shock  propagation  were  de¬ 
rived  from  fits  to  experimental  data.  An  exist¬ 
ing  jet-fill  theory  was  Incorporated  to  account 
for  the  quasi-steady  flow. 

Comparisons  of  calculated  waveforms  with 
measurements  are  given.  The  described  method 
reproduces  the  blast  pressure-time  records.  In¬ 
cluding  high  order  reflections,  with  an  accuracy 
comparable  w<th  the  best  3-D  hydrocode  calcula¬ 
tions.  Since  fill  Is  Included,  the  technique 
can  also  compute  the  complete  pressure  pulse 
(diffracted  and  quasi -steady  flow) for  long  dura¬ 
tion  blast. 


EXPERIMENTS 


A  series  of  hlgh-expTosIve  experiments  was 
conducted  during  the  period  of  July  1980  through 
September  1983  at  the  J.  S.  Army  Waterways 
Experiment  Station  Big  Black  Test  Site  to  study 
the  propagation  and  subsequent  multiple  reflec¬ 
tions  of  a  diffracted  shock  Into  a  room  [13,14]. 
It  was  desired  to  model  the  short  duration  but 
high  amplitude  diffracted  shock  that  would  be 
present  downstreem  from  blast  valves  or  trans¬ 
mitted  through  .* j*al  1  penetrations  from  large 
explosions  ?*  well  as  the  interior  alrblast  pro¬ 
duced  by  conventional  size  weapons  detonated 
near  entryways.  In  all,  twenty-seven  tests  were 
conducted  using  C-4  and  TNT  charges  ranging  from 
0.11  to  12.3  kg  detonated  outside  small-scale 
Instrumented  rooms.  The  charge  mass  and  stand¬ 
off  distances  were  selected  to  provide  the  de¬ 
sired  peak  pressure  and  duration  of  the  Inci¬ 
dent  alrblast  at  entrances  to  the  test  article. 
Entrance  blast  peak  pressures  from  0.07  to 


replacing  the  coefficient  2  by  an  equivalent 


1.5  MPa  and  pulse  durations  just  outside  the 
entrance  ranging  from  0.6  to  2.8  msec  were 
achieved. 

Two  structures  were  used  during  the  course 
of  the  testing  program.  The  first  low  pressure 
series  of  twenty  tests  used  a  heavily  rein¬ 
forced  plywood  box— designed  to  represent  a 
prototype  room  with  a  central  opening  In  one 
wall— as  the  test  structure.  Pressure  entering 
the  box  ranged  from  .07  to  .26  MPa.  The  room 
was  0.95  meters  high,  0.95  meters  wide,  and 
2.19  meters  long.  (See  Pig.  1  for  details  of 
the  box  configuration.)  Because  the  blast  wave 
propagation  was  symmetrical  about  planes  that  bi¬ 
sected  the  entrance  wall  and  are  parallel  to  the 
side  walls,  the  tests  were  conducted  In  quarter- 
space.  The  opening  was  located  In  a  corner  of 
the  end  wall,  simulating  an  opening  and  end  wall 
of  twice  the  test  dimensions.  An  entrance  sec¬ 
tion  consisting  of  a  plywood  tunnel,  1.22  meters 
long,  was  placed  outside  the  opening.  This 
"tunnel"  provided  a  uniform  section  to  measure 
the  shock  conditions  at  the  entrance  to  the 
room.  The  tunnel  was  constructed  so  that 
Inserts  could  be  placed  Inside  to  vary  the 
tunnel  cross  section.  Side  dimensions  of  the 
square  openings  were  varied  from  76  mm,  152  mm, 
and  304  mm. 


For  these  tests  Kullte  XT-190  series  air- 
blast  transducers  were  flush-mounted  In  a  reg¬ 
ular  grid  along  a  wall  adjacent  to  the  opening 
(a  plane  of  symmetry)  and  on  the  opposite  wall. 
In  all,  20  gages  were  monitored— 18  at  loca¬ 
tions  within  the  box,  one  to  provide  entrance 
conditions,  and  a  free-fleld  gage. 

The  second  test  series  used  a  cubical 
steel  box  with  each  interior  side  1.2  meters 
In  length.  Seven  tests  were  conducted  In  this 
series  with  entrance  pressure  levels  ranging 
from  .2  to  1.5  Wa.  A  0.285-meter  exit  tunnel 
was  centered  on  an  adjacent  side  wall  tj 
determine  the  blast  as  It  vented  from  the  room. 
Kullte  XT-190  and  Kullte  HKS-375  series  air- 
blast  gages  were  flush-mounted  on  three  walls 
to  measure  reflected  pressure.  On  these  tests, 
13  gages  were  monitored  within  the  chamber  and 
four  gages  t;o  provide  entrance  conditions. 

(See  Fig.  2  for  details  of  the  chamber  con¬ 
figuration.) 

Results 

Typically,  the  Interior  pressure  history 
consisted  of  a  rapid  succession  of  short  dura¬ 
tion  pressure  pulses  corresponding  to  super¬ 
position  of  multiple  reflections  from  the 


interior  walls  (Fig.  3).  Normally,  the  first 
peak  associated  with  the  direct  wave  produced 
the  greatest  pressure.  However,  at  some  loca¬ 
tions,  constructive  interference  between  re¬ 
flected  waves  produced  peak  pressures  greater 
than  the  direct  pulse,  as  shown  by  the  pres¬ 
sure  history  in  Fig.  4,  Fig.  5  shows  records 
taken  Inside  the  steel  structure.  Gage  1 
shows  the  pressure  pulse  entering  the  room, 
and  gages  2-6  illustrate  the  dramatic  vari¬ 
ation  of  the  waveform  at  different  locations 
in  the  facility. 

A  plot  of  the  side  on  peak  pressures 
from  t*>e  first  test  series  normalized  by  the 
peak  Incident  pressure  in  the  tunnel  is  shown 
In  Fig.  6  plotted  as  a  function  of  the 


distance  in  tunnel  diameters  from  the  opening 
to  the  gages.  The  relationship  between 
normalized  pressure  and  range  Is 

{r22  -  C(R/0)-l*35  (2) 

ro 

where  fma  x  Is  the  peak  side  on  pressure  in 
the  test  structure,  P0  Is  the  entrance  pres¬ 
sure,  ft  Is  the  distance  from  the  center  of 
the  opening  to  the  gage,  and  0  Is  the 
entrance  tunnel  diameter.  The  coefficient  C  , 
shown  In  Fig.  7,  was  found  to  be  a  function  of 
the  angle  a  ,  between  the  normal  to  the  center 
of  the  opening  and  the  gage  location  as  given 
by  the  expression, 

C  -  0.65  (1-0.25  a)  (3) 
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Figure  5.  Typical  pressure-time  histories  inside  the  steel  structure  and  interconnecting  tunnel. 


for  a  in  radians. 

The  duration  of  the  Input  shock  was  found 
to  be  controlled  by  the  size  of  the  opening. 
Rarefaction  waves  are  developed  at  the  edges 
of  the  opening  that  propagate  across  the 
entrance  and  drop  the  p.vssure  behind  the 
incident  shock,  this  effect  can  be  measured 
by  the  time  the  rarefaction  wave  takes  to 
transit  the  opening.  Fig.  8  shows  a  plot  of 
the  positive  duration  versus  the  opening 
length.  A  linear  relationship  for  the  posi¬ 
tive  duration,  t+  ,  was  obtained  as 

t+  “  2-  (4) 

vo 

where  C0  is  the  sound  speed  In  air.  If  the 
exterior  pulse  duration,  tD  ,  is  less  than 
D/C0  ',  then  t*  ■  tp  . 

Eq.  2  fits  the  side-on  pressure  measure¬ 
ments  within  about  *20  percent.  8ecause  of  In¬ 
strumentation  limitations  associated  with  mea¬ 
surements  of  explosively  generated  alrblast, 
such  as  the  frequency  response  of  gages  and  the 


recording  system,  gage  overshoot,  and  vibration 
of  gage  mounts,  this  accuracy  Is  within  normal 
experimental  scatter.  Measurements  of  pulse 
duration  have  a  much  larger  random  scatter 
which  Is  characteristic  of  most  alrblast  data. 

The  analysis  above  treats  only  side-on 
blast  which  Is  equivalent  to  the  free  field 
blast  In  a  chamber  before  reflections  occur. 

All  of  the  test  records  from  the  steel  chamber 
and  many  from  the  wood  chamber  are  reflected 
blast  requiring  a  much  more  complex  analysis 
procedure  as  discussed  below. 


SHOCK  DIFFRACTION  MODEL 

A  semi -empirical  modified  ray  tracing  pro¬ 
cedure  was  developed  to  model  shock  wave  dif¬ 
fraction  through  an  opening  into  a  room  of 
rectargular  cross-section.  The  blast  at  the 
opening  Is  treated  as  originating  from  a  point 
source  located  at  the  center  of  the  entrance. 
Interior  walls  are  assumed  to  be  perfectly  rigid 
reflecting  planes.  Each  encounter  with  a  wall 
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Figure  6.  Peak  pressure  t  ran  salt  tad  Into  the  chanter 
no  null  zed  by  the  Incident  pressure  as  a 
function  of  distance  fro*  the  entrance  In 
opening  dlaaaters. 
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generates  a  reflection  which  can  be  treated  as  using  non-linear  shock  addition  rules  to  pro* 

a  pulse  originating  from  an  "Image  source"  lo-  duce  the  total,  diffracted  pulse.  Each  of  these 

cated  behind  the  wall.  The  pressure  at  any  steps  Is  treated  In  detail  below, 

location  In  the  rooai  Is  then  h  non-linear 

superposition  of  the  direct  shock  and  a  contrl-  Path  Lengths 

butlon  fro*  an  "Image  source"  for  each  of  an 

Infinite  series  of  reflections.  An  Infinite  number  of  ray  paths  are  possi¬ 

ble  within  the  room  due  to  combinations  of 

The  outline  of  steps  for  computing  a  wave-  reflections  fro*  the  six  walls.  The  order  of 

for*  Is  as  follows:  First,  path  lengths  for  the  ray  Is  defined  as 

rays  of  successively  higher  order  reflections 

are  generated.  Arrival  times  are  calculated  by  3 

Integrating  the  pressure  dependent  shock  propa- 

gatlon  velocity  along  the  oath.  The  shock  wave  N  ■  V  nj  (5) 

pressure  attenuation  with  distance  for  each  ray  ** 

Is  assumed  to  be  the  same  as  for  the  direct  1"1 

shock  expressed  by  Eq.  2.  Orders  of  reflec¬ 
tions  having  arrival  times  greater  than  the  where  nj  Is  the  order  of  the  reflection  In 

times  of  Interest  do  not  contribute  and  are  not  each  of  the  rectangular  coordinate  directions, 

computed.  Next,  pressure,  particle  velocity  1  •  1,  2,  and  3.  Let  rp,  be  the  components 

and  density  waveforms  for  each  ray  are  ealeu-  of  the  Nth  order  ray,  then 

lated  neglecting  the  presence  of  other  rays.  «i  #  ,»n«  .0  .  ... 

Finally,  the  pressure  waveforms  are  combined  %  *  •  (*•)  *  a1M  (6) 
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Figure  7.  Pressure  coefficient  C  as  a 
function  of  angle  from  normal 
to  the  opening. 
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Figure  8.  Pulse  uuratlon  as  a  function  of 
width  of  entrance  opening. 


where  X°  and  xj  are  the  coordinates  of  the 
source  and  receiver,  respectively,  ana  L(  Is 
the  dimension  of  the  room  In  the  1'th  direc¬ 
tion.  Note  that  for  each  non-zero  ordt  r  of 
reflection,  n^y)  ,  two  values  of  the  ray 
component  are  possible;  one  from  each  of  the 
opposite  rails  of  the  room  In  that  plane,  for 


example,  floor  and  celling.  When  n<*0.  then 
only  one  value  Is  possible  for  the  1  th  rty 
component.  The  total  ray  length  Is  found  from 
all  combinations  of  rni  as 

3  1/2 

* '  ( l  '*<  ) 

In  general,  six  ray  lengths  are  possible  when 
nf>0,  for  1  *  1,  2,  and  3. 

Arrival  Time 

The  arrival  time,  t0  ,  for  each  ray  Is 
evaluated  by  Integrating 


where  U  Is  the  pressure  dependent  shock  wave 
propagation  velocity.  Using  a  polytropic  equa¬ 
tion  of  state  for  air  with  a  pressure  dependent 
ratio  of  heat  capacities,  y  *  Cp/Cy  ,  the 
Ranklne-Hugonlot  conditions  at  tne  shock  front 
give 

U  “  C0  {P|«x/[paTo  (1‘Pa/pmax)]}1*  (9) 


where  the  density  ratio  Is 


pmax  1*  the  peak  shock  overpressure  at  dis¬ 
tance  R  and  angle  a  ,  given  by  Eq.  2,  Pa 
Is  the  atmospheric  pressure,  y9  Is  the  value 
of  T  at  atmospheric  pressure  (approximately 
1.4),  Pmax  I*  the  density  of  air  at  pressure 
pm«x  »  <>l  Is  the  density  of  air  at  pressure 
Pa  ,  and  C0  Is  the  sound  speed  In  air  at 
pressure  Pa  .  At  pressures  up  to  about 
2  MPa,  v  *  T0  Is  a  good  approximation. 

Pressure  Histories 

An  examination  of  the  measurements  Indi¬ 
cated  that  pressure  histories  for  any  ray  can 
be  adequately  computed  from  the  commonly  used 
exponential  formula 

|  0  for  t  <  t0 

WMJ'i  W*.«>  tMt-tJ/t*  (11) 

l  x  exp  t-(t-t0)/t+]  for  t  >  t0 

where  t+  Is  the  positive  phase  duration  given 
by  Eq.  .4,  and  P^x  Is  the  peak  overpressure 
given  by  Eq.  2.  Peak  pressure,  P^m^o)  »  Is 
the  only  factor  which  changes  In  this  ex¬ 
pression  for  different  rays  and  observation 
points.  The  total  wavefdra  1$  constructed  by 
superposition  of  these  pressure  histories  for 
all  rays  using  the  following  non-linear  shock 
addition  formulae. 


Shock  Combining  Rules 

Non-linear  shock  rules  were  postulated  by 
Needham  [15]  combining  shocks  at  a  point  from 
multiple  sources  and  Incorporated  Into  the  LAMB 
model.  While  these  shock  addition  rules  cannot 
be  supported  from  first  principles,  they  have 
proved  to  be  accurate  In  comparisons  with  mea¬ 
surements  and  hydrocode  calculations  for  many 
shock  combining  situations.  In  this  method  the 
waveform  for  each  ray  Is  computed  Ignoring  the 
presence  of  other  shocks.  These  results  are 
then  combined  using  the  three  shock  addition 
rules  as  follows: 

Shock  Addition  Rule  Number  1  -  ‘Conservation 
of  Mass* 

It  Is  assumed  that  at  a  point  In  space, 
the  density,  5  ,  Is  the  ambient  density,  pa  , 
plus  the  sum  of  the  overdensities,  ,  due  to 
all  shocks  that  have  passed  that  point  at  a 
given  time 


fU  , 

■  $>,  (12) 

where  Ns  Is  the  number  of  shocks. 

Shock  Addition  Rule  Number  2  -  "Conservation 
of  Momentum" 

Ns 

V«  ]>/lVl  (13) 

w _ 

p 

-¥ 

where  V  Is  the  total  material  velocity  ,  pi 
Is  the  density  for  shock  1  ,  and  Is  the 
particle  velocity  for- shock  1  . 

Shock  Addition  Rule  Number  3  -  "Conservation  1 
of  Energy" 

The  total  overpressure  from  N$  shocks  Is 

where  Pj  Is  overpressure  for  shock  1  . 

Other  Shock  Wave  Parameters 


Particle  velocity,  Vmax  ,  and  density, 
0max  •  at  *  shock  front  ar^  related  to  the 
pressure,  PMv  ,  through  the  Ranklne-Hugoniot 
conditions.  The  density,  p^x  ,  Is  given  by 
Eq.  10  while  the  particle  velocity  relation  Is 


(l-pg/pmax^max 

pa*0 


(15) 


These  conditions  do  not  hold  exactly  behind  the 
shock  front. 


In  the  current  analytical  model  of  the 
measured  blast  environment  In  a  room  at  low  to 
moderate  overpressures  (0.07  <  P0  <  1.5  MPa) 
the  following  approximations  (whose  accuracies 
are  supported  by  comparison  of  the  calculated 
pressures  with  measurements)  have  been  made. 
First,  assume  adiabatic  expansion  behind  the 
shock  front  to  obtain  the  density 


oi(t) 


Pmax 


P1<t)+Pal1/Y 

1 5^5r 


(16) 


where  P{  is  obtained  from  Eq  11  for  each 
Shock  wave.  Next,  assume  that  the  Ranklne- 
Hugonlct  relation  for  particle  velocity 
applies,  approximately,  behind  the  shock 
front  to  obtain 


vi(t)  =  c0  (Wpi)Pi(t)  **  (17) 

paT0 


These  approximations,  along  with  the  shock 
addition  rules,  provide  a  reasonable  pro¬ 
cedure  for  calculating  the  shock  waveforms  pro¬ 
duced  by  the  many  reflections  from  the  walls  of 
a  room.  In  the  following  section,  the  accuracy 
of  this  procedure  is  evaluated  by  comparison 
with  measurements. 


WAVEFORM  CALCULATIONS 

Using  modified  ray  theory  model  dis¬ 
cussed  above  for  the  diffracted  pulse  and  the 
fill  code  of  Ref.  [5]  a  computer  code,  CHAMBER, 
was  developed  to  calculate  the  combined  pres¬ 
sure  pulse  in  a  room.  This  code  was  written  In 
FORTRAN,  drlginally  for  mainframe  computers, 
but  has  been  converted  to  run  on  a  micro¬ 
computer.  CHAMBER  Is  an  outgrowth  of  an 
earlier  code,  WESFILL,  reported  In  Ref.  [13] 
which  treated  only  the  low-pressure  region 
where  reflections  can  be  treated  acoustically. 


These  shock  combination  rules  require 
not  only  pressure,  Pj(t)  ,  waveforms,  but 
also  velocity,  Vj(t)  ,  and  density,  oi(t)  , 
waveforms.  Experimental  measurements  pro¬ 
vided  only  Pi(t)  .  Hydrocode  calculations 
were  performed  for  this  project  In  order  to 
develop  V<(t)  and  oj(t)  formula,  but 
these  calculations  were  not  completed  In  time 
to  be  used  In  this  paper. 


Fig.  9  Is  a  comparison  of  the  CHAMBER 
computed  values  of  the  Initial  peak  reflected 
shock  wave  overpressure  with  the  data  mea¬ 
sured  In  the  steel  chamber.  The  45-degree 
line  represents  perfect  agreement.  The  maxi¬ 
mum  deviations  from  this  line  for  ?0  percent 
of  the  data  1$  about  35  percent  which  Is  within 
the  normal  experimental  scatter  for  measure¬ 
ments  of  this  type.  Since  the  code  uses 
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Figure  9.  Calculated  versus  Measured  peak  Initial  reflected  pressures  In 


steel  test  chamber. 


Eqs.  (2)-(4)  derived  frou  the  measurements  In 
the  wood  test  structure,  this  couparlson  with 
data  from  the  steel  chamber  provides  an  Inde¬ 
pendent  check  on  the  generality  of  these  form¬ 
ulae.  Several  test  cases  were  run  to  verify 
the  accuracy  of  the  waveform  computations. 

Fig.  10  Is  an  example  of  the  low  pressure  mea¬ 
surements  made  In  the  wooden  structure. 
Agreement  between  the  amplitude  of  the  peaks, 
the  time  of  the  peaks,  and  apparent  reverbera¬ 
tions  within  the  structure  are  reproduced  well 
by  the  code.  Fig.  11  Is  an  example  of  compari¬ 
sons  with  the  high  pressure  measurements  made 
In  the  steel  chamber.  Measured  records  from 
two  symnetrlcally  located  gages  are  shown  with 
the  computed  waveform.  The  calculated  values 
are  Intermediate  between  the  two  measurements. 
Fig.  12  shows  another  comparison  between  calcu¬ 
lated  and  measured  records.  The  calculated 
curve  and  the  Input  data  at  the  top  of  the 
figure  are  from  an  actual  CHAMBER  run.  In  this 
case  the  second  peak  resulting  from  higher 
order  reflections  Is  greater  than  the  first 
peak. 


CONCLUSIONS 

The  explosive  tests  discussed  In  this 
paper  provided  an  experimental  basis  for  de¬ 
veloping  and  verifying  a  semi -empirical  cal¬ 
culations!  procedure  for  short  duration  blast 


entering  a  room  through  an  opening.  The  code 
CHAMBER  based  On  this  procedure  reproduces  the 
blast  pressure-time  records.  Including  high 
order  reflections,  with  an  accuracy  comparable 
with  the  best  3-D  hydrocode  calculations. 
Further  Improvement  of  the  procedure  will  re¬ 
quire  Incorporating  more  experimental  data  and 
more  accurate  formulae  for  density  and  particle 
velocity  histories. 

The  analysis  presented  In  this  paper  — 
embodied  in  the  CHAMBER  code  —  Is  In  excellent 
agreement  with  measurements  obtained  In  two 
experimental  structures.  While  this  analysis 
may  not  be  applicable  to  all  openings,  the  mea¬ 
surements  on  which  the  analysis  Is  based  cover 
a  fairly  broad  range  of  parameters  as  follows: 
(a)  the  pressure  pulse  just  outside  the  en¬ 
trance  ranged  from  0.07  to  '  MPa,  (b)  the 
positive  phase  durations  o  .  Incident  pulse 
ranged  from  0.9  to  4.3  acou»»1c  transit  times 
across  the  opening,  (c)  the  ratio  of  opening 
area  to  entrance  wall  area  varied  from  .006  to 
0.1,  (d)  the  ratio  of  room  volume  to  opening 
area  ranged  from  20  to  '*50  m,  (e)  the  angle  a 
with  the  entrance,  described  In  Eq.  (3),  ranged 
from  0  to  69  degrees  for  the  first  arrival  at 
gages. 

For  the  short  duration  blast  In  our  tests, 
the  quasi-static  fill  contributed  only  a  small 
fraction  to  the  total  Internal  pressure. 


rxisstpc 


I  5  II  IS  tl  IS 


TINE,  wc 

Figure  10.  Example  of  the  diffraction/ 
reflection  calculation  ulth 
■ensured  pressure  history  at  Mid¬ 
point  of  the  Midplane  nail  for 
low  pressures  (PM.  %  14  KPa). 
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Figure  11.  CoMparlson  of  calculations  with 
weasureMents  frow  syMetrlcally 
located  gages  In  steel  chamber 
with  non- linear  reflections. 


However,  f>,r  long  duration  blast  Incident  on 
the  entranced  fill  will  become  a  More  domi¬ 
nant  part  of  the  total  waveform.  Since 
Coulter's  fill  model  £5]  Is  Included  In 
CHAMBER,  calculations  can  be  performed  for  long 
duration  pulses.  Fig.  13  Is  an  example  of 
computations  compared  with  alrblast  measure¬ 
ments  In  a  test  structure  on  Operation  Prairie 
Flat  [17],  a  500-ton  (453,600-kg)  surface 
tangent  detonation.  The  dimensions  of  the 
test  article  are  shown  at  the  top  of  the  figure. 
In  this  case  the  entrance  area  was  31  percent 
of  the  wall  area,  or  three  times  greater  than 
the  openings  used  In  our  tests.  The  pressure 
pulse  at  the  entrance  had  a  peek  of  4.7  psl 
(.032  HPa)  and  a  duration  of  250  msec,  which  Is 
about  50  acoustic  transit  times  across  the 
opening.  The  circles  on  Fig.  13  were  computed 
assuming  an  opening  size  equal  to  the  square 
root  of  the  entrance  area,  i.e..  4.5  ft  on  a 
side.  The  calculated  values  follow  the  shape 
of  the  measured  curve,  but  the  peak  Is  35  per¬ 
cent  lower.  The  triangles,  computed  using  an 
opening  5.5  ft  on  a  side,  are  In  better  agree¬ 
ment  with  the  peaks.  This  result  suggests 
that  for  long,  rectangular  openings  an  effec¬ 
tive  opening  size  greater  than  the  square  root 
of  the  area  should  be  used  for  the  refracted 
shock  calculations.  The  cuasl-statlc  fill  con¬ 
tribution  to  the  calculated  pulse  gradually 
rises  to  a  maximum  value  of  3.7  psl  at  30  nsec 
and  is  approxlnately  equal  to  the  Input  record 
for  later  tines.  This  part  of  the  total  pulse 
appears  to  be  accurately  computed. 

The  model  of  this  paper  is  Intended  for  use 
with  relatively  small  square  or  round  openings; 
but,  as  the  previous  example  shows,  the  code  can 
also  be  used  successfully  for  some  rather  large 
rectangular  entrances.  Additional  comparisons' 
between  calculations  and  measurements  are 
needed  to  fully  delineate  the  range  of  applica¬ 
tion  of  the  model. 
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A  COMPUTATIONAL  PtOCEDOlE  FOE  PEAK  INSTEDCTOKE  MOTIONS  AND 
SHOCK  SPECTKA  FOE  CONVENTIONAL  WEAPONS 


S.  A.  Elgar,  J.  P.  klurt,  J.  T.  Eaylot 
OSAX  Waterways  Experiment  Station 
P.  0.  loi  631,  lichtteri,  Mississippi  39180 


A  ewalenplrlcal  procedure  for  computing  tail—  valuaa  of  structural 
displacement  >  velocity,  and  accalaratloo  la  presented.  Ilia  slnpll- 
'  fled  methods  taka  Into  account,  at  laaat  approximately,  tha  larga 
attenuation  of  tha  c ocean t tonal  weapon  shock  front  aa  It  traverses 
tha  structure ,  by  oalng  aa  Integrated  average  value  of  corresponding 
free-fleld  notions.  Instructors  notions  are  predicted  by  Modifying 
these  average  f rsa-f laid  notions  baaed  on  data  collected  In  conven¬ 
tions.!  weapons  testa  over  the  peat  several  years.  Conputad  peak 
lnstructure  notions  ate  then  amplified  to  satinets  the  lnatructure 
shock  spectra. 


nmooucTioN 

The  aajor  concern  la  the  design  of  a  pro¬ 
tective  structure  Is  to  prevent  structural 
fsllure.  However,  the  operation  of  sophisti¬ 
cated  electronic  gear  within  a  facility  snch  as 
a  c nan  and  and  control  center  nay  he  Impaired  at 
shock  levels  auch  less  than  those  require ’  to 
fall  the  structure,  thus  preventing  the  center 
fro*  coexisting  its  nlaslon.  la  order  to  eco- 
aoalcally  design  shock  Isolation  devices  to 
protect  the  various  coapooants  within  the 
structure,  the  Internal  shock  envlronanat  Must 
he  well  defined.  For  long  notions  associated 
with  nuclear  events,  the  procedure  for  the 
■edification  of  the  free-fleld  ground  notion  to 
predict  the  lnstructure  notion  Is  well  docu- 
neated.  However,  procedures  for  predicting  the 
lnstructure  shock  environneat  la  the  case  of 
short  duration  ground  shock,  such  aa  that 
generated  by  conventional  weapons,  are  not  so 
well  established.  The  Method  preeeated  here 
wee  developed  for  the  recent  revision  of 
1M  5-855-1  (Eof .  1). 

UCTANCULAI  BUXIES  8T80CTUKE8 

Hide  Burst  Load  Case 

'  The  alnpllflad  net bode  given  below  will 
take  Into  account  the  attenuation  of  the  ground 
shock  aa  it  traverses  the  structure.  The  com¬ 
puted  value  for  ladtructure  acceleration, 
velocity,  and  displacement  will  be  In  the  herl- 
soiataL  direction  at  the  canter  of  the  struc¬ 
ture.  Experlnental  evidence  (lef.  2  and  3) 
Indies' as  that  vertical  acceleration,  velocity, 
end  dlsplaceneat  will  be  epproalnately  20  per¬ 
cent  of  the  horlsoatal  values  la  the  case  of  a 


aide  buret.  Also,  the  horlsonral  notions  are 
very  uniform  over  the  entire  floor  of  the 
structure,  while  the  vertical  notions  at  the 
leading  edge  are  approximately  twice  the  aldapan 
values. 

Instructors  accelerations,  velocities,  and 
dlaplacenents  nay  bn  predicted  by  modifying  tha 
*ree-field  values.  The  acceleration  of  a  struc¬ 
ture,  such  as  the  structure  shown  in  Figure  1, 
nay  be  predicted  by  uelng  the  average  value  of 
free-fleld  acceleration  over  the  span  of  the 
structure. 
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Figure  1.  Average  aicelerstlon  for. side 
burst  load  case  of  a  burled  rectangular 
struc ture 
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Th«  average  value  of  acceleration  la  found 
by  Integrating  the  acceleration-range  function 
given  In  Chapter  5  of  TM  5-855-1  (or  in  Ref.  4) 
over  the  apan  of  the  structure.  The  average 
acceleration  for  the  structure  la  the  unifora 
acceleration  which  yields  the  sane  integral 
acrosa  the  structure.  The  average  velocity  and 
dlsplaceaent  are  obtained  using  the  same  method. 
Equations  1,  2,  end  3  give  the  average  free- 
field  acceleration,  velocity,  and  dlsplaceaent, 
respectively  across  a  rectangular  burled 
structure. 


where 

R^  and  Rj  -  range  In  feet  (Figure  1) 

f  -  coupling  factor,  from 
Chapter  5  of  TH  5-855-1 
(or  Ref.  4) 

U  -  weapon  yield,  pounds 

c  ”  seismic  velocity,  feet  per 
second,  from  Chapter  5  of 
TM  5-855-1 

n  -  attenuation  coefficient, 
from  Chapter  5  of 
TM  5-855-1 

.  A  -  average  free-fleld  accal- 
*v®  eratlon  across  atructure, 
gravities 

V  -  average  free-fleld 
*v*  velocity  across  structure, 
feet  per  second 

d  ■  average  free-fleld. dia- 
*v*  placement  across  struc¬ 
ture,  feet 

The  average  free-fleld  values  of  accelera¬ 
tion  and  velocity  overpredict  the  lnstructure 
values.  The  Information  shown  in  Figure  2  nay 
be  used  to  r*dice  these  values. 

The  reduction  factor  RF  was  determined 
as  the  ratio  of  the  pressure  ordinate  for  an 


equivalent  uniformly  distributed  load  to  the 
maximum  pressure  ordinate  from  the  actual  load 
distribution.  The  equivalent  uniform  load  was 
determined  over  a  wall  with  dimensions  of  H 
and  I.  . 

Instructure  accelerations  may  be  predicted 
by  obtaining  the  average  free-fleld  acceleration 
from  Equation  1  and  multiplying  this  average 
value  by  the  reduction  factor  given  In  Figure  2. 
Test  data  (Ref,  2  and  3)  have  shown  this  method 
to  be  conservative  for  rectangular  burled  struc¬ 
tures.  Velocities  are  predicted  using  Equa¬ 
tion  2  and  Figure  2.  Test  data  (Ref.  2  and  3) 
have  shown  that  this  method  yields  results 
close  to  experimental  values. 

Equation  3  should  be  used  to  predict  the 
lnstructure  displacement  vlth  no  reduction 
factor. 

Overhead  Burst 

The  same  equations  used  for  side  bursts 
should  be  used  for  an  overhead  burst.  R.  and 
Rj  are  now  defined  by  Figure  3.  These  values 
must  be  modified  by  a  reduction  factor  obtained 
from  Figure  2,  using  the  roof  dimensions  of  W 
and  L  .  For  large  structures,  some  judgment  Is 
required  in  selecting  the  dimensions  V  ,  H 
acd  L  for  a  burst  that  Is  not  symmetrically 
located  over  the.  structure  rdof  for  en  overhead 
burst  and  exterior  wall  for  a  side  burst.  Fig¬ 
ure  4  shows  an  example  where  the  dimensions  of 
one  bay  In  a  multibay  structure  were  used  to 
calculate  lnstructure  shock. 


lnstructure  Shock  Spectra 


Once  the  peak  values  for  lnstructure  accel¬ 
eration,  velocity  and  displacement  have  been 
determined,  they  can  be  used  to  develop  an  ap¬ 
proximate  lnstructure  shock  spectra. 


let  D  be  the  maximum  relative  displace¬ 
ment  between  a  simple  spring-mass  oscillator  and 
the  floor  of  the  structure.  The  relations  be¬ 
tween  the  maximum  relative  displacement  0  ,  the 
pseudovelocity  V  ,  and  the  pseudoacceleration 
A  are  as  follows: 


V  -  uD 


(4) 


where  w  Is  the  natural  circular  frequency  of 
the  oscillator  In  radians  per  second.  The 
pseudovelocity  V  la  nearly  equal  to  the  maxi¬ 
mum  relative  velocity  for  systems  with  moderate 
or  high  frequencies,  but  may  differ  considerably 
from  the  maximum  relative  velocity  for  very  low 
frequency  systems.  The  pseudoacceleration  A 
la  exactly  equal  to  the  maximum  acceleration  for 
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RATIO  OF  RANGE  TO  HEIGHT  OF  WALL  AND  VELOCITY  (SIDE  BURST) 
OR  R,/W.  RATIO  OF  RANGE  TO  WIDTH  OF  ROOF  (OVERHEAD  BURST) 


Figure  2.  Reduction  factor  for  instructure  acceleration  end  velocity 


HIGH-CXPOUSIVE 
CHARGE,  W,  LB 


Average  acceleration  for  overhead  buret  on  a  rectangular  .burled  structure 
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PRELIMINARY  OtSIOf  CRITERIA  AID  CERTIFICATION  TEST  SPECIFICATIONS 


FOR  BUST  RESISTANT  WINDOWS 


6.  E.  dryer* ,  W.  A.  Keenan  and  I.  F.  Shoemaker 
Naval  Civil  Engineering  Laboratory 
Port  Humane,  California 


Preliminary  deaign  criteria  for  blast  resistant  windows  exposed 
to  blast  overpressures  up  to  25  psi  are  recommended.  Design 
procedures  and  design  curves  for  fully  tempered  gloss  are  presented 
and  paraaetized  according  to  glass  thickness,  glass  diawnsions, 
glass  sspoct  rstio,  peak  blast  overpressures  and  effective  blast 
duration.  Curves  for  annealed  glass  are  also  presented  for  the 
purpose  of  analysing  tbs  safety  of  existing  structures.  Design 
criteria  for  f raws  and  a  test  certification  procedure  are  also 
discussed.  Additionally,  design  examples  are  presented. 


1.  INTRODUCTION 


2.  DESIGN  CRITERIA  FOR  GLAZING 


Historical  records  of  explosion  effects 
demonstrate  that  airborne  glass  fragments  from 
failed  windows  are  a  major  cause  of  injuries 
from  accidental  explosions.  This  risk  to  life 
is  heightened  in  modern  facilities,  which  often 
hove  large  areas  of  glass  for  aesthetic  reasons. 

Guldelirvs  are  presented  for  both  the 
design,  evslvition,  and  certification  of  windows 
to  safely  survive  a  prescribed  blast  environment 
described  by  a  triangular-shaped  pressure-time 
curve.  Window  designs  using  tempered  glass 
based  on  these  guidelines  tan  be  expected  to 
provide  a  probability  of  failure  at  least  equi¬ 
valent  to  that  provided  by  current  safety  stan¬ 
dards  for  safely  resisting  wind  loads. 

The  guidelines,  which  apply  for  peak  blast 
overpressures  less  than  about  25  pal,  are  pre¬ 
sented  la  the  form  of  load  criteria  for  the 
design  of  both  the  glass  panes  and  framing 
system  for  the  window.  The  criteria  account. for 
both  heeding  and  membrane  stresses  and  their 
effect  on  maximum  principal  stresses  and  the 
nonlinear  behavior  of  glass  panes.  Tba  criteria 
cover  a  broad  range  of  design  parameters  for 
rectangular-shaped  glass  panes:  a  pane  aspect 
rstio  1.00  <  a/b  <  2.00,  pane  area  1.0  <  ab  <  25 
ft*,  sad  nominal  glass  thickness  1/B  <  t  <  l72 
inch.  Most  of  the  criteria  are  for  blast'resis- 
tant  windows  with  fully  beat-treated,  tempered 
glass,  lowers r ,  criteria  are  also  presented  for  ■ 
annealed  glass  is  order  to  assess  the  safety  of 
existing  windows  that  were  not  designed  to 
resist  blast  overpressures. 


2.1  Glaring  Materials 

The  design  criteria  cover  two  types  of 
glass:  annealed  glass  and  fully  tempered  glass. 
Both  glarings  are  required  to  meet  the  require¬ 
ments  of  Federal  Specifications  DD-G-1403B  and 
DD-G-451d.  Tempered  glass  is  also  required  to 
meet  the  requirements  of  ANSI  297. 1-1975. 

Annealed  glass  is  the  most  cannon  form  of 
glass  available  today.  Depending  upon  manufac¬ 
turing  techniques ,  it  is  also  known  as  plate, 
float, or  sheet  glass.  During  manufacture,  it  is 
cooled  slowly.  The  process  results  in  very 
’ little,  if  any,  residual  compressive  surface 
stress.  Consequently,  annealed  glass  is  of 
relatively  low  strength  when  compared  to  tam¬ 
pered  glass.  Furthermore,  it  has  large  varia¬ 
tions  in  strength  and  fractures  into  dagger- 
shaped,  rasor-sbarp  fragments.  For  these 
reasons,  annealed  glass  is  not  recommended  for 
use  in  blast  resistant  windows.  It  is 
included  in  the  design  criteria  only  for  safety 
analysis  of  existing  facilities. 

Best-treated,  tampered  glass  is  the  most 
readily  available  tampered  glass  on  the  market. 
It  is  manufactured  from  annealed  glass  by  best¬ 
ing  to  s  high  uniform  temperature  and  then 
'  applying  controlled  rapid  cooling.  As  the 
internal  temperature  profile  relaxes  towards 
uniformity,  internal  stresses  are  crested.  The 
outer  layers,  which  cool  and  contract  first,  are 
sat  la  compression,  while  internal  layers  sre 
set  in  tension.  As  it  is  rare  for  flaws,  which 


227 


2.2  Desizn  gteww 


i 


f 


I 

* 

i 


i 


*  : 


i 


i 

> 


•  •  , 

\ 


i 


> 

i ' 


•ct  stress  Magnifiers,  to  exiat  in  the  inter¬ 
ior  of  teapered  glass  aheeta,  the  internal 
tenaile  atreaa  ia  of  relatively  Minimal  conse¬ 
quence.  As  failure  originatea  froa  tenaile 
atreaaea  exciting  aurface  flaws  in  the  glaaa, 
precoapreaaion  peraita  a  larger  load  to  be 
carried  before  the  net  tenaile  atrength  of  the 
teapered  glaaa  pane  ia  exceeded.  Teapered  glaaa 
ia  typically  four  to  five  tiaea  atronger  than 
annealed  glaaa . 

The  fracture  characteriatica  of  teapered 
glaaa  are  auperior  to  annealed  glaaa.  Due  to 
the  high  atrain  energy  atored  by  the  prestreas- 
ing,  teapered  glaaa  will . fracture  into  aaall 
cube-ahaped  fragaenta  inatead  of  the  razor-aharp 
and  dagger-ahaped  fragments  associated  with 
fracture  of  annealed  glaaa.  Breakage  patterna 
of  aide  and  rear  windowa  in  Aaerican  autoaobilea 
are  a  good  exanple  of  the  failure  node  of  heat- 
treated  teapered  glaaa. 

Seai-teapered  glaaa  ia  often  aarketed  a a 
aefety  or  heat-treated  glaaa.  However,  it 
exhibita  neither  the  dicing  characteriatic  upon 
breakage  nor  the  higher  tenaile  atrength  aaao¬ 
ciated  with  fully  tempered  glaaa.  Seai-teapered 
glaaa  ia  not  recoaaended  for  blaat  reaiatant 
windowa,  unleaa  it  ia  laainated  or  backed  by  a 
fragment  retention  fila. 

Another  coaan  glazing  aaterial  ia  wire 
glaaa,  annealed  glaaa  with  an  eabedded  layer  of 
wire  aeah.  Wire  glaaa  haa  the  fracture  charac¬ 
teriatica  of  annealed  glaaa  and  although  the 
wire  binda  fragaenta,  it  preaenta  netal  frag¬ 
aenta  aa  an  additional  hazard.  Wire  glaaa  ia 
not  recoaaended  for  blaat  reaiatant  windowa. 

The  deaign  of  blaat  reaiatant  windowa  if 
reatricted  to  heat-treated  fully-tenpered  glaaa 
■eeting  both  Federal  Specification  DD-G-1403B 
and  ANSI  297. 1-1975.  Teapered  glaaa  Meeting 
only  DD-G-1403B  nay  poaaeaa  a  aurface  preeoa- 
preaalon  of  only  10,000  pai.  At  thia  level  of 
precoapreaaion,  the  fracture  pattern  ia  aiailar 
to  annealed  and  aeni-tenpered  glaaa.  Tenpered 
glaaa  Meeting  ANSI  297. 1-1975  haa  a  higher 
aurface  precoapreaaion  level  and  tenaile  atrength 
which  iaprovea  the  capacity  of  blaat  reaiatant 
windowa.  Additionally,  failure  results  in 
aaaller  cube-ahaped  fragaenta.  To  aaaure 
reliable  perforaance  of  blaat  reaiatant  glazing, 
it  la  required  that  heat-treated  teapered  glaaa 
fully  confora  to  ANSI  297.1-1975. 

Although  heat-treated  teapered  glaaa  exhi¬ 
bita  the  safeat  failure  aode,  failure  under 
blaat  loading  atill  preaenta  a  aignlflcant 
health  hazard.  Keaulta  froa  blaat  teata  reveal 
that  upon  fracture,  teapered  glaaa  fragaenta  aay 
be  propelled  in  large  coheaive  plecea  that  only 
fragment  upon  lapact  into  aaaller  rock-salt  type 
fragaent.a.  Even  if  the  teapered  glaaa  breaka  up 
initially  into  aaall  fragaenta,  the  blaat  prea- 
aure  *ii 1  propel  the  fragaenta  at  a  high  velocity 
which  constitutes  a  hazard.  Adding  fragawnt 
retention  fila  (diacuaaed  in  Section  2.5)  to  the 
Inal da  face  of  beat-treated  teapered  glaaa  will 
algaiflcantly  iaprove  aafety. 


The  deaign  atreaa  ia  the  aaxiaua  principal 
tenaile  atreaa  allowed  for  the  glazing.  The 
deaign  atreaa  waa  derived  for  a  prescribed  prob¬ 
ability  of  failure,  uaing  a  statistical  failure 
prediction  aodel  under  development  by  the  ASTM. 
Thus,  failure  of  the  glazing  ia  aaauaed  to  occur 
when  the  Maxima  principal  tenaile  atreaa  exceeda 
a  design  atreaa  aaaociated  with  a  preacribed 
probability  of  failure.  The  aodel  accounta  for 
the  ares  of  glazing  (as  it  effects  the  size, 
nuaber  and  distribution  of  surface  flaws), 
stress  intensity  duration,  thickness  and  aspect 
ratio  of  glazing  (aa  it  affects  the  ratio  of 
aaxiaua  to  ainiaua  principle  atreaaea  ia  the 
glazing),  degree  of  glass  teaper  (aa  it  affects 
the  precoapreaaion  stress  in  the  glazing), 
atrength  degradation  due  to  exposure,  and  the 
aaxiaua  probability  of  failure  required  of  the 
glazing.  For  the  full  range  of  deaign  paraa- 
etera  (1.0  <  ab  <  25  ft*.  1.00  <  a/b  <  2.00  and 
1/1  <  t  <  1/2  inches),  the  aodel  predicted  a 
deaign  stress  for  teapered  glass  ranging  between 
16,950  and  20,270  pal  based  on  a  probability  of 
failure  P(F)  <  0.001.  Based  on  these  results,  a 
deaign  atress~equal  to  17,000  pai  waa  selected 
for  tenpered  glass.  The  aodel  predicted  a 
design  stress  for  annealed  glass  ranging  between 
3,990  and  6,039  pai,  based  on  P(F)  <  0.008, 
which  ia  conventional  for  annealed  glees.  Based 
on  these  results,  a  design  stress  of  4,000  pai 
was  selected  for  annealed  glass. 

These  design  stresses  for  blaat  resistant 
glazing  are  higher  than  those  coaawn.y  used  in 
the  design  for  one-ainute  wind  loads.  However, 
these  higher  design  stresses  are  justified  on 
the  basis  of  the  relatively  abort  stress  inten¬ 
sity  duration  (less  than  one  second)  produced  by 
blast  loads. 

2.3  Dvuaaic  Beaponae  to  Blaat  Load. 

An  analytical  aodel  was  used  to  predict  the 
blaat  load  capacity  of  annealed  and  teapered 
glazings.  Characteristic  paraaeters  of  the 
•odel  are  illustrated  in  Figure  1. 

The  glazing  is  a  rectangular  glass  plate 
having  a  long  diaenaioo,  a,  short  diaensio.n,  b, 
thickness,  t,  poisaon  ratio,  u  »  0.22,  and  elas¬ 
tic  Modulus,  E  •  10,000,000  pai.  The  plate  ia 
aiaply  supported  along  all  four  edges,  with  no 
in-plane  and  rotational  restraints  at  the  edges. 
The  relative  bending  stiffness  of  the  support 
aeabera  is  sasuawd  to  be  infinite  relative, to 
the  pane.  The  failure  or  deaign  stress,  f  ,  waa 
assumd  to  be  17,000  pal  for  teapered  glass  and 
4,000  pai  for  annealed  glass. 


The  blaat  pressure  loading  is  described  by 
a  peak  triangular-shaped  presaure-tiae  curve  as 
shown  in  Figure  lb.  The  blast  pressure  rises 
instantaneously  to  a  peak  blaat  pressure,  B,  and 
then  decays  with  a  blaat  pressure  duration,  T. 
The  pressure  is  uniforaly  distributed  over  the 
surface  of  the  plat;  and  applied  normal  to  the 
plate. 
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The  resistance  function  (static  unifora 
load,  r,  versus  center  deflection,  X)  for  the 
plate  accounts  for  both  bending  and  aeabrane 
stresses.  The  effects  of  aeabrane  stresses 
produce  nonlinear  stiffenin'  of  the  resistance 
function  as  illustrated  in  Figure  lc.  The 
failure  deflection,  X  ,  is  ''efined  as  the  center 
deflection  where  the  maximum  principal  tensile 
stress  at  any  point  in  the  glass  first  reaches 
the  design  stress,  fu- 

The  aodel  used  a  single  degree  of  freedoa 
system  to  siauilate  the  dynanic  response  of  the 
plate,  as  shown  in  Figure  Id.  Daaping  of  the 
window  pane  is  sssuaed  to  be  5%  of  critical 
daaping  .  The  applied  load,  P(t),  is  shown  in 
Figure  lb.  The  resistsnee  function,  r(x),  is 
shown  in  Figure  Id.  Given  the  design  paraaeters 
for  the  glaring,  the  design  or  failure  stress, 
f  ,  and  the  blast 'load  duration,  T,  the  aodel 
calculated  the  peak  blast  pressure,  B,'  required 
to  fail  the  glazing  by  exceeding  the  prescribed 
probability  of  failure,  P(F).  The  aodel  also 
assuaed  failure  to  occur  if  the  center  deflec¬ 
tion  exceeded  ten  tiaes  the  glazing  thickness. 
This  restricts  solutions  to  the  valid  range  of 
the  Von  Karaen  plate  equations  used  to  develop 
the  resistance  function  for  the  glazing. 

2.4  Design  Charts 

Charts  are  presented  in  Figures  2  to  16  for 
both  the  design  and  evaluation  of  glazing  to 
safely  survive  a  prescribed  blast  loading.  The 
charts  were  developed  using  the  analytical  aodel 
described  in  Section  2.3.  The  charts  relate  the 
peak  blast  pressure  capacity,  B,  of  both  teapered 
and  annealed  glazing  to  all  combination  of  the 
following  design  paraawters:  a/b  *  1.00,  1.25, 
1.50,  1.75  and  2.00;  1.00  <  ab  <  25  ft*; 

12  <  b  <  60  Inches;  2  <  T  <  1,000  nsec;  and  1 
t  u-1/87  3/16.  lM.  3/6  and  1/2  inch  (noainal) 
for  teapered  glass  sod  t  *1/8  and  1/4  inch 
(noainal)  for  annealed  glass. 

Each  chart  has  a  series  of  curves.  Etch 
curve  corresponds  to  the  value  of  b  (short 
dlmenaion  of  pane)  shown  to  the  right  of  the 
curve.  Adjacent  to  each  posted  value  of  b  is 
the  value  of  B  (peak  blast  pressure  capacity) 
corresponding  to  T  *  1,000  asec.  The  posted 
value  of  B  is  intended  to  reduce  errors  when 
interpolating  between  curves. 

Figures  2  to  11  spply  for  beat-treated 
teapered  glass  aeeting  Federsl  Specification 
DO-G-1403B  and  ANSI  297. 1-1975.  The  value  of  B 
is  the  peak  blast  capacity  of  the  glazing  based 
on  failure  defined  as  f  *  17,000  psi.  This 
value  corresponds  to  s  probability  of  failure, 
P(F)  <0.001. 

Figures  12  to  16  apply  for  annealed  (float, 
plate  or  sheet)  glass.  Due  to  the  variation  in 
the  swchanical  properties  and  fragaent  hazard  of 
annealed  glass.  Figures  12  to  16  are  not  intended 
for  design,  but  for  safety  evaluation  of  exist¬ 
ing  glazing.  The  value  of  B  is  the  peek  blest 
pressure  capacity  of  the  glazing  based  on  f  * 
4,000  pel.,  This  value  corresponds  f o  ‘ 


P(F)  <  0.008,  the  coaaon  archltectursl  standard 
for  annealed  glass. 

The  charts  are  baaed  on  the  ainiaua  thick¬ 
ness  of  fabricated  glass  allowed  by  Federal 
Specification  DD-G-451d.  However,  the  nooinal 
thickness  should  always  be  used  in  conjunction 
with  the  charts,  i.e.,  t  *  1/8  inch  instesd  of 
the  possible  minimum  thickness  of  0.115  inch. 

In  a  few  cases,  the  charts  show  a  pane  to 
be  slightly  stronger  than  the'  preceding  snaller 
size.  This  anomaly  stews  f row  dynamic  effects 
and  the  aigration  of  naxiwuw  principal  stresses 
frow  the  center  to  the  corner  region  of  the 
window  pane.  .In  such  cases,  interpolation  ' 
should  be  between  the  two  curves  that  bound  the 
desired  value. 

2.S  Fragment  Retention  FI In 

Most  injuries  in  explosions  are  caused  by 
glass  fragments  propelled  by  the  blast  wave  when 
a  window  is  shattered.  Conaercial  products  have 
been  developed  which  offer  a  relatively  inexpen¬ 
sive  method  to  improve  the  shatter  resistance  of 
window  glass  and  decrease  the  energy  and 
destructive  capability  of  glass  fragments.  The 
product  is  a  clear  plastic  (polyester)  film 
which  is  bonded  to  the  inside  surface  of  window 
panes.  Typical  films  are  about  0.002  to 
0.004  inch  thick  polyester  with  a  self-adhesive 
face.  The  film  is  commercially  referred  to  as 
shatter  resistant  film  and  safety  film. 

The  film  increases  safety  by  providing  a 
strong,  elastic  type  backing  that  will  tend  to 
hold  the  glass  even  though  the  glass  is  shat¬ 
tered.  Results  from  explosives  tests  demon¬ 
strate  that  the  film  is  highly  effective  in 
reducing  the  number  of  airborne  glass  fragments. 
Even  if  a  complete  pane  of  film  reinforced  glass 
is  blown  away  from  its  fraam  by  a  high  energy 
blast  wave,  It  will  travel  as  a  single  piece 
while  adhering  to  the  film.  In  this  configura¬ 
tion  it  will  travel  a  shorter  distance  and  the 
individual  fragments  will  be  less  hazardous 
because  of  the  shielding  effect  of  the  film 
covering  its  sharp  edges.  If  a  strong  struc¬ 
tural  member  or  crossbar  is  secure  across  the 
opening,  the  window  will  tend  to  wra;  about  the 
crossbar  and  not  be  propelled  across  an  interior 
room.  Additionally,  if  s  projectile  strikes  the 
film  reinforced  glass  with  sufficient  force  to 
pass  through  it,  .the  glsss  immediately  around 
the  hole  will  ordinarily  adhere  to  the  film. 

The  result  is  that  any  fragments  broken  free  by 
the  Impact  Will  be  few  in  number  and  lower  in 
energy  content. 

There  are  additional  benefits  from  fragment 
retention  'film.  The  film  can  be  tinted  to 
improve  the  heat  balance  of  the  structure. 

Also,  the  film  affords  benefits  in  terms  of 
physical  security.  Additionally,  the  film  pro¬ 
tects  the  inner  tensile  surface  of  the  glazing 
from  scratches  and  humidity,  thus  reducing 
strength  degradation  of  the  glazing  with  time. 
Manufacturers  of  fragment  retention  film  should 
be  consulted  for  specific  applications.' 
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3.  OKSIGR  CRITERIA  FOR  FRAME 

3.1  Sealants  and  Gaskets 

The  sealant  and  gasket  design  abould  be 
consistent  with  industry  standards  and  also 
account  for  special  requirements  for  blast 
resistant  windows.  The  gasket  should  be  con¬ 
tinuous  around  the  periaeter  of  the  glass  pane 
and  its  stiffness  should  be  at  least  10,000  psi 
(pounds/ linear  inch  of  frsae/inch  of  gasket 
deflection).  Analysis  indicates  that  the  euploy- 
aeat  of  a  gasket  stiffness  below  10,000  psi  will 
increase  the  failure  rate  of  the  window  pane. 

The  gasket  should  provide  adequate  grip  as  the 
glass  pane  flexes  under  the  applied  blast 
loading. 

3.2  Frame  toads 

The  window  fraae  must  develop  the  static 
design  strength  of  the  glass  pane,  r  ,  given  in 
Table  1.  Otherwise,  the  design  is  inconsistent 
with  franc  assumptions  and  the  peak  blast  pres¬ 
sure  capacity  of1  the  window  pane  predicted  from 
Figures  2  to  16  will  produce  a  failure  rate  in 
excess  of  the  prescribed  failure  rate.  This 
results  because  frame  deflectiona  induce  higher 
principal  tensile  stresses  in  the  pane,  thus 
reducing  the  strain  energy  capacity  available  to 
safely  resist  the  blast  loading. 

Until  criteria  are  developed  to  account  for 
the  interaction  of  the  fame  a  1  panes,  the 
frame,  mullions,  fasteners,  auJ  gaskets  should 
satisfy  the  following  design  criteria: 

Deflection:  Under  the  design  load, 
r  ,  no  frame  member  should  have  a 
relative  displacement  exceeding  1/264 
of  its  span  or  1/8  inch,  whichever  is 
less. 

2.  Stress:  Under  the  design  load,  r  , 
the  maximum  stress  in  any  member 
should  not  exceed  fy  / 1.65,  where 
fy  *  yield  stress  of  the  members 
material. 

3.  fasteners:  Under  the  design  load,  r  , 
the  maximum  stress  in  any  fastener 
should  not  exceed  fy/2.00. 

4.  Caak-ta:  The  stiffness  of  gaskets 
should  be  at  least  10,000  psi 
(pounds/linear ■ inch  of  frame/inch  of 
gasket  deflection). 

The  design  loads  for  the  glazing  are  based 
on  large  deflection  theory,  but  the  resulting 
design  loads  for  the  frame  are  baaed  on  small 
deflection  theory  for  laterally  loaded  plates. 
Analysis  indicates  this  approach  to  be  simpler 
and  more  conaervatlve  than  using  the  frame  load¬ 
ing  based  exclusively  on  large  deflection  mem¬ 
brane  behavior,  characteristic  of '  window  panes. 
According  to  the  assumed  plate  theory,  the 
design  load,  r^,  produces  a  line  shear,  V^, 


applied  by  the  long  side,  a,  of  the  pane  equal 
to: 

*  C%  r^  b  sin  (nx/a)  (1) 


The  design  load,  r  ,  produces  a  line  shear,  V  , 
applied  by  the  short  side,  b,  of  the  pane  7 
equal  to: 

Vy  *  Cy  ru  b  sin  (Ky/b)  (2) 


The  design  load,  r  ,  produces  a  corner  concen¬ 
trated  load,  R,  tending  to  uplift  the  corners  of 
the  window  pane  equal  to: 

R  «  -  Cg  rn  h2  (3) 


Distribution  of  these  forces,  as  loads 
acting  on  the  window  frame,  is  shown  in  Fig¬ 
ure  17.  Table  2  presents  the  design  coeffi¬ 
cients,  C  ,  C  ,  and  C_  for  practical  aspect 
ratios  o^the^window  pane.  Linear  interpolation 
can  be  used  for  aspect  ratios  not  presented. 

The  loads  given  by  Equations  1,  2,  and  3  should 
be  used  to  check  the  frame  mullions  and  fas¬ 
teners  for  compliance  with  the  deflection  and 
stress  criteria  stated  above.  It  is  important 
to  note  that  the  design  load  for  mullions  is 
twice  the  load  given  by  Equations  1  to  3,  in 
order  to  account  for  effects  of  two  panes  being 
supported  by  a  common  nullion 

3.3  Rebound  Stresses 

Under  a  short  duration  blast  load,  the 
window  will  rebound  with  a  negative  (outward) 
deflection.  The  stresses  produced  by  the  nega¬ 
tive  deflection  must  be-  safely  resisted  by  the 
window  while  positive  pressures  act  on  the 
window.  .  Otherwise,  the  window  which  safely 
resists  stresses  induced  by  positive  (inward) 
displacements  will  later  fail  in  rebound  while 
positive  pressure  still  acts.,  This  will  propel 
glass  fragments  into  the  interior  of  the  struc¬ 
ture.  However,  if  the  window  fails  in  rebound 
during  the  negstive  (suction)  phase  of  the  blast 
loading,  glass  fragments  will  be  drawn  away  from 
the  structure. 

Rebound  criteria  are  currently  not  avail¬ 
able  for  predicting  the  equivalent  static  uni¬ 
form  negative  load  (resistance),  r-,  that  the 
window  must  safely  resist  for  various  blast  load 
durations.  However,  analysis  indicates  that  for 
T  >  400  nsec,  significant  rebound  does  not  occur 
during  the  positive  blast  pressure  phase  for  the 
range  of  design  parameters  given  in  Figures  2  to 
16.  Therefore,  rebound  can  be  neglected  as  a 
design  consideration  /or  T  >  400  msec.  For 
T  <  400  nsec,  it  is  recommended  that  the  rebound 
charts  in  Volume,  3  of  NAVFAC  P-397  be  used  to  - 
estimate  rj. 
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The  value  r-  ia  a  design  load  for  the  a  *  sample  standard  deviation 

fraae.  Because  of  ayaMtry,  r-  need  not  be 

considered  in  the  deaign  of  the  glass  panes.  a  •  acceptance  coefficient 

Thus,  the  fraae  and  Bullions  Bust  safely  reaist 

r-  as  the  positive  design  load  and  r-  as  a  For  n  teat  saaples,  r  la  defined  as: 

negative  design  load.  u 


4.  CUTIFICATIOM  TESTS 

Certification  testa  of  the  entire  window 
asseably  are  required  unless  analysis  demon¬ 
strates  that  the  window  design  is  consistent 
with  aseuaptions  used  to  develop  the  design 
criteria  presented  in  Figures  2  to.  16.  The 
certification  teats  consist  of  applying  static 
unifora  loads  on  at  least  two  sample  window 
assemblies  until  failure  occurs  in  either  the 
tempered  glass  or  fraae.  Although  at  least  two 
static  unifora  load  tests  until  aaaple  failure 
are  required,  the  acceptance  criteria  presented 
below  encourage  a  larger  number  of  test  sta¬ 
ples.  The  nuaber  of  saaples,  beyond  two,  is 
left  up  to  the  veudor.  Results  froa  all  tests 
shall  be  recorded  in  the  calculations.  All 
testing  shall  be  performed  by  an  independent  and 
certified  testing  laboratory. 

A  probability  of  failure  under  testing  of 
leas  than  0.023  with  a  confidence  level  of  90X 
ia  considered  sufficient  proof  for  acceptance. 
This  should  substantiate  a  design  probability  of 
failure,  P(F),  under  the  design  blast  load  of 
0.001. 


a 


where  r.  is  the  recorded  failure  load  of  the  1^ 
test  salple.  The  standard  aaaple  deviation,  a, 
is  defined  as: 


2  <*i  -  ;>2 


i*l 


(n  -  1) 


(6) 


Convenience  in  calculation  often  can  be 
obtained  by  employing  an  alternative  but  .equal 
fora  of  Equation  6: 


a  * 


6.1  Teat  Procedure  -  Window  Assembly  Test 

The  test  windows  (glass  panes  plus  support 
fraaes)  shall  be  identical  in  type,  size,  seal¬ 
ant,  and  construction  to  those  furnished  by  the 
window  manufacturer.  The  fraae  asseably  in  the 
teat  setup  shall  be  secured  by  boundary  condi¬ 
tions  that  simulate  the  adjoining  walla.  Using 
either  a  vacuum  or  a  liquid-filled  bladder,  gn 
increasing  uni form  load  shall  be  applied  to  the 
entire  window  aaseably  (glass  and  framd)  until 
failure  occurs  in  either  the  glass  or  fraae. 
Failure  shall  be  defined  as  either  breaking  of 
glass  or  loss  of  fraae  resistance.  The  failure 
load,  r,  ahall  be  recorded  to  three  significant 
figures.  The  load  should  be  applied  at  a  rate 
of.’O.S  r  per  minute  which  corresponds  to  approx- 
iawtely  one  alnute  of  significant  tensile  stress 
duration  until  failure.  Table  1  presents  the 
static  ultimate  resistance  for  new  teapered 
glass,  r  ,  correlated  with  a  probability  of 
failure, °P(F),  >  0.001  and  a  static  load  dura¬ 
tion  of  1  minute. 

4.2  Acceptance  Criteria 

The  window  asseably  (fraae  and  glazing)  are 
considered  acceptable  when  the  arithmetic  swan 
of  ail  the  saaples  tested,  ir,  is  such  that: 

r  SC  '  ru  ♦  a  a  (4) 

where:  r  «  ultimate  static  load  capacity  of 

the  glass  pane 


The  ainiaua  value  of  the  aaaple  standard 
deviation,  a,  permitted  to  be  employed  in 
Equation  4  is: 

•ain*°“5'»  <»> 

This  assures  a  saaple  standard  deviation  no 
better  than  ideal  teapered  glass  in  ideal  fraswa. 

The  acceptance  coefficient,  a,  is  tabulated 
in  Table  3  for  the  number  of  samples,  a,  tested. 

Aa  an  aid  to  the  tester,  the  following 
inforaational  equation  is  presented  to  aid  in 
determining  if  additional  test  saaples  are 
justified.  If: 

t  S  Ms)  (9) 


then  with  901  confidence,  the  design  will  not 
prove  to  be  adequate  with  additional  testing. 

The  fraae  should  be  redesigned  or  thicker  tea¬ 
pered  glass  used.  The  rejection  coefficient,  6, 
is  obtained  froa  Table  3. 

If  the  glass  asseably  is  upgraded  with 
thicker  teapered  glass  than  required  by  the 
design  charts  (Figures  2  through  12)  to  reaist  a 
design  blast  load,  it  is  not  required  to  develop 
the  higher  ultimate  static  load  capacity  of  the 
thicker  glaas.  ’  Instead,  a  ststic  load  equal  to 
twice  ths  design  peak  blast  overpressure,  B, 
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Shall  b«  reaisted  by  the  window  assembly.  Thus 
the  window  asseably  with  thicker  then  required 
t capered  (last  shall  be  acceptable  when: 

r  2  2  B  ♦  a  o  (10) 

If  Equation  10  is  not  satisfied,  and: 


t  S  2  B  +  s  P  (11) 


then  with  90%  confidence  continued  testing  will 
not  rcise  the  arithaetic  weanof  the  failure 
load  of  the  window  asseably,  r,  to  the  point 
of  acceptance. 

4.3'  Rebound  Tests 

The  window  that  passes  the  window  asseably 
test  is  an  acceptable  design  if  the  window 
asseably  design  is  syaaetrical  about  the  plane 
of  the  glass  or  if  the  design  blast  load  dura¬ 
tion,  T,  exceeds  400  asec.  Otherwise,  the 
window  design  anist  pass  a  rebound  load  teat  to 
prove  that  the  window  asseably  can  develop  the 
necessary  strength  to  resist  failure  during  the 
rebound  phase  of  response.  The  rebound  testa 
shall  be  conducted  using  a  procedure  siailar 
to  the  window  asseably  testa,  except  r-  shall  be 
substituted  for  r  in  Equations  4,  8  and  9  and 
the  unifora  load  shall  be  applied  on  the  inside 
surface  of  the  window  asseably.  The  loading 
rate  shall  be  OS  ru  per  ainute. 

5.  SAMPLE  PROBLEMS 

The  following  exaaples  deaonstrate  the 
application  of  the  design  criteria  in  the  design 
and  evaluation  of  windows  to  safely  survive 
blast  overpressures  froa  explosions. 

5.1  Problea  1  —  Design  of  Teapered  Glass  Panes 

Given:  A  nonoperable  window  having  a  single 

pane  of  glass.  Glazing:  heat-treated 
teapered  glass  sraeting  Federal  Specifi¬ 
cation  DDG-G- 1403B  and  ANSI  Z97. 1-1975. 
Dimensions  of  pane:  a =  54  in..,  b  “ 

36  in.  Blast  leading:  B  *  5.0  psi, 

T  =  500  asec. 


Find:  Mioiaua  thickness  of  glazing  required 

for  P(F)  <0.001. 

Solution:  Step  1:  Tabulate  the  design  paraaeters 
needed  to  enter  Figure  2  to  16. 

Glazing  *  teapered  glass 
a/b  *  54/36  *  1.50 
b  *  36  in. 

B  s  5.0  pai 
T  >  500  asec 

Step  2:  Enter  Figures  2  to  16  t’ith 
the  design  paraaeters  froa  Step  1  and 
find  the  ainiaua  glazing  thickness. 


Figures  6  and  7  apply  for  the 
given  design  paraaeters.  Enter  Figure 
6  and  find  the  ainiaua  glaring  thick¬ 
ness  required  for  B  >  S.O  psi  and 
T  3  500  asec  is:. 

t  3  3/8  in.  ANS 


The  asterisk  adjacent  to  b  -  36  inches 
indicates  that  the  strength  of  the 
glazing  is  liaited  by  principle 
stresses  in  corner  regions  of  the 
pane. 

5.2  Problea  2  —  Safety  Evaluation  of 
Existing  Windows 

Given:  Multi-pane  windows  in  an  existing 

Branding.  Diaensions  of  each  pane: 
a  *  36  in. ,  b  *  36  in.  '  Glazing: 
float  glass.  Glaring  thickness: 
t  3  1/4  in.  nominal.  Blast  loading: 

B  *  0.60  psi,  T  3  100  asec. 

Find:  Safety  of  windows,  Biased  on 

P(F)  <  0.008 

Solution:  Step  1:  Tabulate  the  design  paraa¬ 
eters  needed  to  enter  Figures  2  to  16. 

Glazing  *  annealed  glass 
a/b  *  36/36  *1.00 
B  *  0.6O  psi 
T  3  100  asec 
t  *  1/4  in. 

Step  2:  Enter  Figures  12  to  16  with 
the  design  paraaeters  froa  Step  1  and 
find  the  peak  blast  pressure  capacity. 

Froa  Figure  12,  the  peak  blast 
pressure  capacity-  of  the  glazing  is: 

B  *  0.53  psi 


Step  3:  Determine  the  safety  of  the 
glazing. 

The  applied  peak  blast  pressure, 

B  *  0.60  psi,  exceeds  the  capac¬ 
ity,  B  *  0.53  psi.  Therefore, 
the  glazing  will  fail  at  an 
average  rate  exceeding  eight  per 
thousand  panes.  A  particular 
pang  aay  survive  B  =  0.60  psi  but 
the  chance  of  failure  exceeds 
.  8/1,000,  the  prescribed  safety 
Unit.  AMS 


5.3  Problea  3  —  Design  Loads  for  Window  Frame 

Given:  A  nonoperable  window  has  a  single  pane 

of  glass.  Glazing:  heat-treated 
teapered  glass  aeetlng  Federal  Specifi 
cation  DD-G-1403B  and  ANSI  297. 1-1975. 
Diaensions  of  tlw  pane:  a  *  50  in., 


b  *  40  in.  Blast  loading:  B  *  1.'3 
pai,  T  *  1,000  aaec. 

Find:  Thickness  of  glasing  required  for 

P(F)  <  0.001  and  design  loading  for 
window  fraae. 

Solution:  Step  1 :  Tabulate  the  design  paraa- 

eters  needed  to  enter  Figures  2  to  16. 

Glasing  *  teapered  glass 
a/b  *  50/60  *  1.25 
b  *  40  in. 

B  *  1.3  psi 
T  ■  1,000  asec 

Step  2:  Select  the  ainim  glasing 
thickness . 

Bate:  Figures  d  and  S  which  apply 
for  the  given  design  parameters.  Froa 
Figure  5  find  the  ainiaua  glasing 
thickness  required  is: 

t  a  3/16  in.  noainal  AMS 


Step  3:  Calculate  the  static  ultimate 
unifora  load  that  produces  the  saae 
aaziaua  fraae  load  as  the  blast  load. 

Enter  Table  1  for  teapered  glass 
with  b  a  do  in.,  a/b  a  1.25  and  t  = 
3/16  in. ,  and  find  the  static  ultiaate 
. uniform  load  capacity  of  the  glasing 

Is: 

ru  «  2.31  psi 


Thus,  the  window  fraae  must  be  designed 
to  safely  support,  without  undue 
deflection,  a  static  unifora  load  equal 
to  2.31  psi  applied  normal  to  the 
glasing. 

Step  4:  Calculate  the  design  loading 
for  the  window  fraae. 

Enter  Table  2  with  a/b  *'1.25, 
and  find  by  interpolation  the  design 
coefficients  for  the  fraae  loading  are: 


Cjj  •  0.07/ 

CK  *  0.d62 
Cy  *  0.659 

Froa  Equation  3,  the  concentrated  load 
la  each  corner  of  the  pane  is: 

R  (corners)  *  HJ.077  (2.31)(40)2 
*  -285  lb  AMS 


Froa  Equation  1,  the  design  loading 
for  the  fraae  in  the  long  direction 

(a)  is: 

Vs  *  0.662  (2.31)(60)  sin  (xx/50) 
*  62.7  tin  (ns/50)  lb/fa.  AMS 


Froa  Equation  2,  the  design  loading 
for  the  fraae  in  the  short  direction 

(b)  is: 

Vy  *  0.659  (2. 31) (60)  sin  (ny/60) 

*  62. d  sin  (ny/dO)  lb/in.  AMS 


Distribution  of  the  design  load  on  the 
fraae  is  shown  in  Figure  17. 

5.6  Problem  d  --  Desisn  Loads  for  Multi-pane 


Given:  A  nonoperable  window  consists  of  four 

equal  size  panes  of  glass.  Glazing: 
heat-treated  teapered  glass  meeting 
Federal  Specification  DD-G-1403B  and 
ANSI  297. 1-1975.  Dimensions  of  the 
panes:  a  *  22.5  in.,  b  =  18  in. 

Blast  loading:  B  *  5.0  psi, 

T  *  500  asec. 

Find:  Miniaua  thickness  of  glazing  required 

for  P(F)  <  0.001  and  the  design  loads 
for  the  fraaing  systea. 

Solution:  Step  l1:  Tabulate  the  design  param¬ 
eters  needed  to  enter  Figures  2  to  11. 

Glazing  *  teapered  glass 
a/b  *  22.5/18  *  1.25 
b  *  18  in. 

B  *  5.0  psi 
T  *  500  asec 

Step  2:  Select  the  ainiaua  glazing 
thickness. 

Enter  Figures  6  and  5  which  apply  for 
the  given  design  paraaeters.  Froa 
Figure  5,  find  the  ainiaua  glazing 
thickness  required  is: 


t  *  3/16  in.  noainal  AMS 


Step  3:  Calculate  the  static  ultimate 
uniform  load  that  produces  the  saae 
aaziaua  reactions  on' the  window  fraae 
as  the  blast  load. 

Enter  Table  1  with  b  *  18  in., 
a/b  *  1.25  and  t  •  3/16  in.,  and  find 
the  static  ultiaate  unifora  load 
capacity  of  the  glazing  is: 


r  *  9.18  psi 

tft 


The  window  frame  oust  bj  designed  to 
jafely  support,  without  undue  deflec¬ 
tion*,  a  static  unifora  load  equal  to 
?.18  pal  applied  normal  to  the 
glasing. 

Step  4:  Calculate  the  design  loading 
for  the  window  fraae. 

Inter  Table  2  with  a/b  =  1.25. 
With  interpolation,  the  deaign  coeffi¬ 
cients  for  the  fraam  loading  are: 


5.5  Problea  5  —  Design  Acceptance  Based  Upon 
Certification  Test  Results 


Given:  A  window  30  a  30  x  1/4- inch  with  a 

single  pane  of  tempered  glass  is 
designed  to  safely  resist  a  blast 
load,  B,  of  4.0  psi  with  an  effective 
blast  duration,  T,  of  200  msec. 
Certification  testing  involved 
testing  three  window  asseablies 
(n  *  3)  to  failure.  Failure  loads, 
?.,  were  recorded  at  8.S4,  9.51, 
a&d  10.8  psi. 


Cjj  «  0.077 
C^  *  0.462 


Find:  Deteraine  if  the  window  design  is 

acceptable  based  on  results  froa  the 
certification  tests. 


Cy  *  0.459 


Solution:  Step  1:  Tabulate  the  design  paraaeters 
needed  to  enter  Table  1: 


«-oa  Equation  3,  the  concentrated 
loads  in  the  corners  of  each  pane  are: 

R  (corners)  *  -0.077  (9.18)(18)2 

*  -229  lb  AMS 


Froa  Equation  1,  the  design  loading 
for  the  long  spans  of  the  fraae  and 
Bullions  are: 


»x  *  0.462  (9.18)(18)  sin  (nx/22.5) 

•  76.3  sin  (nx/22.5)  lb/in.  AMS 


Froa  Equation  2,  the  design  loading 
for  Lae  short  spans  of  the  fraae  and 
Bullions  are: 


V  =  0.459  (9.18)(18)  sin  (ny/18) 

,  *  75.8  sin  (ny/18)  lb/ia.  AMS 


The  design  loads  for  the  window  fraae 
are  shown  in  the  following  figure  and 
table  and  are  illustrated  below. 


b  =  30  in. 

a/b  =  30/30  *  1.00 

t  >  1/4  in.  noainal 

► 

( 

Step  2:  Eaployihg  Table  1,  select  the  / 

static  ultiaate  load,  r  ,  corresponding 
to  the  pane  geoaetry.  ° 


ru  *  6.59  psi 

Steo  3:  Calculate  the  arithmetic 
aean,  r,  of  all  the  saaples  tested. 

Using  Equation  5: 


n 


(8.84  +9.51  +  10.8) 

,  - - 5 - 

*  9.72  psi 

Step  4:  Using  either  Equation  6  or  7, 
calculate  the  sample  standard  devia¬ 
tion,  s. 
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The  sample  standard  deviation,  s,  is 
calculated  using  Equation  6  as: 


s  » 


*»2 


£  -  r) 

121 


(n  *  l) 


-  J(8.84-9.72)2»(9.5l-9.72)2+(10:8-9.72)2 
*  1.01  psi 
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Step  5:  Verify  thet  the  sample 
standard  deviation,  : .  >s  larger  than 
the  minimum  value,  a>in>  preacribed 
in  Equation  8.  s  ! 


a  *  1.01  pai  >  a  .  *  0.145  r 

mxn  u 

a  0.145  (6.59)  *  0.956  pai 


Thua,  a  =  1.01  pa.  is  the  appropriate 
value  to  use  in  subsequent  rticula- 
tiona . 

Step  6:  Usine  "afcle  3,  select  the 
acceptance  coet :.cient .  n  that  corre¬ 
lates  with  the  three  samples  tested. 

Entering  Table  3,  with  n -  *  3,  find: 


a  *  3.05 


Step  7:  Verify  that  the  window  and 
fraae  passed  the  certification  tests 
by  neeting  the  conditions  of 
Equation  4: 

r  *  9.72  poi  >  'r  • 

«  6.59  ♦  1.01  (3.04)  ■  9.67  pai 


Therefore,  the  window  ssseaAly  design' 
is  considered  safe  for  f;  prescribed 
.  blast  loading. 

6.  LIST  OF  SYMBOLS 

a  Long  dimes  Ion  of  glass  pane,  in. 

B  Peak  blast  overpressure,  psi 

b  Short  dinension  of  glass  pane,  in. 

C  Shear  coefficient  for  load  passed  fron 

glass  pane  to  its  support  fraae 

D  Modulus  of  rigidity  of  glass  pane ,  in-lb 

E  Modulus  of  elasticity,  psi 

fu  Design  stress  and  allowable  principal 
tensile  stress  la  glass  pane  for 
presciibed  F(F),  psi 

f  Yield  stress  of  fraae  makers  and 

'  fasteners,  psi 

1  Hornet  of  inertia  of  window  fraae,  in.* 

a  Humber  of  window  assemblies  tested 

N(  Effective  total  msa  (lb-ma2/ia.) 

P  Blast  overpressure  at  any  tins ,  pel 


P(F)  Probability  of  failure  of  glass  pane 

B  Uplifting  nodal  force  applied  by  glass 

pane  to  corners  of  fraae,  lb 

r  Besistance,  psi 

£  Test  fund  at  failure  of  from  or  glass 

during  certification  tests,  psi 

r  Mean  failure  load  of  n  saaples,  psi 

r  Unifora  static  load  capacity  of  the 

glass  pane,  psi' 

e~  Uniform  static  negative  load  capacity 
’’  of  the  window  asse^ly,  psi 

s  S topic  standard  deviation,  psi 

T  Effective  duration  of  bla.c  load,  nsec 

t  Nominal  thickness  of  glass  pane,  in.; 

elapsed  time,  msec 

V  Static  load  applied  by  glass. pane  to 

1  long  edge  of  from,  lb/in. 

V  Static  load  applied  by  glass  pan*  to 

*  short  edge  of  frame,  lb/in. 

s  Distance  from  corner  masured  along 

long  edge  of  glass  pane,  in. 

X  Center  deflection  of  pane,  in. 

Xa  Center  deflection  of  pane  at  ru>  in. 

•  Acceptance  coefficient 

I  Dejection  coefficient 

»  Fois sot's  ratio 
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Figure  2.  Feck  Mam  procure  ccpAcity  foe  tempered  glue  pcnei:  A/b  ■  l.Qtt.  t  •  1/2  end  J/»  in. 
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Mr.  Hehn  (Martin  Marietta)!  We  deal  with  •  lot 
of  electro-optical  17s teas  with  silicon  window* 
•ad  tba  Uka.  Do  you  Intend  to  Include  criteria 
for  the  a a*  of  opaque  typo  glass? 

Mr.  Mere  re  1  Are  you  designing  aircraft  windows? 

Mr.  M»hnt  Mo.  Thaaa  are  electro-opt leal 
aye  teas,  operating  oa  different  wave  length*, 
aad  I  wondered  what  you  had  Included  in  your 
Inventory  of  glass? 

Mr.  Merer* r  8*  have  dealt  solely  with 
nouollthlc  tea  pared  gla**.  V*  are  tending  to  go 
to  a  lanlhated  gla**.  It  1*  a  wore  difficult 
type  of  gla**  to  dealgn  becauae  the  lnterlaalnar 
material  1*  vl*coela*tlc.  It  behave* 
differently  at  different  tanperature* ,  and  we 
•re  net  quite  sure  how  It  will  transfer  ahear 
between  the  Interlaminar  pane*  of  gla**.  He 
don't  thick  It  will  act  aa  a  monolithic  plat*. 

Mr.  Mahnt  Hoe  about  the  detail*  of  the 
different  typae  of  gla**?  I  aa  tnlnklng 
•pacifically  of  a  couple  if  proposal*  to  the 
Mavy  concerning  electro-optical  *y*tan*.  that 
la  kind  of  a  primary  concern  to  operate  at  sea 
under  a  close  range  nlsalle  blast. 

Mr.  Mayeret  These  window*  are  primarily  for 
large  buifdlng*  that  ara  being  built  closer  and 
clooer  to  source*  of  conventional  explosion*. 

So,  ue  basically  address  thl*  particular 
criteria  to  whet  would  be  the  moat  economical 
gla**. 

Mr.  Mahnt  Are  you  concerned  with  commercial 
type  glass? 

Mr.  Mayer* t  Tea. 

Mr.  Hahn i  I  would  Ilka  to  suggest  that  you 
expend  your  criteria  to  cover  gla**  for  electro- 
optical  system*. 

Mr.  Coulter  (0.3.  Amy  Belli  a  tic  Ea**arch 
lab)t  Tee.  That  sound*  like  e  very  good 
area.  Perhaps  you  could  expand  your  criteria 
Into  It.  There  1*  obviously  a  need  for  It. 
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